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1. Numerical method to simulate the linear response and nonlinear SFG process 

In this work, the linear and nonlinear SFG processes are numerically modeled in the 
frequency domain by using COMSOL Multiphysics. COMSOL is a commercial simulation 
software based on the finite element method (FEM) and its RF module is used to carry out 
the presented full-wave electromagnetic simulations. These simulations are not trivial, 
since the COMSOL solver equations need to be substantially modified and customized to 
introduce the nonlinear response of the bulky material LiNbO3 and metal-dielectric 
interface. More specifically, the second-order nonlinear response at the metal-dielectric 
interface is simplified and converted to a nonlinear surface current to reduce the 
computation load and accelerate the nonlinear simulations. More details about this part of 
the modeling will be provided later in this section. Similar simulation methods had been 
widely applied to numerically model various nonlinear optical effects, including SFG, 
based on plasmonic or dielectric structures and has been verified to accurately predict 
relevant various experimentally observed results.1-5 
 
The proposed plasmonic metasurface (shown in Fig. 1 in the main paper) is composed of 
an array of silver nanostripes periodically placed on top of a dielectric spacer layer made 
of LiNbO3. At the bottom, the substrate made of silver works as a perfect reflector and thus 
the plasmonic metasurface is working in the reflection mode. The silver nanostripes and 
substrate enhance the electric field distribution in the LiNbO3 layer, as shown in Fig. 2b in 
the main paper. The proposed structures are uniform in the y-axis along the nanostripe 
direction, and therefore are simulated as two-dimensional (2D) systems. We also tried 
three-dimensional (3D) relevant simulations (not shown here), where it was verified that 
the results of the 2D model have great accuracy, but its calculations are less time 
consuming. Two ports are placed on the upper and bottom boundaries of the simulation 

domain operating at both incident wavelengths 1λ  and 2λ . Due to the periodicity of the 

structure, only one silver nanostripe needs to be included in the simulation domain and 
periodic boundary conditions are used in the left and right boundaries. The resulted input 
radiation is a typical plane wave source that propagates from the upper to the bottom port. 
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The linear permittivities of silver and LiNbO3 are taken from experimental data.6, 7 
 

During the SFG process in any nonlinear material, the incident waves operating at 1λ  and 

2λ  can generate a new wave at the sum-frequency equal to SFλ . The sum-frequency wave 

is generated by the nonlinear materials composing the relevant structure. Hence, the upper 
and bottom boundaries of the simulation domain are replaced by “passive” scattering 

boundaries to detect the generated wave at SFλ . The nonlinear media in the plasmonic 

metasurface includes the LiNbO3 dielectric layer and the silver-dielectric interfaces. The 
wave equation in frequency domain derived from Maxwell’s equations is modified in the 
case of nonlinear simulations to: 

 1 2 2
0 0( ) NL

r rkµ ε µ ω−∇× ∇× − =E E P . (1) 

The non-zero term 2
0

NLµ ω P  on the right side of this equation is added into COMSOL by 

using a weak-form partial differential equation (PDE) module, similar to previous 
simulations of various nonlinear metamaterials.1-4, 8 
 
At the silver-dielectric interface, the second-order nonlinearity arises from the surface 

nonlinear susceptibilities: (2)
,s Agχ ⊥  and (2)

,s Agχ


, where (2)
,s Agχ


 is very weak and is 

neglected.9-11 Computing the polarizability (2)
0 , 1 , 2 , ˆ2NL

s s Ag Ag AgE Eε χ⊥ ⊥ ⊥ ⊥ ⊥=P r  is tricky because 

COMSOL cannot deal with a surface current in the normal to surface direction. Many 
numerical methods have been implemented to overcome this difficulty, such as using the 
nonlinear Mie-type solutions,12 the weak form of the differential equations,13 and the 

surface integral method.14 In this work, NL
s⊥P  is assumed to be equivalent to a surface 

magnetic current density given by the formula: , ˆ ( ) /NL NL
m s sP ε⊥ ⊥ ′= × ∇J r



, similar to previous 

published works.15 The surface magnetic current can be directly calculated by COMSOL, 

since it only contains tangential components. The x and z components of ˆ⊥r  are denoted 

by nx and nz, respectively. The “down” and “up” functions are used to express the electric 
field in the silver surface, rather than in the adjacent dielectric media. Finally, the “dtang” 
function is used to obtain the gradient along the tangential surface. 
 

As the SFG is a very weak process and the conversion efficiency SFGCE  is usually less 

than few percent, the power transferred to the sum-frequency is much lower than the 

incident wave powers at 1λ  and 2λ . Therefore, the undepleted-pump approximation is 



3 
 

adopted throughout all our SFG calculations. The transmittance and reflectance at the 

incident wavelengths 1λ  and 2λ  are accurately computed by linear simulations without 

the need of adding extra nonlinear terms. Note that the computational burden and 
simulation time consumption is substantially lower in the case of linear modeling. 
 

To calculate the SFG efficiencies SFGCE  and SFGη , we need to measure SFP , which is the 

reflected power at the sum-frequency. SFP  is computed by setting boundary probes on all 

the outer boundaries of the simulation domain and then integrating the power density 
outflow at the sum-frequency. Normal incident waves are used in this work and the incident 

powers are given by: 1 1P I a=  and 2 2P I a= , where a  is the periodicity of the plasmonic 

metasurface. The Far-Field Domain module of COMSOL is used to calculate the near-to-

far-field transformation of the computed at the near-field reflected power SFP  at the sum-

frequency point. This calculation happens for one unit cell because the presented 
metasurface is periodic. The same far-field calculations have been used before to compute 
the directivity of a different nonlinear process (four-wave-mixing) boosted by a similar 
metasurface16 with much smaller gap size. The resulted SFG radiation pattern of the 
metasurface is shown in Fig. 4 in the main paper, where it is proven that the optimum SFG 
performance occurs only for normal incidence illuminations.    
 
Finally, very fine mesh is used in the simulation domain, especially in the LiNbO3 layer, 
and at the corners and edges of the silver nanostripe. The minimum mesh size is equal to 

0.5 nm < 310 SFλ− . This fine mesh guarantees the accuracy of the nonlinear simulation 

results and can accurately deal with potential instabilities caused by the enhanced electric 
field in the plasmonic metasurface. 
 
2. Plasmonic metasurface excited by circular polarized incident waves 

In Fig. 5b in the main text, we compare the field enhancement between the linear and 
circular polarizations. The incident intensity in Fig. 5b is chosen to be very low and the 
plasmonic metasurface operation is in the linear regime. Here, the reflectance spectra 
induced by circular polarized excitations are also computed and shown in Fig. S1. Note 
that the reflectance spectrum under the O-polarized excitation is shown in Fig. 2a in the 
main text. Both LCP and RCP incident waves can generate a deeper reflectance dip 
accompanied by a slightly narrower bandwidth. On the other hand, the resonant 
wavelengths are almost unchanged to those in the case of linear polarization, suggesting 
the proposed plasmonic metasurface will enhance the nonlinear process in a similar way 
for circular polarized inputs, as was shown in the main text. Finally, it is worth noting that 
the reflection response is the same for both LCP and RCP incident waves since the structure 
is not chiral.  
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Fig. S1 Linear reflectance as a function of the wavelength when the incident light is circular 
polarized. 
 
Interestingly, the reflectance is narrower and deeper in the case of circular polarization, as 
it is shown in Fig. S1. In addition, the field enhancement is higher in this case, as it is 
depicted in Fig. 5(b) in the main paper. This is the main cause of higher SFG conversion 
efficiency in the case of circular polarized incident waves with relevant results 
demonstrated in Fig. 5(a) in the main paper. Hence, it seems that stronger coupling exists 
between circular polarized excitation and the resonance modes of the presented plasmonic 
metasurface. In order to further understand this effect, the magnetic field distributions 
induced in the nanogap of the metasurface at the two reflectance resonances (1254 nm and 
1479 nm) are plotted in Fig. S2, where it is demonstrated that both modes are of the same 
magnetic nature. Note that the electric field distributions of the same modes are shown in 
Fig. 2(b) in the main paper. It is interesting that the magnetic field is localized on the upper 
nanogap region in the 1479 nm resonance and on the lower nanogap region in the 1254 nm 
resonance. Magnetic modes are based on circulating electric fields and, as a result, can 
couple in a more efficient way to circular polarization, which is also the case in our design. 
Similar conclusions were derived in previous works that used the currently presented gap-
plasmon metasurface mainly as polarizer.17-20 

 
Fig. S2 Magnetic field enhancement distribution at the (a) fundamental and (b) higher-
order resonances. 
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