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THEORY

Surface pressure: derivation in canonical ensemble

In the main text, we obtained an expression for the
surface pressure II, in two dimensions, via an analogy
with the osmotic pressure of a suspension in three di-
mensions. Here, we derive an expression for the surface
pressure of a particle-laden interface in the canonical en-
semble, starting from the (canonical) free energy F of the
particle-laden interface.

In analogy with the derivation for the surface tension
of surfactant solutions [I], we start with the following
expression for particles at liquid interfaces:

F(A,T,N)=Af(T,N) , (1)
where F' is the (canonical) free energy of the interface,
A the area of the interface available to the particles, T
the temperature and N the number of interfacial parti-
cles. Note that f (T, N) is a free-energy density, i.e. free
energy per unit area, so it is counter-intuitive that it de-
pends on the total number of interfacial particles V. This
inconsistency stems from N being an extensive variable,
whereas T and the chemical potential y (the variables
of the free-energy density in the grand-canonical ensem-
ble) are both intensive variables. An intensive variable
related to N is the particle number density:
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SO we suggest:

F(AT,N) = Af(T.p) . 3)
For the full differential of the canonical free energy, we
can write [T}, 2]:

dF = ~dA — SAT + pdN . (4)

From equation , we obtain:
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To compare terms in equations and like for like,
we have to write dp in terms of dN and dA:
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Substituting equation @ into equation , we get:
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Now, we can compare terms like for like between equa-

tions and , resulting in:
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where the right-hand side of the second row employs the
definition of chemical potential in the canonical ensemble
[2]. Combining rows 2 and 3 of equation , we get
an expression for the effective interfacial tension v of a
colloid-laden interface in the canonical ensemble:

I

Q

9)

Typically, we are interested in the surface pressure of the
colloid-laden interface, which in the canonical ensemble
is then:

y=f—pu.

D=y —v=7%—f+pu. (10)

Note that equation here is equivalent to equation (5)
in the main text.
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