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1 SI Proofs
2 Definition of 𝜃(𝑡)

3 The DFR performs a comparison across a span of time normalized to the interval (0, 1], using the 

4 function . The limiting time point  and  are selected such that the signal at that time 𝜃(𝑡;𝑡1, 𝑡2) 𝑡1 𝑡2

5 point is above a percentage height of the chromatogram peak max ( ). When 𝑐(𝑡) > 𝑥% ∗ 𝑚𝑎𝑥𝑐(𝑡)

6 looking at a single peak, this should result in two solutions at the beginning and end of the peak. 

7 Because these points fluctuate in time, each chromatogram has independent  of the 𝜃(𝑡;𝑡1,𝑡2)

8 form1:

 
𝜃(𝑡;𝑡1,𝑡2) =

𝑡 ‒ 𝑡1

𝑡2 ‒ 𝑡1

(S1)

9 mapping to the same range of (0,1] enabling the DFR to compare any curves that have a 

10 calculated  normalization function. 𝜃(𝑡)

11 DFR Normalizations
12 Given a chromatogram, the normalized area at any point defined in the range of  0 < 𝜃 ≤ 1

13 provided by the , the percent analyte present at any one point in the original domain of 𝜃(𝑡;𝑡1, 𝑡2)

14 time ( ) is:𝑡

𝑓(𝜃) =
𝑓((𝑡2 ‒ 𝑡1)𝜃 + 𝑡1)

𝑡2

∫
𝑡1

𝑓(𝑡)𝑑𝑡

(S2)

15 where the value of . 0 < 𝑓(𝜃) ≤ 1

16 SI Tables

17
18
19



3

1

2
3 Table S1. Estimating experimental kinetic parameters from simulated data for lysozyme flowed 
4 over hydrophobic membranes. The table above tracks the difference in chromatogram shape via 
5 the difference in the value of  between the experiment and simulation ( ). The cells 𝜃 ∗ 𝜃 ∗

𝑒𝑥𝑝 ‒ 𝜃 ∗
𝑠𝑖𝑚

6 closest to zero represent the kinetic values for a two-retention mode model that closely matches 
7 the ensemble measurement.
8

9

10 Table S2. Estimating experimental kinetic parameters from simulated data for lysozyme flowed 
11 over hydrophilic membranes. The table above tracks the difference in chromatogram shape via 
12 the difference in the value of  between the experiment and simulation ( ). The cells 𝜃 ∗ 𝜃 ∗

𝑒𝑥𝑝 ‒ 𝜃 ∗
𝑠𝑖𝑚

13 closest to zero represent the kinetic values for a two-retention mode model that closely matches 
14 the ensemble measurement.
15
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1 SI Figures

Figure S1. Breaking the macroscopic curve into subpopulations. A simulated chromatogram 
illustrating that the total profile is the sum of three different underlying subpopulations differentiated by 
their interactions with two rare retention modes. Here, the two rare retention modes have the following 
statistics:  and . The inset is a table of the number of 〈𝜏2〉 = 50〈𝜏1〉, 𝑝2 = 0.001 〈𝜏2〉 = 500〈𝜏1〉, 𝑝2 = 0.00001

molecules per subpopulation. Direct visualization from the Monte Carlo results avoids the need to 
calculate the distributions via convolution, providing the subpopulation shape at with less computational 
power, and enabling extraction of information from the profile shape.
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Figure S2. Effects of symmetric mobile phase convolution on the shape of the DFR and value of 
. Convolution of the simulated distribution of  with Gaussian distributions of  with different 𝜃 ∗ 𝑡𝑠 𝑡𝑚

standard deviations (  over two heterogeneous surface scenarios (A)  and (B) 50𝜎(𝑔𝑚(𝑡)) 25〈𝜏1〉, 𝑝2 = 1𝐸 ‒ 4

 . (C,D) DFR graphs corresponding to A, B. (E, F) Values of  versus the standard 〈𝜏1〉, 𝑝2 = 1𝐸 ‒ 3
𝜃 ∗

deviation of the  distribution with the standard deviation of  ( ) annotated with a dotted line. 𝑡𝑚 𝑡𝑠 𝜎(𝑐𝑠(𝑡)

Here, we note that while the distribution of  will change the shape of the DFR, the value of  is stable 𝑡𝑚 𝜃 ∗

if the standard deviation  is less than that of ).𝑡𝑚 𝑡𝑠 (𝜎(𝑔𝑚(𝑡)) < 𝜎(𝑐𝑠(𝑡))
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1

2 Figure S3. Comparing the deviations between simulated chromatograms of different 
3 particle counts. (A) Chromatograms with simulated molecule counts ranging from 10,000 to 
4 300,000. (Inset) Normalized view of these same chromatograms. (B) RMSE comparison of each 
5 simulation to the highest molecule count, 300,000. RMSE stabilizes ~100,000 particles, 
6 establishing lower limit for sampling.
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Figure S4. Comparison of the raw chromatogram to the comparative gaussian and the cubic 
spline of the raw data.

1
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Figure S5. Analyzing the shifts in the gaussian CDF as different height cutoffs are selected. (A) 
The change in shape of the gaussian CDF dependent on height. Higher cutoffs flatten the curve 
migrating to a linear trend. (B) Analysis of the percent of excluded mass dependent on the selection of 
the height metric. The limit selected in the text excludes 2% peak mass on either side of the Gaussian.
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Figure S6. Tracking  as prevalence changes in adsorption conditions that lead to visually 𝜃 ∗

symmetrical peaks ( ). (A) Chromatograms generated from a two-mode system where the ratio 𝜏2 = 5〈𝜏1〉
of expected desorption time is 5. (B) Measurements of  and  same ratio of desorption times.𝜃 ∗ 𝐴𝑠
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1

2 Figure S7. Assessing surface kinetics using a simulated sweep of different surface kinetic 
3 scenarios for lysozyme flowed over hydrophobic membranes. (A) Comparing experimental 
4 data (black, ) to a series of simulated chromatographic curves with varied prevalence 𝜃 ∗ = 0.123

5 and a fixed expected desorption time ( ). The legend shows the relative prevalence and 

〈𝜏2〉
〈𝜏1〉

= 65

6 the value of  for the simulation. (B) Comparing the experimental data (black, ) to a 𝜃 ∗ 𝜃 ∗ = 0.123

7 series of simulated chromatographic curves with varied desorption ratios and fixed relative 
8 prevalence ( ). The simulated chromatogram presented in the main text most closely 𝑝2 = 0.007

9 matches the experimental value of .𝜃 ∗

10
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1

2 Figure S8. Assessing surface kinetics using a simulated sweep of different surface kinetic 
3 scenarios for lysozyme flowed over hydrophilic membranes. (A) Comparing experimental 
4 data (black, ) to a series of simulated chromatographic curves with varied prevalence 𝜃 ∗ = 0.143

5 and a fixed expected desorption time ( ). The legend shows the relative prevalence and 

〈𝜏2〉
〈𝜏1〉

= 50

6 the value of  for the simulation. (B) Comparing the experimental data (black, ) to a 𝜃 ∗ 𝜃 ∗ = 0.143

7 series of simulated chromatographic curves with varied desorption ratios and fixed relative 
8 prevalence ( ). The simulated chromatogram presented in the main text most closely 𝑝2 = 0.01

9 matches the experimental value of .𝜃 ∗

10
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1

2 Figure S9. Gaussian fits of the homogeneous population extracted from the simulated 
3 chromatogram matching the experimental data. Fit estimates for the number of adsorptions in 
4 the column based on the average desorption time of the most common event (A = 30 ms, B = 40 
5 ms, C = 50 ms). Values are extracted from a Gaussian fit user Felinger’s method of stochastic 
6 analysis.2
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