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Introduction

In this supplemental document, we provide details for the solution of the Laplace problems for the electric potential y and
interface height ¢ described in the main text (the relevant geometry is sketched in Fig. [3)). For both the electric and capillary
problems, we solve the Laplace problem approximately using the method of reflections " (§n S.1|and §S.3) and validate our
approximation using an exact solution in bipolar coordinates~" (§. and §- Concurrently, we also calculate the (electric
or capillary) force F and energy W. In the main text, results for F and W are presented in the “unbounded” limit as the shell
radius R — co. By expanding to higher reflections (and verifying against the bipolar solution), we also determine the first
finite-size correction to F and W in terms of the ratio a/R, where a is the particle radius. The resulting analytical expressions
are summarized in Tables[S.T]and [S.2]for the electric and capillary problems, respectively.

S.1 Electric problem: method of reflections

Table S.1 Analytical expressions for the electric force and energy, including the first finite-size correction, for a particle held in
a fixed system of charges (Q) or potentials (V) [cf. Egs. (S.1.38)-(S.1.43)].

Particle Electric Force Electric Energy
Conductor = mea (1 %) (VIEX g + - Wq = -ned® (1 %) |E§’“|2 + 1d®|(VE™Yg |+
2 2 7
= nea’ (1 - %)( |ES g + - Wo = mea (1 - %) [EGP + 1@ |(VES)e*| +---
2 2 7
Insulator = —mea® (1 + %) (V|Ee’“|2) +one Wq = nea’ (1 + %) |E§xt|2 + 41‘112|(VE6’“)§:|2 +one
2 2 7
= —nea’ (1 ;—) (VIESP)g + - Wy = —mea® (1 :—) P + Y (VESY 2|+

S.1.1 Conducting particle

Conducting particles are discussed in §3.1]in the main text. Below, we describe the mathematical details underlying the results
presented in that section.

S.1.1.1 Governing equations

Laplace problem: Consider the boundary-value problem for a conducting particle described in the main text [Eqs. (3.8)-
(3:T1)]. The electric potential ¢ obeys Laplace’s equation,

V=0 for r'>a and r <R, B3

subject to boundary conditions on the shell,

either A-Vygg=n -V at r=R (3.94)
or Yy =y™ at r=R, (3:9b)
and the particle,
Y=V at r' =a, G.10)
Q:-g}{ﬁ-wdsﬂ. @10
r'=a

Here, °** is the externally applied potential given by Eq. (3.1), V is the constant potential on the particle boundary, and Q is
the net charge.

Electric potential: To solve this problem, we expand i and V as series of sequential approximations or “reflections,”

v = Z'/’(")’ (S.1.2)
v v, (S.1.3)
n odd



where the zeroth reflection is given by
YO =yt = -EJ - r - %(VEe’“)o ‘rr (S5.1.4)

[cf. Eq. (3.1I)] and each subsequent reflection in the series is chosen to partially satisfy the boundary conditions (3.9)-(3.11)
as follows:

Py 4 gD =y

}4 AV +yt)ds =0 at r'=a, n=13..., (S.1.5)
r'=a
- V(w(") + lﬂ(n_l)) =0
(n) %_n ¢ at r=R, n=24,.... (S.1.6)
Yoy tq =0
Thus, the even-numbered reflections ?, ¥, ... are determined by iteratively satisfying the outer boundary condition 39,

which produces a series of growing harmonics emanating from the shell’s center at r = 0. The odd-numbered reflections ¢!,
@, . and VD, V| are chosen to satisfy the inner boundary conditions (3:10)-(3.T1), resulting in a series of decaying
harmonics emanating from the particle’s center at r = &. Some useful properties of 2D vector harmonics are detailed in
Appendix [S.A]of this supplemental document.

Electric force: Once the potential  is known, the force F may be calculated using Eq. (3.7) from the main text:
F=c¢ f [ - VY)Vy - L Vg Pa] ds. B

r'=a

Substituting Eq. (S.1.2) into (3.7) yields the double-series expansion,

FE%Z’:;) (mn)_szz ‘75 (A - Vl//(m))Vl//(") I(Vlﬁ(m) Vlﬁ("))n] 5, (S.1.7)

n=0m=0,,Z,

where F™" depends upon the product of terms containing ¢ and ™. In Eq. (S.1.7), we have defined F "™ such that m
runs from O to n; thus, each nth reflection contributes n + 1 terms to the sum. E.g., for the zeroth reflection (n = 0), we need
only compute one term:

F(OO) =& % ﬁ . (VW(O)le(O) —_ %|Vw(0)|26) dS

=0. (S.1.8)

Thus, the self-coupling of the zeroth reflection ¢©) (i.e., the external potential) contributes no force to the particle.

Electric energy: To calculate the insertion energy W, we must apply Eq. (3.3) from the main text:

= %8”//|Vl//|2d2r——£/ Vg2 d%r. G3)

r'za r<R
r<R

After integrating by parts and using VZy = V2 = 0 to eliminate the area integrals, we obtain

= —38 5[ Ui - Vi)ds — 58 j{ i - (VY — Y=y ds, (S.1.9)

r=R

which depends only upon line integrals over the particle and shell boundaries. Substituting Eq. (S.I.2) into (S.I.9) for y and
setting ! = @ yields the double-series expansion,

w=y S wmm =13 ) ( jf Y@ - vy ™)ds + f{ A - vy -y Ovy ) gs), (S.1.10)

n=0 m=0 n=0 m=0 r=a F=R



where W depends upon the product of terms containing "™ and . Using Eq. (S:1.4), we may calculate the part of the
energy due solely to y©:

W0 _ _%gjf w0 - V) ds

r'=a

= ~dmea? [|EQP + {2 (VE |, (S.1.11)

i.e., the work done to eliminate the external field within the particle. Equation (S.T.T1)) does not account for the field disturbance
created by the particle, which contributes like-ordered terms to the energy. These terms depend on higher reflections.

Below, we compute the sequential approximations (//("), v Fmn) and Wnn for the first few values of nand m = 0, . . ., n.
We implicitly assume that the particle is much smaller than the characteristic dimension of the shell, /R < 1, and sufficiently
far away from the shell boundary, ¢ = o(R). Initially, we shall approximate the reflections such that only the leading-order
contributions to the force and energy are retained, neglecting errors of O(a®/R?). These leading-order contributions are exact
in the limit as the shell becomes infinitely large. Subsequently, we evaluate the O(a®/R?) correction to the force and energy,
which accounts for the finite size of the shell.

S.1.1.2 First reflection

The particle-free potential (*) violates the particle boundary conditions (3.10)-(3.11). Thus, we add the first reflection ()
such that

vy =, (S.1.12)
gD 4y @y g g (S.1.13)
j,{ VD +y®)ds =0, (S.1.14)

r'=a

which remediates the conditions at r’ = a. To solve the boundary-value problem (S.I.12)-(S.1.14), it is convenient to first
recast %) in terms of the particle-centered position r’. Substituting r = r’ + ¢ into Eq. (S.1.4) gives,

O = —E3 . £ - L(VE™), : £¢ - EZt-r' - J(VE™)s - r'r, (S.1.15)

where we have defined the external field and field gradient at the particle’s center:

EQ = E§ + (VE™Y) - £, (S.1.16)
(VE™), = (VE™),. (S.1.17)
Substituting Eq. (S.1.13) into (S.1.13)-(S.1.14) and integrating then yields the first reflection
o = P :_2 + LaA(VES; - ’r_z (S.1.18)
v = g £ - LVE™), : &¢. (S.1.19)

It is straightforward to verify that Eqs. (S.I.18)-(S.1.19) uniquely satisfy (S.1.12)-(S.1.14). Thus, the first reflection induces
dipolar and quadrupolar disturbances to the potential. The sum ¢ + (! represents the potential in a semi-infinite dielectric

medium, which is exact in the limit as the shell radius R — oo.
At this order of approximation, we may compute the following contributions to the force from Eq. (S.1.7):

FOD _ jg i [Vw“”vw(“ + Vv — (7,0 W,a))(;] ds

= 27T8a2E§Xt . (VEext)g’ (5.1.20)
F(ll) =& % i - (Vw(l)vw(l) _ %lvl//(l)|26) ds
r'=a
=0 (S.1.21)



Thus, the first non-vanishing contribution to the force arises from the coupling between the particle-free potential (?) and the
leading-order (“unbounded”) disturbance ¢!, Using Eq. (S.T.10), we obtain the following contributions to the energy:

won _ _gj{ v O - Ty D)ds — & f v O - vy ds

r'=a r=R
=0, (S.1.22)
wib = _%gf y Vi - vyV)ds - %sj[ V(i - vyVyds
r'=a r=R
= Lnea? [|E§“|2 + }Ta2|(VECXt)§|2] , (S.1.23)

where terms of O(a?/R*) been neglected in Eq. (S.1.23). The integrals over r = R in Egs. (S.1.22)-(S.1.23) are evaluated by
first expanding the decaying harmonics with respect to 7’ (contained in () as an infinite series of harmonics in 7, using Eq.
(S:A4) in Appendix [S.A] Then, each term in the series is integrated over r = R up to the desired level of accuracy. It should
be remembered that the unit normal 72 = r’/r’ and —r /r at v’ = a and r = R, respectively.

The derived expression for WV [Eq. (S.1.23)] exactly cancels W0 [Eq. (S.I.IT)] in the limit as R — oo; that is,
w0 4 W) ~ 0. This implies that truncating the approximation for the potential after the first reflection is insufficient to
calculate the energy. The source of error can be traced to the fact that (¥ + ¢! does not satisfy the electrostatic condition at
r = R. As we show in the next section, adding the second reflection ® results in a finite energy.

S.1.1.3 Second reflection

The addition of the first reflection 1) perturbs the shell boundary condition (3.9) at » = R. Thus, we add a correction y?)
that satisfies Laplace’s equation,

vy =, (S.1.24)
subject to one of two conditions on the outer shell:
either AV +y)=0 at r=R (S.1.252)
or vy +yV=0 at r=R. (S.1.25b)

To solve this problem, we must first rewrite (1) in terms of the shell-centered position r. Substituting r’ = r — & into Eq.
(S:I.18) and Taylor expanding about £/r = 0 [cf. Eq. (S.:A.4) in Appendix [S.A] gives

ex r—§ exty . (r=&)r-¢&)

w(l) :Cleft' m+%d4(VE )§ : W
= PERY % (:—2) + 1 (VENe - Y # (’r—:) . (S.1.26)

n=0 n=0

Applying Eqgs. (S.A.3)-(S.A.6) in Appendix [S.A] we may show that the solutions satisfying the fixed-charge [Eq. (S.I1.25a)]
and fixed-potential [Eq. (S.1.25b)] conditions are equal in magnitude but opposite in sign: (//g) = —wE‘z/). Substituting Eq.
(S-1.26) for 'V and integrating, we arrive at the expression,

0o

wg) 0 CES. Z (1)2(n+1) (=€ - V)" (,r_z) + LaH(VE™), : i (1)2(n+2> (=&€-V)" (%)

R n! n!

n=0 n=0 R r
r 2r(r - &) —r? rr
=a2E§Xt,(F.F%_'_...)_F%cﬂ(VEext)g:(F_‘_...). (S.1.27)

Thus, the second reflection induces an infinite series of growing harmonics in order to rectify the boundary condition at » = R.
For the purpose of calculating the leading-order contributions to the force and energy, it is sufficient to retain only the terms
shown in Eq. (S.I.27). These terms satisfy the electrostatic condition at r = R up to O(a’/R?) errors. The remaining terms in
the series may be omitted, as these contribute corrections of similar magnitude to the higher reflections.



It can be verified that the second reflection contributes a negligible correction to the force, up to the desired order of

accuracy:
FO = ¢ jlg

r'=a

S

. [W,m)vw(z) + Vv © _ (0. Vdf<2))6] ds

=0, (S.1.28)

F12 =sj§

r'=a

~ 0, (S.1.29)

F® =g 75 fi- (vw(zwwm _ %IVtﬁ(z)lzé) ds

B3

: [vl//“)v.p@) + Yy Qv (v vlp("‘))a] ds

=0. (S.1.30)

Note that Egs. (S.1.28)) and (S.1.30) are exact, whereas (S.1.29) is an approximation for small a/R — terms of O(a*/R*) have
been neglected in Eq. (S.1.29)).

The second reflection also induces a series of additional corrections W(©2), W(m, and W®? to the energy. Of these, the
dominant contribution is due to W2 and may be readily calculated by use of Eqs. (S.1.4) and (S.1.27):

Wi = —¢ j’f p O vy ds - e f{ v O - vy l))ds

r'=a r=R

~ —mea? [|E§’“|2 + 5a2|(VEe“)§|2] , (S.1.31a)

for the fixed-charge case, and

W = _g 7{ v O - vyl))ds - & ?{ v O - vyl))ds

r'=a r=R

~ med? [|E§“|2 + §a2|(VEext)§|2] : (S.1.31b)

for the fixed-potential case [again, terms of O(a”/R?) have been neglected]. Equations (S:1.3T) give a nontrivial result because
the line integral fr: R O - V@) ds is finite, regardless of the value of a/R. Even though ¢? is locally smaller than y(? by

a factor of R?/a?, the coupling between ¢©) and y® over an O(R?) region produces a non-negligible and non-local integral
contribution to the total energy. Neglecting this contribution altogether would lead one to conclude, incorrectly, that no energy
is required to insert a conducting particle into a dielectric medium. The other contributions to the energy are negligible:

w2 = _%87{ [lp(l)(ﬁ V@) 4y P(n .vlp(l))] ds — %gj[ [wm(ﬁ .v¢<2>)+¢<2>(ﬁ.v¢m)] ds
r'=a r=R

=0, (S.1.32)
WeD - 1 }{ WO - VyO)ds - e 7{ v V@) ds

r=R
~ 0. (S.1.33)

Here, Eq. (S.1.32) is exact while (S.1.33) neglects errors of O(a*/R?).
S.1.1.4 Composite solution

Up to the second reflection, the solution for the potential is obtained by summing Eqs. (S.1.4), (S-1.18), and (S.1.27). The
result, for the case of fixed charges on the outer shell, is given by

rlrl

4

r/
vq=-E-r- %(VEC’“)O irr -+-azE§Xt 3 + %a“(VEe’“)g :

Y Q)



LA 2r(r - €) - r’é

2 prext
+a Eg |z R

rr
. __)+%a4(VEext)§:(F+...)+..., (S.1.34)

2
vy

which, after recombining terms, gives Eq. (3.13) in the main text. Similarly, the solution for fixed potentials on the outer shell
is

4

r’ r'r
Yoy = —Eg* - r — 3(VE™)g i rr + A’ EZ" - =t 1 (VE™) : =
w0 ¢<l)
r 2r(r - &) - r2 rr
-’ Eg" - = % +ooo | = La (VE™) (F + )+ . (S.1.35)
yy

which differs from (S:1.34) because 1,0512,) = —wg). After recombining terms in Eq. (S:1:33)), we obtain (3:14) from the main
text. A sketch of each reflection is shown in Fig.

After summing Egs. (S.1.8), (S.1.20)-(S-1.21)), and (S-1.28)-(S.1.30)), we obtain the following solution for the force:

F = ted*(VIE® Mg +- -, (S.1.36)
N e’
FOD

where we have used 2EZ" - (VE®)z = (V|E ext|2),.. Equation (S.1.36) is equivalent to (3.13) in the main text. The dominant

force contribution F©V is attributed to the coupling between ¢ and y(V); thus, it is independent of the condition at r = R
that establishes the field. In the limit as R — oo, Eq. (S:1.36) is exact. Higher-order corrections, which are omitted in Eq.
(S:136), are of O(a*/R?) and reflect the finite size of the shell. These corrections are not independent of the electrostatic
condition at r = R, and are discussed further in §S.1.1.3]

Summing Egs. (S.1.11)), (S.1.22)-(S.1.23), and (S.1.31)-(S.1.33) yields the following energy:

Wq = ~Wo = —mied® [|E§’“|Z + L2 (VES |+ (S.1.37)

S

This expression is equivalent to Eqs. (3.17) and (3.18) in the main text. Since W and W) exactly cancel each other in
the limit as R — oo, the only finite contribution is due to W2 This term results from the coupling between ¢ and y?.
Finite-size corrections are of O(a?/R?) and are discussed in §S.1.1.5

S.1.1.5 Higher reflections: finite-size effects

The results (S.1.36) and (S.1.37) presented above are exact if the shell radius R is infinitely large compared to the particle
radius . In this limit, one need only compute the first reflection (1) emitted from the particle to calculate the force F from
Eq. (S.1.7); to compute the energy W from Eq. (S.1.10), one additionally needs the second reflection ® emitted from the
outer shell. For infinitely large domains, the force is independent of the conditions used to establish the field, whereas the
energy is not.

The situation changes if the shell radius R is comparable to the particle radius a. For finite-sized shells, the force must
depend on the condition used to establish the external field. The reason is the local field in the vicinity of the particle is now
influenced by reflected modes from the outer shell. Higher odd- and even-numbered reflections may be computed by retracing
the steps described in §S.1.1.2|and §S.1.1.3| respectively. The third reflection ¢ contributes an O(a?/R?) correction to the
force F by coupling to the ambient potential ), adding a term F©® to Eq. (S17). This correction reverses sign depending
upon whether the charges or potentials are held fixed on the outer shell. For the energy W, it is necessary to determine
the potential up to the fourth reflection ®; the coupling terms WD, w©2 w2 w3 and WO all give O(a®/R?)
contributions to Eq. (S-I.10). Subsequent reflections contribute corrections to F and W in successive powers of a?/R>.

Calculating the third and fourth reflections (not presented here, for the sake of brevity) allows us to expand Egs. (S.1.36)
and (S.1.37) up to the O(a®/R?) correction. Note that we must also expand the lower-order reflections up to O(a”/R?) terms,

10
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Figure S.1 Electric force and energy for a conducting particle held in a fixed system of charges. The dimensionless force
F = F [[rea’®|(VE®")|*] (top) and energy W = W/[rtea®*|(VE®")o|*] (bottom) are plotted against the relative particle position

& = (&€ — £%)/a (left) and the radius ratio a/R (right), where £* is the fixed point as defined by Eq. (3:24) in the main text. For
the numerical calculations in bipolar coordinates, we set the field amplitudes Ey = E; = 1 and phase angles ay = a; = 0 [cf.

Eqs. (SZ19)-(5220)]

whereas we had previously invoked the limit R — oco. For finite-sized shells with a fixed charge distribution, we obtain the
following approximations for the force and energy:

S 2
Fg = _%;Q = nted® (1 - %) (VIE® )¢ + - - (S.1.38)
and 5
Wq = —nea® (1 - %) |E§“|2 + L@ (VE™ )| + - -, (S.1.39)

where the terms neglected are of O(a*/R*). Equations (S.1.38) and (S.1.39) are plotted in Fig. and compared against the
exact solution of the Laplace problem using bipolar coordinates, showing excellent agreement when a/R is sufficiently small
(for details on the bipolar solution, see §5.2). In the plots, the force and energy are rendered dimensionless using the same
scales defined in Fig. [5]of the main text. Additionally, the variables are appropriately stretched so that Eq. (S-1.38) or (S.1.39)
appears as a single curve.

For a fixed distribution of potentials on the outer shell, we obtain instead

2
Foy = 5 R (1+%) (V|E6Xt|2)§+--- (S.1.40)

and

2

Wy = mea +o-e (S.14D

2
(1 + %) |E§Xl|2 + %a2|(VEeXt)§|2

These expressions are plotted in Fig. [S.2)and compared to the bipolar solution (discussed in §S.2). Notably, the discrepancy
between the reflections expansion and the bipolar solution as a/R — 1 is larger in the fixed-potential problem (Fig. [S.2))
compared to the fixed-charge problem (Fig. [S-T)).
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Figure S.2 Electric force and energy for a conducting particle held in a fixed system of potentials. The variables have the same

meaning as in Fig.

Several remarks on Eqs. (S:I.38)-(S.I.41) are in order. First, it is clear that conducting particles are attracted to shells
held at a fixed distribution of potentials and repelled by a fixed distribution of charges. These effects are captured by the
O(a?/R?) finite-size correction in the reflections expansion; a comparison to the (exact) bipolar solution shows that this level
of approximation is adequate if a/R < 1. Second, we find Fq # Fv and Wq # —We for shells of finite size, contrary to
the limiting result for a semi-infinite medium. It remains true, however, that Wg and —W«, are equivalent to the particle’s
potential energy when, respectively, the charges and potentials are held fixed on the outer shell. In the latter case, the external
work done to maintain the shell potential is 2W«y, as shown in the main text [cf. Eq. @)].

S.1.2 Insulating particle
Insulating particles are discussed in §3.2]in the main text. For such particles, the Dirichlet condition (3-10) at " = a is replaced

by the Neumann condition,
A-Vy=0 at r'=a. 3:23)

Once again, the solution for the potential ¥ can be obtained using the method of reflections. The solution procedure is
essentially the same as the one described in §S.1.1] The key difference to recognize is that the insulating Neumann condition
(3:25) induces reflected modes —(V + @), —(¥® + y©), etc. of opposite sign compared to the conducting Dirichlet
condition (3:10). We may immediately deduce this result by applying Egs. (S:A-5)-(S:A-6) to the boundary condition at the
particle. To avoid redundancy, we shall not describe this calculation in any detail.

Instead, we shall simply present the final results for insulators that are analogous to Eqgs. (S.1.38)-(S.TI.4T)) for conductors.
For fixed charges on the outer shell, we find

SW. :
Fo=-Ya_ 02 (1 + %) (VIESP)e + - (5.1.42)

and

Wq = med® e, (S.1.43)

2
(1 + %) |E2xt|2 + %a2|(VEext)§|2

12
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Figure S.3 Electric force and energy for an insulating particle held in a fixed system of charges. The variables have the same

meaning as in Fig.

whereas, for fixed potentials, we find instead
Fy = (12 E (VIE™[)g + - - (S.1.44)
[s%4 6§ R £ N
and

W = —mtea® T (S.1.45)

2
(1 _ %) |E§_—Xt|2 + %a2|(VEext)§|2

Equations (S-1.42)-(S-1:43) and (S:1.44)-(S:1-43) are plotted in Figs. [S.3]and[S.4] respectively. The leading-order terms can be
found in Egs. (3:27)-(3:28) in the main text. It is interesting to note that Wgq and W« for insulators are, respectively, identical
to Wq, and Wq for conductors. As anticipated, insulators are attracted to fixed charges and repelled by fixed potentials.

To summarize, we have described an approximate solution to the Laplace problem, both for conducting and insulating
particles, using the method of reflections. We have validated this reflections solution using an exact solution in bipolar
coordinates; the numerical data from the bipolar solution are plotted as markers in Figs. [S.I}{S:4] Details on the bipolar
solution are described in the following section.

S.2 Electric problem: bipolar coordinates

The Laplace problem can be solved exactly using bipolar coordinates (o, 7). Previously, Liu ef al.” applied eigenfunction
expansions in bipolar coordinates in order to solve the 2D electric Laplace problem for a fixed potential distribution on the
outer shell. Here, we apply the same method and expand upon their analysis by additionally considering a fixed distribution of
charges on the outer shell. Our main purpose in developing an exact solution in bipolar coordinates is to validate the analytical
expressions derived for the electric force [Egs. (S.1.38), (S-1.40), (S:1.42), and (S.1.44)] and energy [Eqs. (S.1.39), (S-I.41),
(S:1:43), and (S.1.43)] using the method of reflections.

S.2.1 Governing equations

The transformation from Cartesian coordinates (x, y) to bipolar coordinates (o, 7) can be found in numerous texts;" for details,
the reader is referred to Appendix|[S.BJof this supplemental document. In bipolar coordinates, the Laplace problem (3.8)-(3.11)

13
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Figure S.4 Electric force and energy for an insulating particle held in a fixed system of potentials. The variables have the same

meaning as in Fig.

for conducting particles becomes

9? 0?
?‘ﬁ+a—$=0 for TR <7 <7, (S5.2.1)
with
a 6 ext
either ﬂ = id at T =1R (S.2.2a)
ot ot
or Yy =y at T =1g, (S.2.2b)
and p
W o at r=1, ($.2.3)
do
27
0
Qze/ Wl 4o =o. (S.2.4)
0 ot =1,

The problem for insulating particles is similar, except that Eq. (S:2.3) is replaced by

Yo oa r=r, (8.2.5)
oT

which is equivalent to Eq. (3:23) from the main text. If the charge density on the outer shell is specified [Eq. (S.2:2a)], then
we additionally require that the average potential on the outer shell vanishes:

1 2T W |r=rg sinh g

Wi =5=

=0, S.2.6
21t Jo coshTgr —coso o ( )

where we have used R = c/sinh g to eliminate the shell radius R. The last condition represents a choice of reference potential.
To calculate the force, equation (3.7) may be expressed in bipolar coordinates as

e (el G

14

(cosht, —coso)do

(S.2.7)

Cc
T=Tg,



Finally, to calculate the energy, equation (S.1.9) may be expressed as

27 6‘7/] 27t a(r// awext
=1 i do -1 / 77 e
v 28/0 v =1, 77aF 0 '/’ar v ot

do. S.2.8
(9 T ( )
BCIOW, we derive a solution for l,D by means of eigenfunction expansions.

T=TR

S.2.2 Eigenfunction expansions

To solve Eqgs. (S:2:1)-(S-2-6) above, we must first represent the external potential %' and its normal derivative dy**'/dt at
the outer shell T = tx in terms of orthogonal modes:

Y femrg = ag + Y [ay 008 (n07) + by sin (no)], (8.2.9)
n=1
ext R
BZ = Z n[cy cos (no) + d,, sin (no-)], (S.2.10)
T T=TR n=1

where the coefficients a,,, b,, ¢,, and d,, are given by the inversion theorem,

1 27
ap = ET A l//eXt|T=TR do, (S.2.11a)
1 27t
an = — U™ |r2rp cOs (no)dor, n=12..., (5.2.11b)
0
1 27t
b, = — U |r2rp sin (no) dor, n=12..., (S8.2.11¢)
0
1 27t Xt
Cp = — d cos (no) do, n=12..., (S.2.11d)
nt Jo 0T |iirp
1 27t Xt
d, = — o sin (no) do, n=12.... (S.2.11e)
nt Jo 0T |iirp

Then, we may expand the potential ¢ in terms of eigenfunctions of Laplace’s equation:
o=y + Z [(Urre™™ + ¢ e"T) cos (no) + (¢5e"™ + ¢,e”"'7) sin (no)] , (S5.2.12)
n=1

where the coefficients Yo, !, ¢, ¢7, and ¢; are to be determined from the boundary conditions. Note that the zero-charge
condition (S:2.4) is automatically satisfied by the general solution (S.2.12). Substituting Eq. (S:2.12) into (S.2.6) gives the
average potential on the outer shell,

Whr = o+ D & (e + e, (S.2.13)

n=1

Equations (S.2.7)-(S.2.8) for the force F and energy W may also be written as double series in terms of the coefficients y;,
¥y, &7, and ¢, from the eigenfunction expansions. However, it is more expedient to simply apply a numerical quadrature to

the integrals in (S:2.7)-(S:2:8).
S.2.3 Solution of the series coefficients

To solve for the series coefficients o, ¥;', ¥,,, ¢, and ¢;,, we first substitute the general solution (S.2.12) into the boundary
conditions (S:2.2)-(S.2.5) and resolve the equations into orthogonal modes. This yields a system of linear equations that can
be uniquely solved for yo, ¥\, ¥,,, ¢, and ¢;,. For conducting particles, we obtain the system of equations,

(e8]

cither Yo == e (U4, " +Uge " R), g, — U, = cu 95, — dg,e " = d,
n=1
(S.2.14a)
or Yo = ao, YR+, e TR =a,, ¢l "R + ¢, = by,
(5.2.14b)
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and
Yree + e e = 0, pree + ¢ree =0, (5.2.15)

which are derived from Egs. (S.2.2)-(S:2.3) (here, it is implied that n = 1,2,...). Notice that, for the fixed-charge case, the
constant potential ¥ g is chosen to ensure that the average potential on the outer shell is zero. Solving Eqs. (S:2.14)-(S:2.13)
yields series coefficients,

0 e_n(Ta —TR) _ en(Ta_TR)
__ -nt _
lﬁQO - Z‘f Cnt R (e—n(Ta_TR) + e"(Ta_TR) > w(VO = qaop, (82163)
n=
+ Cne_”T“ v ane—n‘ra
an - e_n(Ta_TR) + en(Ta_TR), w(Vn - e_"(Ta_TR) - en(Ta_TR)’ (8216b)
- cne’”a - anenm
Yan = T e nta—tr) 4 en(ta—Tr)’ Yvn = " enta—tr) _ gn(ta—1r)’ (8.2.16c)
d,e""Ta b,e " a
+ _ n + _ n
Pan = Taatr) 3 enraR)’ PVn = Siratr) — enra)’ (5.2.16d)
d enTa b enTa
$an =~ S by =~ . (S.2.16¢)

e_n(Ta_TR) + e"(Ta_TR), e_n(Ta —-TR) — e"(Ta_TR) )

Substituting Egs. (S.2.16) into (S.2.12)) then yields the particular solution for the electric potential around a conducting particle.
For insulating particles, Eq. (S.2.13) is replaced by

'-;-en‘l'a _ lﬁ;e_m“ = 0’ Zen‘ra — ¢'_le_n7'a = O, (5217)

which can be derived from Eq. (S.2.3). The new coefficients are obtained by solving Eqs. (S:2.14) and (S:2.17) simultaneously:

> e (Ta—TR) 4 oM(Ta—TR)
_ _ -nt _
wQO B Zl €n® : (e”(Ta ~TR) — e’l(‘fu -r) |’ lﬁ(vo = ao, (82188.)
n=
o cpeMa L ae""a
Yan = e (Ta—TR) — en(ta—TrR)’ Y, = e(ta—Tr) 4 o(Ta—Tr)’ (5.2.18b)
- _ cne’”a L ane’”a
Yan = e (Ta=TR) — en(ta=Tr)’ Yy, = o(ta—7r) 4 o(Ta—Tr)’ (5.2.18¢c)
d,e "Ta b, e "Ta
+ n _— n
Pan = e MTa~TR) — n(7a—7R)’ by, = o—1(Ta—TR) 4 oN(Ta—TR)" (S.2.18d)
d e”T“ b CnT“
Yan = 5 byn = . : (S.2.18¢)

e—n(ta—TR) _ en(ta—Tg)’ e—(Ta—TR) 4+ en(Ta—TR)
This completes the solution for the electric potential for conducting and insulating particles.

S.2.4 Numerical procedure

Equations (S:2.7) and (S:2.8) may be evaluated numerically using the following procedure:

1. First, numerical values of a, R, and ¢ are specified and the bipolar parameters ¢, 7,, and g are calculated using Eqgs.

(SB4)-(S3B-3) in Appendix [S-B] The relevant geometric quantities are then given by Egs. (S.B.6)-(S:B-10).

2. Second, the dielectric permittivity & is specified (for convenience, we set & = 1) and the field coefficients Eg*" and
(VE®") in Eq. (3:1)) are expressed in the Cartesian basis,

EJ = Eo (£ cos g + § sinay), (5.2.19)

(VE™)) = Ey [(£2 - 79) cos (21) + (£ + ) sin (a1, (5.2.20)

using numerical values for the field amplitudes Ey, E; and phase angles o, ;. Substituting Egs. (S.2.19)-(S.2:20) and
r = x% + yj into (3:1)) then gives the external potential ' in terms of the Cartesian coordinates (x, y). This expression
is then rewritten in terms of the bipolar coordinates (o, 7) using the transformation rules (S.B.3) in Appendix [S.B

3. Third, the series coefficients a,, by, ¢, and d,, appearing in Egs. (S.2.9)-(S:2.10) are calculated by applying numerical
quadratures to Eqs. (S:2:11).

16



4. Fourth, the series coefficients yo, ¥, ¥,,, ¢7, and ¢; appearing in Eq. (S:2.12) are calculated using either Egs.

(S:2:16) (for conductors) or (S.2.18) (for insulators). The electric potential ¢ and its derivatives 9y /do, Ay /It are
then evaluated at the boundaries 7 = 7, and 7.

5. Finally, the boundaries T = 7, and 7g are discretized and Eqs. (S.2.7)-(S:2.8) are approximated using numerical
quadratures.

The numerical results for F' and W are plotted in Figs. 4| alongside the approximate results obtained via the method of
reflections. For all of the calculations reported here, we set Eo = E; =1and o = @1 = 0in Egs. (§.2.19)-(S.2.20).

S.3 Capillary problem: method of reflections

Table S.2 Analytical expressions for the capillary force and energy, including the first finite-size correction, for a particle held in

a fixed system of heights () or slopes (P) [cf. Egs. (S.3.41)-(S.3.48)) and (S.3:54)-(S.3.53)).

Particle Capillary Force Capillary Energy
Pinned Contact Line 1 4 a 02 at 02 2 o o]
(Non-Undulated) Fqy = —zmya (l + F) (VIK g + - - Wy = —ﬂya 1+ I |Kex <+ 2a (VK™ el + -
4 a* ext |2 a* ext2 , 1 2 exty_ 2]
Fp = ——7tya 1- I (VIK")g + -+ Wep = ——ﬂya 1- I |K§ [“ + 7za|(VK*)g| | + -+
Equilibrium Contact 14 a* ext12 o a*\ e 1 2 exts 2]
Angle (Cylinder, 90°) Fqy= gmya™|1- 7 (VIKTD)e + Wqs = —Lmya* |1~ = K& + 1 |(VK g _ +
1 4 at 2 at 2 2 2|
Fp = jmyd (1 + F)(V|K‘”“| )e + Wp = Ltmya* (1 + R—) Ke’“| + 15 a*|(VK™)g | 4o
Equilibrium Contact 1 4 1a* ext 2 _ 4 1a* ext2 12 exts 12
Angle (Sphere) Fqy = 1;mya |1 3% (V|K [9)e + Wq = T[ya 1 - 3% |K <+ (VK" )¢l
1a* 1
Fp = %ma“(l + gR—)(V|K‘”“| e+ Wp = smyat (1 + 5;_) Ke’“|2 LaP (VK| +

S.3.1 Particle with a pinned contact line

Below, we present supplemental details of the calculation for particles with pinned contact lines (discussed in §4.T]of the main
text). For the most part, we focus on symmetrically pinned (i.e., non-undulated) contact lines; results for undulated contact
lines are discussed in Appendix [E]of the main text.

S.3.1.1 Governing equations

Laplace problem: The boundary-value problem for a particle with a symmetrically pinned contact line is given by Egs.
(48)-@.12) in the main text (reproduced here for convenience):

V(=0 for r'>a and r <R, #@3)

where
either ly=C" at r=R (.9a)
or A-Vip=hm-V/* at r=R, (@.95)

and
(=U+Qy-r at r'=a, #@10)
P=—yj§ﬁ-V{ds=O, @.11)
r'=a

Nu =y f [F'( - VZ) - L] ds = 0. &)

Here, /X is the host interface height given by Eq. (@.1)), U is the vertical translation, 2 = € - 2 is the horizontal rotation, P
is the vertical force, and N = € - Ny is the horizontal torque. In addition to the zero-monopole condition {.TT]), we also have
the constraint (4.12) on the dipole moment. This is what distinguishes the capillary problem from the electric problem.
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Interface height:  As in the electric problem, we pursue a solution of Eqs. {#.8)-(@#.12) by the method of reflections:
£=>m, (532)
n=0
U= Z U™, (S.3.3)
n odd
2=> on. (S.3.4)
n odd
The zeroth reflection is just the height of the host interface,
(O =t = LK rr + L(VK™) (P rrr (8.3.5)
[cf. Eq. (&I)], and the (™ U™ and Q0 satisfy
£ 4 D Z g0 4 )
f v+ D)ds =0
I at r' =a, n=13..., (5.3.6)
§ {1 9@ e = @4 g i) as =0
r'=a
(n) (n=1) _
Lo ¥¢7 =0
u " » at r=R, n=24,.... (S.3.7)
AV + ") =0
The even and odd reflections have the same meaning as in the electric problem.
Capillary force: The capillary force F (as defined via the stress tensor) is given by Eq. (4.7) in the main text:
F=—y jf [ - VOV - |V *a] ds. @)
Substituting Eq. (S5.3.2) into (@.7) then gives
F = Z Fmm = _y, Z Z }f [(ﬁ VMg — Lggm . Vg“("))ﬁ] ds, (S.3.8)
n=0 m=0 n=0m=0,,Z ,
similar to (S.I.7). The first term in the series (S.3.8) is
FOO - _, f i+ (VZOVLO - 1V LOPs) ds
=0, (8.3.9)
as expected.
Capillary energy: The capillary energy W is given by Eq. (4.5),
w=1ly // VP dPr - %7// V)P &r + frya® 22 #3)
r'>a r<R
r<R
Integrating by parts gives
w=-1y }f {(-V)ds — 1y jf A (EVE = VY ds + Smya Q2 (S.3.10)
r'=a r=R
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where we have used V2{ = V27 = 0 to eliminate the area integrals. Substituting Egs. (S.3.2) and (5:3.4) into (S:3-10) for ¢
and Q, respectively, and setting 7 = /© yields the double-series expansion,

W= Z Z wimn = _ yz Z ( ff C (- v Mds + y{ (v~ Og ) 45 — g2 QMM (8.3.11)

n=0 m=0 n=0 m=0

similar to (S.I.10) (it is implied that Q7" depends upon ™ and Q" = 0 for even values of n). Using Egs. (S:3.3) and
(S3.11), we find the “self energy” due to £© is given by

W0 _ _%yy{ O3 . v9) ds

r'=a

= —brya* [IKEP + 5t (VK| - Sma? K5 - & + J(VK™, - g€ (8.3.12)

Adding the “trapping energy” —mya® to W gives the total work needed to eliminate a patch of interfacial area. We shall
soon see that the boundary perturbation due to rotation of the particle out of the undeformed plane contributes a term to the
energy that exactly cancels the last term in Eq. (S:3.12). The leading contribution to the particle rotation is determined by the
first reflection, which we consider next.

S.3.1.2 First reflection

The first reflection ¢V is added to correct the particle boundary conditions @T0)-[@.12). Hence, it must satisfy Laplace’s
equation

vie =9 (S.3.13)
and the boundary conditions
MW O=yV 0l at ' =a (S.3.14)
7{ AW+ yds =0, (S.3.15)
r'=a
jf {r'[ﬁ VW 4 7Oy = (D g“’))ﬁ} ds = 0. (S.3.16)

r'=a
Recasting ¥ [Eq. (§:3:3)]in terms of r’ = r — £ gives
(O = SR €€+ HVK™ (Y EEE + K™ - & + J(VK™ ) : £€]- 1 + 3K r'r’ + LVK™)e(-Pr'r'r’,  (8.3.17)
where we have defined the external curvature and curvature gradient at the particle’s center,

Kgxt Kext+(VKext)0 £, (8.3.18)

(VK™ = (VK™ (S.3.19)
Substituting Eq. (S:3.17) into (S.3.14)-(S.3.16) and integrating yields the solution

(V= —tatkgt T LaS(VEO () ] (5.3.20)
r

U = LK : €€ + VK™ 0(V66¢, (8.3.21)

Q) = K- £ + L(VK™Y, : €. (8.3.22)

It is straightforward to verify that Egs. (S.3.20)-(S.3:22) uniquely satisfy (S.3.13)-(S:3.16). Thus, the first reflection induces
quadrupolar and octupolar disturbances to the interface height. The sum ¢ + /(I represents the height of a semi-infinite
interface, for which a/R = 0.
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As with the electric problem, it is the coupling between the zeroth and first reflections that gives the leading contribution
to the force:

FOD— _y 7{ i [Vi(‘”Vg“(” L VOV (yO V§<1))6] ds

r'=a
= —amyd K (VK™)g, (83.23)
FID = 55 i (Vv - v Ps) ds
r'=a
=0. (S.3.24)

We may also calculate the following contributions to the energy:

wob = _y 7{ 0% - veWDyds — jg (O - veWMyds

r'=a r=R
=0, (S.3.25)
win = L, j{ V(i - v D)ds - %yyf (0@ - V) ds + ()
r'=a r=R
~ by [IKEP + P l(VK™ el | + dma|K§ - € + SV : 4" (5.3.26)

where O(a*/R*) corrections have been neglected in the last equation. Notice that the apparent boundary stretching due to
particle rotation is responsible for the last term in Eq. (S.3.26). Comparison to Eq. (S.3.12) reveals that W0 + wD ~ 0 —
exactly the same result as in the electric problem!

S.3.1.3 Second reflection

Next, we must compute the second reflection £(?) as the solution of the Laplace problem,

V2@ =0 (8.3.27)
with
either (+¢(MW=0 at r=gR (S.3.28a)
or A-VES +¢)=0 at r=R. (S.3.28b)

First, we recast () [Eq. (5:3.20)] as an infinite series of multipoles with respect to r = r’ + &:

(r=-&6(r-£& | 6 o 3T =& =& -§)
g(l) — _la4Kext . —14 (VKeX) ()
0 gt 0 ¢ r - £1°
4 ] - (=€-V)*' (rr 6 3 - (=€-V) (rrr
= la'kg: Y S (r—4) ~ La(VES () Y e (r—6) . (S.3.29)
n=0 n=0
The unique solution that satisfies (S.3.27)-(S.3.29) is
Q) _ _ 0 _ 1 et NN (N CE VT 1PN g ey 3 N (220 (<€ V)" rrr
by = ~Lp" = 20 Ky HZ:;)(R) n! (r4)+6a (VK )g();(R) n! (rﬁ)
rr drr(r-€)-2r’ré rrr
= La'Kg"- (F + > ooe |+ LaO(VR)()3 (F - ) (5.3.30)

It is unnecessary to keep all terms in the infinite series, since higher reflections will contribute like-ordered corrections. The
terms retained in Eq. (S.3:30) satisfy the wetting condition at » = R up to O(a*/R*) errors.
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As in the electric problem, the second reflection introduces a negligible correction to the force:

FO)_ _y j{

r'=a

=0, (S.3.31)

>

: [v OV Ly Oy 0 (v 0.y év(z))(;] ds

B
B
I
|
\<
Ke\
B3

. [Vf(l)V{(z) + V§(2)V{(1) _ (V{(l) . V{(z))d] ds

=0, (8.3.32)

B
B
Il
|
\<
B3

. (V§(2)V§(2) _ %|V§(2)|26) ds

=0. (S.3.33)

The only finite contribution to the energy is due to W©2):

WP =y § (VG Vias -y § ¢V Ve as

r'=a r=R

~ tmya* [IK;Z"“I2 + ﬁazl(VK‘“‘)glz] : (S.3.34a)

for the fixed-hieght case, and
W = —y jf (O -v¢Shds -y }{ (O - vl ds
r'=a r=R

= ~dmya* [IKP + S |(VK™ | (S.3.34b)
for the fixed-slope case. The other terms are negligible to the present order of approximation:

w2 _ _%yj{ [§<1>(ﬁ.v5<2>)+§<2>(ﬁ .vév(l))] ds — %7}[ [ga)m.vg(z)”{(z)(ﬁ v ds

r'=a r=R

=0, (S.3.35)

W) _ _%yy{ (D - VD) — %yj{ (O VD) ds
r'=a r=R

=~ 0. (S.3.36)

In the last equation, errors of O(a*/R*) have been neglected.

S.3.1.4 Composite solution
Summing Egs. (5.3.3)), (S.3.20), and (S.3.30) yields the following solution for the interface height:

r'r’ r'r'r’
lu = %K{;m crr + (VK™Y (Prrr - %a“Kg’“ e éa6(VKe’“)§(-)3 g
4’(0) é’(”
4 L&) =212
+%a4K§Xt- %_‘_ rr(r 26 rrf+,.. +%a6(VKeXt)§(')3 ("RL;_{_...)_;_..., (S.3.37)
&y
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for fixed heights, or

" " o r'r " r'r'r’
Gy = 3K 1+ (VK0 () rrr = 3a*Kg s — = Ga* (VK™ )g()'—
20 M
4 - £) - 2r?
o % J A 4;)6 rré — LaO(VE™)e()? (rrr +) . (S.3.38)

2
Vo

for fixed slopes. Recombining terms in Egs. (S.3.37)-(S.3.38) yields (#.14)-(@.13)) in the main text. A sketch of each reflection
is shown in Fig. 0]
The sum of Egs. (S.3.9)), (S.3.23)-(S.3.24), and (S.3.31)-(S.3.33) gives the total capillary force

F = —imyad (VK™ ) + - -, (S.3.39)

F 1)

where we have used 2K2* : (VK™'); = (V|K eX{|2);. The leading term in Eq. (5.3:39) is equivalent to in the main text.

As in the electric problem, the dominant contribution is due to F©V. Similarly, after summing Eqs. (S.3.12), (5.3.25)-(S.3.26)),
and (S:3:34)-(S-3:36), we obtain the energy

Wa; = -Wp = Lrya® [|K§’“|2 + La? (VK |2] , (S.3.40)

(02) (02)
W'u or —WP

which is equivalent to Eqgs. (4.18) and (@.21) in the main text.
S.3.1.5 Higher reflections: finite-size effects

In we computed the O(a?/R?) corrections to the electric force and energy due to higher reflections. The magnitude
of these corrections are characteristic of dipolar interactions, which decay like 1/r’ from the center of the particle. For
quadrupolar interactions, the rate of decay goes like 1/r"? and so the first correction to the capillary force and energy are of
O(a*/R*). Computing this correction is straightforward for the capillary force, which only requires integrals over the particle
boundary. For the capillary energy, which includes integrals over the shell boundary, a large number of terms must be retained
in the approximation for the interface height in order to acquire all O(a*/R*) integral contributions This very quickly becomes
a tedious endeavor. A more practical approach is the one used to derive Eqgs. 8) and {@.21) in the main text — that is, apply
the wetting condition (@.9) to eliminate the integral over r = R in Eq. (I@]) ThlS allows us to compute the energy solely in
terms of integrals over the particle boundary.

Without going into the details of the derivation and instead focusing on the results, we expand Egs. (S.3.39) and (S.3.40)
up to the O(a*/R*) correction. For fixed heights on the outer shell, we obtain

SW. 4
Fy = —6—;‘ = —imya* (1 + %) (VIK™))g + - - (S.3.41)
and
Wy = tnya (1 + ) K + 5 (VK| + -, (S.3.42)
where the terms neglected are of O(a®/R?). For fixed slopes, we obtain instead
W at
Fp = 6—; = —imya® (1 - F) (VIK™))g + - - (S.3.43)
and
Wp = —Lmya* (1 - ) K + 50 (VK )e | + (S.3.44)

Note that the force now depends upon the wetting condition applied at the shell boundary through the O(a*/R*) finite-size
correction. A fixed-height condition repels particles with symmetrically pinned contact lines, whereas a fixed-slope condition
attracts them.
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Figure S.5 Capillary force and energy for a particle with a symmetrically pinned contact line trapped at an interface with a
fixed height distribution on the outer shell. The dimensionless force F = F/[%nyaﬂ(VKeXt)olz] (top) and energy W =
W/[47ya®|(VK®)|?] (bottom) are plotted against the relative particle position € = (£ — £€*)/a (left) and the radius ratio
a/R (right), where £* is the fixed point as defined by Eq. {.23)) in the main text. For the numerical calculations in bipolar
coordinates, we set the curvature amplitudes Ko = K; = 1 and phase angles ap = @ = 0 [cf. Eqgs. (S.4.37)-(S.4.38)].

Equations (S.3.41)-(S.3.42) and (S.3.43)-(S.3.44) are plotted in Figs. [S.5] and [S.6] respectively, against the radius ratio
a/R and particle position £€. Also plotted are exact results using eigenfunction expansions in bipolar coordinates (see §S.4).
Although the two solutions agree very well when a/R is small, qualitative differences are observed as a/R — 1 when the outer
height distribution is fixed. Whereas the reflections solution (S.3.41) predicts a negative finite-size correction of O(a*/R*),
the bipolar solution indicates that this correction switches sign (from negative to positive) as the particle fills the shell (see
Fig. [S.3] right). The same effect is not observed when the outer slope distribution is fixed (Fig. [S.6). Further exploration of
this finite-size effect is beyond the scope of the present study.

To conclude this section, it is worth discussing finite-size corrections to the external work W' supplied to the system,
which has not been mentioned up to this point. As was indicated near the beginning of this section, the results (S.3.42)
and (S.3.44) for the energy W can be derived without having to evaluate integrals over the shell boundary, if one is clever
about applying the wetting condition (.9) before integration. This same trick cannot be applied to the Young-Dupré work
of adhesion [Eq. (@.23) in the main text], which is defined solely as an integral over the shell boundary. This implies that,
to compute the O(a*/R*) correction to Eq. (not presented here), one has to expand ¢ up to a large number of terms.
Fortunately, if there are no force sources in the domain, then the work of adhesion is always = 0 for fixed heights on the outer
shell and = 2Wyp for fixed slopes, regardless of the value of a/R. This means that we need not compute the adhesion energy
directly for particles with symmetrically pinned contact lines. On the other hand, consider a particle with an undulated contact
line (discussed in Appendix [E]of the main text) trapped at an interface with a fixed distribution of slopes on the outer shell. In
this case, the work of adhesion # 2Wyp because the contact-line undulation acts as a source of force density. Thus, one is again
faced with the problem of directly evaluating the adhesion energy through integrals over the shell boundary [cf. Eq. in
Appendix [E]]. Exactly the same problem occurs in electrostatics if a permanent electret is suspended in a dielectric medium
and a field is applied through a fixed distribution of potentials.

S.3.2 Particle with an equilibrium contact angle

Particles with equilibrium contact angles are discussed in §4.2in the main text. In keeping with the structure of that section, we
divide our attention between cylindrical particles with 90° contact angles (§S.3.2.1)) and spherical particles with unrestricted
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Figure S.6 Capillary force and energy for a particle with a symmetrically pinned contact line trapped at an interface with a fixed
outer slope distribution. The variables have the same meaning as in Fig.

contact angles (§5.3.2.2).

S.3.2.1 Cylindrical particle
For cylindrical particles with 90° contact angles, the Dirichlet condition (@.10) is replaced by the Neumann condition
A-Vi=h -2 at r'=a. #28)

The reflections are computed in the same way as in §S.3.1{except that the particle reflections reverse sign, giving —(¢") + ¢?),
—(£®) + £©), etc. For more details, the reader is referred to §S.1.2|on insulating particles.

Below, we present the analogues of Eqs. (S:3.41)-(S:3:44) for cylindrical particles with equilibrium contact angles:

SWay at

Fu= -2t = o (1 G O (5.3.45)

1 4 a4 ext|2 1 2 exty |2
Wy = —gmya’ ||1 = o7 | IKZT + 5@ (VK| + - (S.3.46)

for fixed heights, and
W 4

Fp = _6; = lnya* (1 * %) (VIK™P)g + -, (S.3.47)

1 4 at 2, 1.2 2
Wp = 1mya (1 + F) K 1” + 7@ |(VK™gl*| + - (S.3.48)

for fixed slopes. As before, the neglected terms are of O(a®/R®). The leading-order terms can be found in Eqs. (#.28)-{#29)
in the main text. Equations (S:3.45)-(S-3.48) are plotted in Figs. [S.7}(S-8), which may be compared to Figs. [S-5}{S.6]

S.3.2.2 Spherical particle

For spherical particles with arbitrary contact angles, the correct boundary condition is
N 4 u
n-V{—;:—; at r =a. @
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Figure S.7 Capillary force and energy for a cylindrical particle with an equilibrium contact angle of 90° trapped at an interface
with a fixed outer height distribution. The variables have the same meaning as in Fig.
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Figure S.8 Capillary force and energy for a cylindrical particle with an equilibrium contact angle of 90° trapped at an interface
with a fixed outer slope distribution. The variables have the same meaning as in Fig.
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Compared to the Neumann condition (@.26)) for cylinders, the Robin boundary condition (@.30) for spheres alters the numerical
prefactors of the particle reflections. Each particle reflection introduces an extra prefactor of % for terms multiplied by K, é‘f’“

and a factor of % for those multiplied by (VK*')¢. The resulting expression for the interface height around a spherical particle
with an arbitrary contact angle is

4 ’

lu =K crr + L(VK®™ )y (Y rrr + a4KeXt : rr:; + Ha® (VK™ ()3r '
20 el
4 €)= 2r?
~LatKE ;—Z g A ‘3;)6 T ) - LaSVEOYe()? (”r +- ) TR (S.3.49)
bord

for fixed outer heights, or

14

Ly = LK rr 4 MOVKY)o () rrr + La*KG ’r,z + LaS (VK ()3’ rr
70 0
+ %a4K§xt' % . 4rr(r -4;)6— 2r’ré + + ﬁa(’(VKe’“)g(-f (’RL; +) M (S.3.50)
&

for fixed outer slopes. This pattern continues to higher reflections. Another important difference between cylinders and spheres
is that the contact line is, in the latter case, non-circular. Thus, additional terms must be added to the energy to account for the
contact-line distortion, as discussed in §4.2.2]in the main text.

For the energy calculation, we must account for the distortion of the contact line needed to maintain a fixed contact angle
@ on a spherical particle. We denote by W the energy given by Eq. (S.3:10), which accounts for interfacial distortions outside
the particle. The additional work W, done to distort the contact line is

ﬂf = ds, (S.3.51)

where / = ({ — U — 2y - r")|,1—4 is the height of the contact line in the co-translated and co-rotated frame [see also Eq.
(@36) in the main text]. The expression (S.3.51) for W, may be expanded in terms of the reflections £, U™, and Q,
yielding a double series akin to for Wi. The total energy is then given by the sum W = W; + W,. The calculation
is straightforward, and, for the sake of brevity, will not be delineated in any further detail here. Below, we present the final
results for the force and energy.

Up to the O(a*/ R*) correction, the force and energy for spherical particles with equilibrium contact angles are, respectively,

Fy = —(SZV—S;” = fmya (1 - %F) (VIK™P)g + - (8.3.52)
and
assuming a fixed distribution of heights on the outer shell. For fixed slopes, we obtain instead
Fp = % = Smya (1 - %—4) (VIK™?)g + - (8.3.54)
and
Wp = Smya* (H%F) K + 30 |(VK™ g | + (8.3.55)

Equations (5:3.52))-(S.3.53)) for spheres may be compared to (S.3.43)-(S.3.48)) for cylinders. The leading-order terms appear
in Eqs. (.32) and (.37) in the main text. Figures [S.9}S.10] plot the reflections expansions (5.3.52)-(5.3.53) alongside

the corresponding exact solution in bipolar coordinates. Compared to the cylinder solution (Figs. S.8), the reflections
expansions for spheres generally show better agreement with the bipolar solution. Details of the bipolar solution method are
given in the following section.

26



o bipolar coordinates, a/R = 0.1
o bipolar coordinates, a/R = 0.5
[ —method of reflections

o bipolar coordinates, £ = 0.9
0.6 | —method of reflections

-0.5

0 0.5 0 0.2 0.4 0.6 0.8 1
€a/R a/R

Figure S.9 Capillary force and energy for a spherical particle with an equilibrium contact angle trapped at an interface with a
fixed outer height distribution. The variables have the same meaning as in Fig.
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Figure S.10 Capillary force and energy for a spherical particle with an equilibrium contact angle trapped at an interface with a
fixed outer slope distribution. The variables have the same meaning as in Fig.
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S.4 Capillary problem: bipolar coordinates

In we developed an exact solution to the electric problem using bipolar coordinates. We apply the same method, below,
for the capillary problem.

S.4.1 Governing equations

For details on the transformation from Cartesian coordinates (x, y) to bipolar coordinates (o, 7), see Appendix at the end
of this supplemental document. In bipolar coordinates, the Laplace problem (4.8))-(@.12) for particles with pinned contact lines
becomes

92 9?
ﬁ+£:0 for 7R <7<1, (S4.1)
with
either Ly =0 at T=1p (S.4.2a)
a a ext
or ﬁ = s at T =1Tg, (5.4.2b)
or or
and p 5. 0
9 _ o029 oo (S.423)
0o cosht —coso
27
0
P= y/ —év do =0, (8.4.4)
o Ot T=T4

27 A
0
N, = y/ (,/_5 oot ) do = 0, (5.45)
0 0t cosht —coso
where the particle rotation 2 = € - 2, must be determined as part of the solution. If the particle has an equilibrium contact
angle instead of a pinned contact line, then the boundary conditions at T = 7, must be modified. For cylindrical particles with
90° contact angles, we have

T=T4

% T2y
9t~ cosht —coso

in place of Eq. (S.4.3). For spherical particles with arbitrary contact angles, the correct boundary condition is Eq. (#.30),
which when expressed in bipolar coordinates gives

a\ 9 FYs

9 :
e (coshrﬁ) - (cos O'E) =0 at 7=r1,. (8.4.7)

at 1T = Ta, (846)

Here, we have used the identity ¢ = c¢/sinh 7, to eliminate the particle radius a. Finally, if the slope on the outer shell is
specified [Eq. (S5.4.2b)], then we must add another constraint,

1 /2” {lr=rp sinh g d
0

= — =0, S.4.8
(Or coshtgr —coso 7 ( )

21

so that the reference height is taken to be the average height of the outer shell. Here, we have used R = ¢/sinh 7 to eliminate
the shell radius R.
To calculate the force, equation (@.7) may be expressed in bipolar coordinates as

27 2 2 2
B 0L 0¢ 14 1[0 114 . (cosht, —coso)do
F _7/0 (60’ P {(61’ 2|\ao ] T\or ’ B c ' (5.4.9)
To calculate the energy, equation (S.3.10) may be expressed as
27t 27 Xt
9 9 9
-1 95 _1 96 ext 1o 2002 4 O2
W = 27‘/0 467 T:Tuda' 27[) (‘Z(’)T 4 p T:TRdO' + 5mya”(Qy + 925), (S5.4.10)

where the components €., £, of the particle rotation must be determined simultaneously with the interface height £. For
spherical particles with equilibrium contact angles, an additional term must be added to (S.4.10) that accounts for the work
needed to distort the contact line. Following the same procedure as in §5.3.2.2] we denote by W; the energy given by Eq.
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(S4.10). The extra energy W, needed to deform the contact line is then given by Eq. (S:3.31), which is straightforwardly
written in bipolar coordinates: 3
m 42 lr=z, sinh 7,

(§.4.11)
cosht, —coso

>

W, = %7
0
where £ = [{ —U — Qyy + Qy(x = &)]lr=r,., & is defined by Eq. in Appendix and U, Qy, and Q, are given by Egs.
(S:4.35)-(S.4:36), below. The sum W = W; + W, gives the total energy for spherical particles with equilibrium contact angles.

S.4.2 Eigenfunction expansions

To find a unique solution, we must first represent £ and /9t on the outer boundary as a series of orthogonal modes:

M oere = ag + Z [a cos (na) + by sin (no)], (S.4.12)
n=1
ext o
9¢ = Z n[cy, cos (no) + d,, sin (no)], (5.4.13)
ot e o

where the coefficients a,,, b, c,, and d,, are given by

] 27T
ao = > oy do, (S.4.14a)
0
1 27t
an = — {™Mr2ep coOs (no) dor, n=12..., (5.4.14b)
0
1 27t
b, = - ™M |r=rp sin (no) do, n=12..., (S.4.14¢)
0
1 27t LYG
tn=— A g‘r cos (no) do, n=12..., (S.4.14d)
T=TR
1 27t EYG
d, = — g sin (no) do, n=12.... (S4.14e)
nT Jo T r=1R

Then, we may expand the height ¢ in terms of eigenfunctions of Laplace’s equation:
=8+ Z [(&re™™ + &, e7") cos (no) + (xre"™ + xpe™"") sin(no)] (S.4.15)
n=1

where the coefficients &, &7, £, x;f, and y; are to be determined from the boundary conditions. Note that the force-free
condition (S.4.4) is automatically satisfied by the general solution (S.4.15). Substituting Eq. (S:4.13) into (S-4.8) gives the
average height of the outer shell:

(g =do+ ) €™ (4e"™ + e, (S.4.16)
n=1

Equations (S.4.9)-(S.4.11) may also be written as double series in terms of the coefficients ¢, ¢, x;', and x;,. For our
purposes, we simply approximate the integrals in these expressions by numerical quadratures.

Particle rotation and torque: Since the particle rotation £ must also be calculated, it behooves us to expand the right-hand
side of Egs. (S.4.3) and (S5:4.6) in terms of orthogonal modes:

5.0 2.0 >
o) __ D _ 2c Z ne™"" [ Qx cos (no) + 2y sin (no)] (S.4.17)
cosht —coso cosht —coso o
c(t - 2y) (- 2) > .
= =2 o) - Q. . S.4.18
cosht —coso cosht —coso ¢ Z ne [ s €08 (nor) s (no-)] ( )

S
Il

The trick to obtaining these series representations is to substitute cosht = %(e’ +e77) and sinh 7 = %(e’ — e~ ") and Taylor
expand about the singular point e” = oo, which is excluded from the domain. Then, projecting the Taylor series onto the

cos (no-) and sin (no”) modes directly gives the series coefficients in Eqs. (S-4.17)-(S-4.18).
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The Cartesian components £, and £, of the particle rotation must be determined by applying the torque-free condition
(S:43). After inserting the general solution (S.4.15) into (S.4.3)) and exchanging the order of integration and summation, we
obtain the following series representation for the lateral torque:

o)

Ny=—-€-N = 47tchn (2 + x19). (S.4.19)

n=1

(Again, the trick is to Taylor-expand each mode about e” = o and integrate term-wise). Resolving Eq. (S:4.19) into x and y
components then gives

Ny = 47mryc Z ny,, Ny = —4myc Z né;. (5.4.20)
n=1 n=1

Thus, all of the growing modes (with respect to 7) are coupled through the torque-free condition (S.4.3) such that the capillary
dipole is annihilated.

Sphere “dipole” density: For spherical particles with equilibrium contact angles, the correct boundary condition is given
by Eq. and is independent of the particle rotation £2. Thus, we also need to expand the terms on the left-hand side of
in terms of orthogonal modes. After substituting Eq. (S.4.13)) into (S:4.7), the first term becomes

0 64“ S nr . - —nt . .
9 (cosh T%) = ; n {— [{;e (ncosht + sinh 1) — £, e™"" (ncosht — sinh T)] sin (no)

+ [)(;{e'” (ncosh + sinh7) — y, ™" (ncosht —sinh T)] cos (no-)} , (S.4.21)

while the second term becomes

0 4 _ N + AT _ p— —NT ; ;
py (cosa'aT) = ;n{ (&re Zye™"") [nsin (no) cos o + cos (no) sin o]
+ (x;re"" = xp,e ") [ncos (no) cos o — sin (no) sina]} . (5.4.22)

By making use of the trigonometric identities,

ncosht + sinht = % [(m—1)eT7 +(n+1)], (S.4.23a)
ncosht —sinht = % [(m+1)e™ +(n—-1)"], (S.4.23b)
and
nsin (no) cos o + cos (no) sino = % {(n=Dsin[(n—=1)o]+ (n+ 1)sin[(n+ 1)o]}, (S.4.24a)
ncos (no)cos o — sin (no) sino = % {(n—1cos[(n—=1o]+ (n+1)cos[(n+ 1)o]}, (S.4.24b)

the previous series (S.4.21)-(S.4.22)) may be rewritten as

i (cosh 7%)

> e n (— {g; [(n = D" + (n+ e V7] = &7 [(n = 1™ + (n + 1)e-<"+‘>f]} sin (no-)

L

3
Il
—_

+ {X; [(n - De™ V7 + (n+ l)e("”)T] - xne " [(n- De D7 4 (n+ l)e_(””)T] } cos (na')),
(5.4.25)

0% (Cosgz_i) = %in (= (&re™ = Zre™ ) {(n—1)sin[(n - 1)o] + (n+ D sin[(n + 1o ]}

n=1

+(xme" = xne ") {(n—Decos[(n— o]+ (n+ cos[(n+ 1)ol}) . (5.4.26)

Equations (S.4.25)-(S:4.26) clearly show that the sphere boundary condition “scatters” the n mode to the n — 1 and n + 1 levels.
Thus, the n — 1, n, and n + 1 modes are all coupled through Eq. (S.4.7) (a banded system of linear equations).
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S.4.3 Solution of the series coefficients

Now we must solve for the series coefficients o, ¢, &, x,i, and x;, by applying the boundary conditions (S:4.2)-(S.4.8). For
particles with symmetrically pinned contact lines, we obtain the following system of equations:

cither Luto = ao, g’{lnem—R + g'l_lne_nTR = ay,, X%nenTR + X&ne—n‘m =b,
(8.4.27a)
(o]
or é‘?o == Z e (é’;’nen‘rR + é’;’neim—R) ’ g;r’nenTR - g;’neinTR =Cn, X;)nenTR - X;)neinTR = dn’
n=1
(5.4.27b)
and
el 4 e = —2cQ e, X+ yoe e = 20, e7Me, (5.4.28)

which can be derived from Eqs. (S:4:2)-(S-4.3) (it is implied that n = 1,2, ...). The solution of Eqgs. (S:4.27)-(S-4.28) is

e-n(Ta=TR) _ on(Ta=TR)
du0 = ap, dpo )

(o)
—NnTR
- cp€
Z‘f n (e_"('fa —TR) + en(Ta —TR)
n=

4eQp e TatTr) l

(S.4.29a)

e n(ta—TR) 4 en(Ta—TR)

ane™"Ta + 2cQqpye MTatTR) cpe e — 2 Qp e M TatTR)
lin = — > , Gy = — > , (S.4.29b)

e MTa—TR) — gn(Ta—TR) e (Ta=TR) 4 en(Ta—TR)

_ apea + 2¢Qqq e Fa"TR) _ cne"e + 2cQpyeMTa"TR)
Loty = —— Y i {pp = —— 24 , (S.4.29¢)

e_n(Ta -TR) — en(Ta ~TR) e_n(‘ra -TR) + en(Ta ~TR)

bpe e — 20 Qqy e Tt TR)  dye " 1 20Qp e Tt TR)

yo= r = S.4.29d
Xtun e~ (Ta—TR) — en(Ta~TR) Xpn e~ MTa~TR) 4 en(Ta=7TR) ( )
_ b,e"Ta — ZCQ(uxe‘"(Ta"’R) _ d,e""Te — ZC.pre‘”(Ta‘TR) (S.4.29)
- _ = _ 4.29¢
X'Hﬂ e_n(‘ra -TR) — en(Ta —-TR) ’ XPn e_n(Ta ~TR) + en(Ta ~TR)
The constants Q, and Qy are obtained by setting the right-hand side of Eqs. (S.4.20) equal to zero, giving
0o nb,e""7a ) nd,e""7a
1 Zn:] -n(ta-TR)_an(Ta-TR) 1 anl -n(Ta—-TR) 1en(tTa-TR)
Qqy = — = Rl 0 TR Qpy = —— e Rrel 0 TR (S.4.30a)
2C Zoo ne n(Ta+TR) 2C Zoo ne "(Ta+TR)
n=1 g-n(ra-t1R)_en(ta-7R) n=1 g—n(Ta-tR) yen(ta-TR)
o0 nae""7a o0 nc,e "’a
1 2pel St 1 2ol o ot
Qqpy = —— e Ro—ePe 'R Qpy = — e Ribe? o 'R (S.4.30b)

- 2C 00 nefn(‘ra +TR)
o

o (ta—TR) _gnta—TR)

= 26- ZOO nen(Ta+TR)
n=1 ¢—n(Ta-TR) yen(ta-7R)

Substituting the above expressions into Eq. (S:4.13) yields the particular solution for the interface height around a particle
with a symmetrically pinned contact line.
For cylindrical particles with 90° contact angles, Eq. (S.4.28) is replaced by

aeltTa — et = 2cQ e, xpe'te — yre e = —2c0Q,e7"e. (5.4.31)

The new coefficients are obtained by solving Egs. (S.4.27) and (S.4.31) simultaneously, giving

ks e (Ta—TR) 4 on(Ta—TR)
_ __ -nTR
Suo = o, dpo = Z [C”e (e—n(‘ra -TR) — en(ta—TR)

n=1

4eQpyeTarTe)
- | (S.4.32a)
ane™"Ta + 2cQqq e Tt TR) cne T — 20 Qp e M (TatTR)
Lin = — o : ih == Py , (S.4.32b)

e_n(Tu_TR) + en(Tu_TR) e_n(Ta -TR) — en(Tu_TR)
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ane"a — 2cQqq e TR _ cpe"me = 2cQpyeMTaTTR)

o ’ _ , S.4.32¢
é”un e~ Ta=TR) 4 en(Ta—TR) Spn e (Ta—Tr) — n(ta—TR) ( :
e — 2eqentr ) . dye T £ 20Qp e Tt TR) (S.4.32d)
Xan = e—n(ta—TR) 4 en(ta=TR) Xpn = e~ (Ta—TR) — en(Ta—TR) 4.
L bee™ 4 2cQqpe T _ €+ 2cQp T (S.4.32¢)
_ ’ _ , 4A.04€
Xan e 7a=TR) 4 en(Ta=TR) Xpn e (Ta=Tr) — en(Ta=Tr)
where
&) nbye'7a 00 ndye "t
| Znel Fata—r ronta= L Zonmt e o) a0
.Q"ux = — e R)+e R s QPx = —-— ° R e R s (84333)
2c g0 merCrarR) 2 T | e e
n=1 ¢-n(ta-7R)yen(ta-TR) n=lemnlrasir) —enraTr)
. nanein_{_a 00 ncne*n,‘m
| S e 1 2ot Trta—rg ena=R0
= , Qpy =~ (S.4.33b)

- 2 00 ne*'l(Tu +TR)
cy -

= ZC ZOO ne*'l(Tcl*TR)
-n(ta-TR) yen(ta-TR) n=1 ¢

-n(ta-TR) _en(ta-TR)

Finally, for spherical particles with arbitrary contact angles, the boundary condition at T = 7, is given by Eq. (S:4.7).
After substituting Egs. (S:4:23)-(S-4:26) into (S:4.7) and projecting the result onto each n mode, we obtain a banded system
of equations,

& n = 1el" 7 4 (n + 1)V ] — o [(n = 1e™ Ve 4 (n + 1)e~+D7a]

—(n=1D[g5 Ve — g eV —(n+ 1) [, e — g, e (e =, (S.4.34)
X[ = 1) Ve 4 (n+ e 7] -y [(n = 1)e™ "D 4 (n + 1)e™+ D74
—(n- 1)[)(:;_16("’1)7“ - X;_lef("fl)“] —(n+ 1)[,\/;_16("“)7“ - erﬂe’(””)“] =0, (S.4.34b)

which must be solved together with Eqs. (S.4.27). The system formed by Eqs. (S:4.27) and (S.-4.34) can be solved numerically
for £o, &» &y s X »and x,,,n = 1,2,..., N by truncating the series after N modes and setting {3, = {y.1 = Xns1 = Xnag = 0-
The solution, though not conveniently written in closed analytical form, is straightforwardly obtained via a banded matrix
solver. For the numerical calculation, the values of ¢, 7,, and g as well as the source coeflicients a,,, b,,, ¢,, and d,, must be
supplied. The particle translation U = (27ta)™! fr,:a ¢ ds and rotation 2 = (7a?)~! fr,: € - (¢7) ds (which are needed for the
energy calculation) may be determined after the fact by substituting the series solution (]GSED for £, yielding the relations

Us=4go+ ) e (rem™ + e ™) (S.4.35)
n=1
and
2sinh? 7, 2sinh? 7,
Qu = =T N ne (e 4 e, 0y = =T N e (e e (S4.36)
n=1 n=1

This completes the solution for the interface height for particles with (symmetrically) pinned contact lines and (cylindrical and
spherical) particles with equilibrium contact angles.

S.4.4 Numerical procedure
Equations (S:4.9)-(S-4.1T) may be evaluated numerically using the following procedure:

1. First, numerical values of a, R, and ¢ are specified and the bipolar parameters ¢, 7,, and 7r are calculated using Eqgs.

(SB4)-(SB-3) in Appendix [S.B] The relevant geometric quantities are then given by Egs. (S.B.6)-(S:B-10).

2. Second, the interfacial tension v is specified (for convenience, we set y = 1) and the curvature coefficients K(‘;Xt and
(VK" in Eq. (@]) are expressed in the Cartesian basis,

K™ = Ko [(£% — §9) cos (2a0) + (£ + §£) sin (2a0)], (S.4.37)
(VK™ = Ky {[#(%% — ) — §(£F + §&)] cos Bay) + [R(R + F2) + (22 — §7)]sin Ba)}, (5.4.38)

using numerical values for the curvature amplitudes Ky, K; and phase angles ag, @;. Substituting Eqs. (S.4.37)-(S-4.38)
and r = x£ +y}y into (@.I)) then gives the external height **" in terms of the Cartesian coordinates (x, y). This expression
is then rewritten in terms of the bipolar coordinates (o, 7) using the transformation rules (S.B-3) in Appendix [S.B
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3. Third, the series coefficients a,, b, cn, and d,, appearing in Egs. (S:4.12)-(S-4.13) are calculated by applying numerical
quadratures to Eqs. (S:4.14).

4. Fourth, the series coefficients (o, &7, &, x;', and y,, appearing in Eq. (S:4.13) are calculated using Eqs. (S.4.29)-
(S:430) (for particles with symmetrically pinned contact lines), (S.4.32)-(S:4.33) (for cylindrical particles with 90°
contact angles), or the numerical solution of the banded system (S.4.27) and (S.4.34) (for spherical particles with
arbitrary contact angles). The interface height ¢ and its derivatives 0{/do, 0{ /0t are then evaluated at the boundaries
T =1, and TR.

5. Finally, the boundaries T = 7, and 7g are discretized and Egs. (S5:4.9)-(S:4.11)) are approximated using numerical
quadratures [Eq. (S:4.T7) is only needed for spherical particles with equilibrium contact angles].

The numerical results for F and W are plotted in Figs. [S.3}{S.10]alongside the approximate results obtained via the method of
reflections. For all of the calculations reported here, we set Ko = K| = 1 and a9 = @; = 0 in Egs. (§:4:37)-(S.4:38).

33



Appendices

S.A Vector harmonics in two dimensions

The fundamental solution of Laplace’s equation in 2D is log r,

VZlogr = 0. (S.A.1)
Successive gradients of logr give the decaying solutions of Laplace’s equation, V" logr with n = 1,2,.... The first few
decaying harmonics are
r
Viogr = o
2 _ .2
VWiogr = - 2110
8 2r? <rs 6r +(ré)" A2
VYV logr = rrr —2r-[r 6+ r+(ro) ]’
r

The decaying harmonics (S.A.2), with r replaced by r’, are used to construct reflected modes from the particle boundary
¥’ = a. Similarly, the growing solutions of Laplace’s equation are given by r2"V" logr with n = 1,2,.... The first few
growing harmonics are

2V logr =r,

r*VVlogr = —2rr — r?6),

r®VVVilogr = 8rrr — 2r%[ré + 6r + (ré)7], (S.A.3)

The growing harmonics (S.A.3)) are used to construct reflected modes from the shell boundary r = R.
It is straightforward to express the decaying harmonics with respect to the particle-centered position r’ = r — & in terms
of the shell-centered position r, by Taylor-expanding log r’ about & = 0:

logr’ =log|r — &

[oe] _ .Vn

:Z( f‘ ) log r

~ o onl

1

=logr—§-"Vlogr+§§§:VV10gr+~~
r-é l(2(r~§)2—r2§2)
2 —_— +....

r 2 r4

=logr — (S.A.4)

The series converges so long as & < r. Similar expressions for the higher-order decaying harmonics are obtained by taking
successive gradients of Eq. and exploiting the spatial invariance of the gradient, V/ = V. The addition theorem
is used to represent reflected modes from the particle boundary r’ = a on the shell boundary r = R.

Another useful identity involves the derivative of a harmonic with respect to r. For some nth-order decaying harmonic, we
can prove that

L owviiogr=-"V"logr, n=12.... (S.A.5)
r r
Similarly, for some nth-order growing harmonic,
r 2nxgn n. onen
— - V(@E'V"logr) = —(r"V"logr), n=12.... (S.A.6)
r r
Thus, the eigenfunctions of the operator r - V = r(d/0r) are the decaying and growing harmonics of order n, with eigenvalues

given by —n and n, respectively. Equations (S.A.5)-(S.A.6) are used to reverse the sign of reflected modes when alternating
between Dirichlet and Neumann conditions on either the particle or shell boundaries.
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S.B Transformation to bipolar coordinates

We choose the Cartesian coordinates (x, y) such that the center of the shell and particle are aligned at y = 0 and the particle
is positioned to the left of the shell’s center, with the x-axis directed from left to right. In this basis, we define r = xX + yJ
as the position measured from the shell’s center and r’ = x’% + y’y as the position measured from the particle’s center, where
the coordinates (x, y) and (x’, y”) are related by

x—xo=x" — x|, y=y". (S.B.1)
The particle’s position relative to the shell’s center is then given by & = r — r’ = £X, where
& =x0— X, (S.B.2)

The bipolar-symmetry axis is defined at the horizontal position x = xg (in shell-centered coordinates) or x’ = x(’) (in particle-
centered coordinates).
The transformation from Cartesian coordinates (x, y) to bipolar coordinates (o, 7) is defined as

csinht csino
X=xg+ —, y= ——mm8, (8.B.3)
cosht —coso cosht —coso

where 0 < 0 < 27, 0 < T < o0, and c is related to @ and R by

c= \/xé -R? = \/xé2 —a?. (S.B.4)
The curves T = 7, and 7 = 7g (where 0 < Tg < 7, < o0) define the particle and shell boundaries, respectively, and are given
by
1 X0 —C 1 xy—c¢
=-1 , =—1 . S.B.5
fa=3 Og(x()+c) ®R=3 0g(x6+c) ( )

Fig. illustrates the bipolar coordinates (o, 7). A few remarks are in order:

* The isocontours of o (blue curves in Fig. [S.TT) form a family of circular arcs centered at x = xo, y = ccoto (the
bipolar-symmetry axis) and passing through the limiting point x = xo + ¢, y = 0 (the center of the particle). For values
of o < m, the circular arc lies in the upper half plane; for values of o > 7, the arc lies in the lower half plane. The value
o = 0 (2m) generates a circular arc of infinite radius centered at y = co. When o~ = T, the circles degenerate to lines on
the x-axis connecting the bipolar-symmetry axis to the center of the particle. The value o= = 7t/2 (371/2) is a semi-circle
of radius ¢ located in the upper (lower) half plane and whose center is located at the origin.

* The isocontours of T (red curves in Fig. form a family of non-intersecting circles of radius ¢/sinh T whose centers
are located at x = xo + ccotht, y = 0. For values of 7 > 0, the circle lies to the right of x = xo. The value 7 = 0
generates a circle of infinite radius centered at x = co, y = 0. When 7 = oo, the circles degenerate to points located at
X = xp + ¢, y = 0 (the center of the particle).

Several other geometric quantities will be useful to define. These include the Cartesian basis vectors £ and y expressed in
terms of the bipolar basis vectors 6 and 7:

x 1 —sino sinht 1 —cosocosht o
o | == . ) ~ | (S.B.6)
y cosht—coso \ =1 +cosocosht  —sinosinht T
with the inverse relations,
(i 1 —singsinht  —1+coso cosht x
A | = . . - |- (S.B.7)
T cosht —coso \ 1 —cosocosht —sino sinh 7 y
The differential arc length ds on an isocontour 7 = constant is given by
d
ds= — <7 (S.B.8)
cosht —coso
Finally, we may define the gradient
0 0 cosht —coso 0 0
V=Xx—+y—=—"—"—|60—+T— S.B.9
Yox y(?y c (0-00' T@T) ( )
and the Laplacian
Voy.ye L & _(coshrocosop (97 07 (S.B.10)
dx2  0y? c2 do? o1
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Figure S.11 Isocontours of the bipolar coordinates o~ and 7.
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