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S1. Reaction rate constants
The rate constants for the rupture and formation of labile bonds between the cryptic sites,

k, and k £ respectively, are calculated as in our previous study.!* When a subchain encompassing

a closed loop is stretched, the force acting on the labile bond connecting the two cryptic sites
increases and hence, facilitates bond rupture. We utilize the Bell model® to calculate the rupture
rate constant as a function of the distance between the chain ends, R :

k- (R) = kVexply Fy (R) / kT (SL.1)

Here, k;o) is the rate of rupture at zero force, and F, (R) is the force applied to the ends of a

polymer chain, which contains » Kuhn segments. Note that #z is the number of segments in the
part of the network subchain that does not form a loop. Finally, yp characterizes the sensitivity of

the bond to the applied force; kg and T are the respective Boltzmann’s constant and temperature.

The force F,(R) is calculated according to the freely-jointed chain model (FIC): *

F,(R) =kBTT£_1[R nbh) ™, (S1.2)
where
L(x) = coth(x)—x~! (S1.3)

is the Langevin function, and 4 is the length of the Kuhn segment. Through eq. (S1.2), we take
into account the finite extensibility of a polymer chain. The force build up due to the finite
extensibility has a strong effect on the bond rupture rate.

The rate constant for forming a labile bond between the cryptic sites, & »(R), depends on

the chain end-to-end distance R . To form a bond, the reactive units in the unfolded chain of n+/
segments must first come into contact, and the probability of contact, P., depends on R. When in

contact, the reactive units form a labile bond with the rate constant k}o), and hence

ky(R)=P.(R) kg,o). As in previous studies, > it is assumed that kg,o) does not depend on the
force acting on the bond. The probability of contact, P.(R), is calculated using the conformational
statistics of the polymer chain: P.(R)=P,(R)F(0)/P,,;(R), where P,(R) is the probability

distribution function for finding the ends of a chain of # segments at distance R apart. For the
FJC model, this distribution function is *
F,(R) =

(S1.4)
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where x =R (n b)_1 . Note that through the equations for P.(R), the rate of chain folding depends
on both the total length of the chain, n+/, and the length of the loop, /.

It is convenient to re-write the dimensionless variable x =R (n b)_1 in egs. (S1.3) and
(S1.4) in terms of the chain extension A. As mentioned above, we assume that all the loops are
folded when the gel is in the undeformed state. Given that 4 is the length of one Kuhn segment,
and there are / segments in one closed loop, the average end-to-end distance of an unperturbed
chain is thus Rj = b/n . The chain extension, A, can be calculated as R = AR, where R is the

end-to-end distance of a deformed chain containing a closed loop and hence, x =4 n V2 in egs.

(S1.3) and (S1.4). The rate constants of bond rupture and formation can now be expressed as
functions of A4 instead of R, i.e., k,.(4) and k 7(A), respectively.

The rate constant for complex formation in eq. (2) in the main text, K

compl » 18 proportional

to the probability that the two reacting monomeric units will meet. We employ the scaling approach
by Ito, et al.,'® to account for the restrictions imposed by the polymer network on the binding of
the dangling chains to the exposed cryptic sites. We obtain the following equation for the
complexation rate constant as a function of the volume fraction of polymer ¢:

Keompt ()= Ko expl~(ag /)" (n+m+1)712¢72] (S1.5)
The rate constant for the unbinding of a dangling chain in eq. (2), K, 5, is calculated similar

to the rate constant of unfolding, eq. (S1.1), i.e., K, is a function of the chain extension A

0
K,p(2) =k Qexply,p F(A)/ kpT] . (S1.6)
Here, F,,(4) = kB—TL_l[/I mV 2] is the force acting on a chain consisting of m segments under

an extension 4 (eq. (S1.2)), and kL(t%) and y,p are the respective reaction rate constant at zero
force and the force sensitivity parameter. Finally, K is the rate constant of complex formation

and a is the size of a monomer.

S2. Free energy density of the gel system
The energy density of a deformed material, u(/;,/3), can be specified as a function of the

A

first 7} and third /5 invariants of the Finger strain tensor, B.

The total energy,U;,, = v, lkBT Iu([l,l3)dV0, is determined by integrating over the

volume of the unstrained material, V{,. Here, v( = a(3) is the volume of a monomeric unit and the

factor v 1kBT is the unit of stress in our model.
In our model, there are three different contributions to the energy density:
1. ug(I;,13) describes the elastic energy of the permanently cross-linked network composed of

FIC chains>!! within the approximation of affine deformations;
2. upy(I3) describes the polymer-solvent interaction according to the Flory-Huggins model;



3. uy(¢) describes the contribution of the temporary cross-links to the elastic energy of the

network.
The dimensionless energy density of the system is thus composed of:
u(ly, I3) = ug (I, I3) + upp (I3) + gy () (S2.1)

The first term on the right-hand side (r.h.s.) of eq. (11), uy(/;,13), is given by

cnV
(11, 13) =20 | (1= py) ¥ (Um) + pu ¥ (41 ) + ¥ (1 + )|

(S2.2)
~ LG+ Lo+ D]in 3
Here, ¢ 1s the total concentration of subchains in the as-prepared gel.
The function Y (/;,n,) 1s defined as
(1, ne1) = ngy l:‘//[ ]_IJ_‘//(ne_ll/z):l (52.3)
3ng

and gives the contribution to the elastic energy from a stretched FJC chain consisting of ng
elastically active segments. In eq. (S2.3), the function y/(x) in the antiderivative of the inverse
Langevin function

£ ]

p(x)=xL7(x)+In| ————
sinh[ L (x)]
The function {(x) is related to the inverse Langevin function and is defined as

(=607 L7)
Finally, {y(n)=¢ (n_l/2 ) as is mentioned in the main text after eq. (7).

We assume that all the subchains between cross-links have n+/ Kuhn segments, and the
loops are folded in the un-deformed gel. Also, we assume that the amount of the subchains that
contain loops is equal to the amount that contain dangling chains. The first term on the r.h.s. of eq.
(S2.2) describes the entropic elasticity of the stretched polymer chains. There are three
contributions to the total entropic elasticity:

1. fraction of subchains with folded loops for which n, =n;

2. fraction of subchains having unfolded loops for which ny=n(1+1/ n)2 . The number of
elastically active segments for the unfolded configuration is taken to be equal to the effective
number ny =n(l+// n)2 because in the calculations of the rate of folding, the subchains with

folded and unfolded loops are considered to have the same end-to-end distances.
3. contribution of the rest of the subchains that contain dangling chains for which ny =n+1.

The second term on the r.h.s of eq. (S2.2) accounts for the contribution of an ideal gas of
permanent cross-link points. The second term on the r.h.s. of eq. (S2.1) is

upp (13) = 2 [(1= $) In(1 = ) + 71 (6, T)P(1 - 9)] (S2.4)



Ineq. (S2.4), yry (4,T) is the Flory-Huggins interaction parameter, and ¢ is the volume fraction

of polymer. Note that ¢ depends on 75 as ¢ =¢pl5 12 , where ¢, is the volume fraction of polymer
in the un-deformed state, and

The dangling chains contribute to the elastic energy only when they form temporary cross-
links by attaching to the exposed cryptic bonds. The last term on the r.h.s. of eq. (S2.1) describes
the contribution to the energy density from the temporary cross-links:

uly(0) = cvo . 0)[\11(11(@ 0>,m)—@1nu%”<r,o»}

t (S2.5)
+C;V0_[g—f(l‘, 7) {\11(11 (t,7), m)—@lnu}/ 2(t, r))}zr
0

Equation (S2.5) is a generalization of eq. (S2.2) to the case of transient networks. Here,
deformations at a given time are affected by deformations that occurred earlier in the sample.!>!?
Specifically, the stress tensor within a transient network depends on the relative strain tensor

f)(t,r) , which characterizes deformations in the network at time 7 relative to the (deformed) state

of the network at 7 . Correspondingly, ”Z] (¢) depends on the invariants of the relative strain tensor
I(t,7) and I5(t,7)." It is worth noting that b(z,0) = B(z).
As described in the main text, the function &(¢,7) on the r.h.s. of eq. (S2.5) determines the

number of cross-links that were created before the time 7z and still exist at time ¢ > 7. The time
derivative 0&(t,7)/ Ot determines the number of cross-links that exist at time ¢ and were created

during the period of time from 7 to 7+ d7 . The detailed expressions of &(¢,7) and 0&(¢,7)/ 0t
are provided in the main text (Egs. 5 and 6).

S3. Computational model (gLSM)

The 3D gel lattice spring model (gLSM) computational technique allows us to
simulate the dynamic behavior of the gels along with the kinetics of unfolding and binding of loops
and dangling chains with reactive ends. The g.SM is a finite element approximation, and utilizes
the combination of finite element and finite difference approaches to numerically solve the
elastodynamic equations characterizing the behavior of chemo-responsive polymer gels. The
gL.SM has been utilized in modeling thermo-responsive gels, and have yielded good agreements
with corresponding experimental results. For instance, the gLSM was initially developed to
simulate the dynamic behavior of self-oscillating polymer gels undergoing the Belousov-
Zhabotinsky (BZ) reaction *'® and to predict the response of these BZ gels to an applied
force.!*2?

1,14-16

The gLSM was further modified to include chromophores that undergo a light-induced
isomerization reaction,>>2° and used for simulations of the dynamics of such photo-responsive
gels. Additionally, we modeled and provided optimization guidelines of the self-regulating
behavior of chemically-reactive microposts embedded in a thermo-responsive gel.>® Recently, we
augmented our 3D gLSM to take into account the finite extensibility of the chains within gels
containing loops.! In this paper, we utilize the model that accounted for the dynamic (temporary)
binding of dangling chains.?



The gLLSM is based on the two-fluid, polymer and solvent, model for polymer
networks.?”?’ The dynamics of the polymer network is assumed to be purely relaxational, so that
the forces acting on the swollen, deformed gel are balanced by the frictional drag due to the motion
of the solvent. It is also assumed that the polymer-solvent inter-diffusion is the sole contribution

to the gel dynamics. Hence, the velocity of the polymer, v(?) | can be calculated as '°
-3/2 A
v = Ao (¢/e) 2 1-9)V -6 (S3.1)
where A is the kinetic coefficient, which is inversely proportional to the polymer-solvent friction
coefficient 7. In the simulations, we choose some /; and #; for the respective units of length
and time, and stress is measured in the units of oy =kgl /v,, where v, is the volume of a

monomeric unit within a polymer chain. The dimensionless kinetic coefficient Ay is calculated as

Ao =kgT(omolty )"

Within the gLSM framework, a 3D gel sample is represented by a set of linear hexahedral
elements™' and consists of (L, —1)x (L, —1)x(L, —1) identical cubic elements. Here, L; is the
number of nodes in the i-direction, i =x,y,z. Initially, the sample is undeformed and each
element is characterized by the same volume fraction ¢y and cross-link density ¢ . (Note that the

cross-link density is equal to the concentration of elastically active subchains in the network.)
Upon deformation, the elements move together with the polymer network so that the amount of
polymer and number of permanent cross-links within each hexahedral element remain equal to
their initial values. Correspondingly, the volume fraction of polymer in the element m = (i, j, k)

is determined as ¢(m) = ¢0A3 /V(m), where A and V' (m) are the undeformed element size and

volume of the deformed element, respectively.

The gel dynamics is described through the motion of the nodes of the elements caused by
forces acting on these nodes. For the gel model considered here, the energy density is
dimensionless and is composed of three terms:

u(ly, I3) = ugy (1, I3) +upy (I3) + ugy (1) (83.2)
Here, the first term on the right-hand side (r.h.s.) of eq. (S3.2), ug(/;,13), describes the elastic

energy of the crosslinked network, wupp (/3) describes the polymer-solvent interaction according

to the Flory-Huggins model, and ”:1 (¢) is the elastic energy contribution from the temporary cross-

links.
We use the finite element approximation (FEA) to determine the element energy density
u(m) from u(l},13) ineq. (S3.2).' The total energy of the gel is then

Uy =AY u(m) (S3.3)
where the contribution from the element m, #(m), depends only on the coordinates of the nodes
of this element denoted as x,,(m), n=1,2,...,8. (Note that u(m) is the gel energy per unit volume
of the undeformed element.) Then, the force acting on each node is given by the equation

F,(m)= _ Wior_ (S3.4)



The right hand side of the above equation contains contributions from all elements adjacent to a
given node (in order to consider all the elements belonging to a common node). Finally, we
consider over-damped dynamics and thus the velocity of the node is proportional to the force and
is given by
dx,, (m)
dt
where M, (m) is the mobility of the node proportional to the kinetic coefficient A mentioned

=M, (m)F,(m) (S3.5)

above.
The contributions to #(m) and F,,(m) due to the elastic energy of permanent network and

the polymer solvent interactions, i.e., the first three terms on the r.h.s. of eq. (S3.2), and the
mobility M, (m) are calculated as described in detail in ref.> Below, we focus solely on applying

the FEA to the last term on the r.h.s. of eq. (S3.2), ”;1 (), that then gives the contribution of the
temporary cross-links to the nodal forces.

Equation for uéﬁ (1) is given as follows:

gy ()= =20y (m)pp ()15 (1)
‘5 (S3.6)
+ 2L Am D0+ | a—%,r)4<z(t,r>m‘”2>11<t,r)dr
T
0

where we omit the terms, which do not contribute to the stress-strain relationship, eq. (10) in the
main text. It is seen that the first and second terms on the r.h.s. of eq. (S3.6) depend on the first,

1;(?), and third, I3(¢), invariants of the Finger strain tensor ﬁ(t). Therefore, application of the
FEA to the latter two terms is the same as described in ref.'® Hence, the main step in the gLSM
formulation of ”:1 (t) is the FEA of the last term on the r.h.s. of eq. (S3.6) that depends on the

invariant [{(¢z,7) of the relative Finger strain tensor f)(t,f). We start with the following
decomposition of the relative strain tensor:

b, ) =F@)-C L) -FL (1) (S3.7)
Here, ﬁ‘(t) is the deformation-gradient tensor associated with the deformation X — x(X,?)
: de(X,0) .
F(t)], =———, i,j=1,2,3
[F(®)]; ax, J
and é(t) is the left Cauchy-Green strain tensor (the Cauchy-Green strain tensor)
Ct)=FT(t)-F() (S3.8)

The superscript “T” stands for the transposition operation. The first relative strain invariant is
defined as I;(¢,7) = trb(z,7), so it can be equivalently written in the following way

1(,) =€ (0)-C(0)] (83.9)
The components of the Cauchy-Green strain tensor can be calculated as
[CO)];; =g;(t)-g;(0) (S3.10)



where g;(¢) are the base vectors

ox(X,t)

g;(1)= =1,2,3 (S3.11)

i
The matrix elements of C~! can be calculated analytically as

2
(g1°(82>83))
In the above equation, Eijk is the Levi-Civita symbol, so the sets of indexes (i,k,/) and (j,m,n)

~—1
[C "1y = €iki€ jmn

are the cyclic permutations of (1,2,3). No summation over the repeated indexes is performed in
eq. (S3.12).

=N
\1

3
3
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Fig. S1 Schematic of the 3D hexahedral element. The local coordinate system
n =(my,1m,,13)1s placed in the center of element. The labels 1,2,...,8 indicate the local node

numbering within the element.

Within each linear hexahedral element, the three functions, which specify the deformation
x(X,t), are approximated by a tri-linear expansion. Then, the reference local coordinate system
n = (11,m,1m3) , where —1<7; <1, i=1,2,3, is introduced within each element (see Fig. S1).%%-!

The coordinates within the element m in this reference coordinate system can be calculated
through the values of the nodal coordinates, x,(m,?), and a set of “shape functions”

N, (n)= N, (171,m7,m3), 1<n <8, as explained in ref.'®

8
x(t)= Y x,(m. )N, (1) (83.13)

n=1
Within the above finite element approximation, the base vectors, eq. (S3.11), are calculated as

43 ON
g;(m,f)=2A an(m,t)a—” (S3.14)
n=1 i
Substituting eq. (S3.14) into egs. (S3.9),(S3.10) and (S3.12) yields the following equation for the
relative strain invariant /;(¢,7) in the element m

8
L(t,0)=A > T, (m,0)(x,,(m, 1) x,, (m, 7)) (S3.15)
n,m=1
The above equation exhibits two important features, namely, the pairwise contribution of the
nodes, and factorization of the ¢#- and 7 -dependences in each term. The 7 -dependent matrix
elements I',,, (7) in the quadratic form, eq. (S3.15), are determined according to eq. (S3.9) as



ON, O
Fon(0)=4 3 (€ (@5 aN

i,j=1 i

(S3.16)

In the above equation, we omitted the dependence of I',,,, on the element number m for the sake

of simplicity. Further, the matrix elements I',,,, (7) exhibit the following properties:

=Tpns 2, Uy =0 (S3.17)

Within each element m, the values I',,,,(m,7) depend on the nodal coordinates at the moment of

time 7, x,(m,7), and on the reference element coordinates 7 .

Substituting eqs. (S3.15) and (S3.16) into the last term on the r.h.s. of eq. (S3.6) and
integrating it over the volume of undeformed element m gives the following result denoted as

u'(m,1):

8
Wm0 = A2 LY N g (m,0)(x, (m, 1) xp (m, 1)) (S3.18)
n,k=1
where
t
O, = [ 22006 A 0m ™) e (m, i (83.19)
0

and 0&(¢,7)/ Ot is defined by eq. (6).The values p,; (m,7) onther.h.s. of eq. (S3.19) are obtained
by integration of the matrix elements I',,, (¢) defined by eq. (S3.16) over the reference element
volume:

Pam(m,0) =< [T, (7,00 (53.20)

Note that the above equation explicitly shows the dependence of I',,,, on the reference element
coordinates 77 . The contribution of eq. (S3.17) to the force acting on the node # of the element
m from other nodes within the same element is

F*(m t)=—A3 au (m t)
n\HhLE) =

=covoA Y O, (m,1)(x,,(m, 1) — x; (m, 1)) (S3.21)
”( ) k#n

where we utilized the properties of the I',,, given by eq. (S3.17). Equation (S3.21) shows that

within the gLSM approach, the contribution of the temporary cross-links to the nodal forces is

described by a system of linear springs with the time-dependent spring stiffness 6, (m,?).
Equation (S3.21) is a formal solution of the problem because evaluating 6, (m,?) requires

further simplifications. First of all, the integration in eq. (S3.20) cannot be performed analytically.
The integral can be calculated approximately through the Gaussian quadrature. We use the
simplest Gaussian quadrature, which corresponds to approximating the integrand function by its
value at the element center, 7 =(0,0,0) =0, to obtain

pl’lk (m,T) ~ Fnk(ma 0: T) (S322)



Under the above approximation, the matrix elements p,,; exhibit the following symmetry
properties additional to that in eq. (S3.17):

Pnl ==Pn7> Pn2 = "Pn8> Pn3 = "Pn5> Pnd = Pn6
atany 1< <8. Since the matrix elements ,; exhibit the same symmetry properties as p,; , the

nodal force F; (m, ) under the approximation in eq. (S3.22) can be conveniently written in the
following form:
4
F,(m,1) =covoA Y O, (m,0)d; (m,1), 1<n<8, (S3.23)
k=1
where dj , 1<k <4, are the vectors defining the main diagonals of the element:
d1=x7—x1,d2 =x8—x2,d3=x5—x3,d4 =x6—x4 (8324)
Evaluating the matrix [é_l]ij-, eq. (S3.12), is also simplified because at 77 =0, the base vectors,
eq. (S3.11), are calculated through the main diagonals, eq. (S3.24), as
-1
g1 =(44) (dy+dy —d3-dy) ,
-1
g =(44) "(dy+dy +d3+dy) ,

-1
g3 = (4A) (dl —d2 —d3 +d4)
In addition, using the approximation in eq. (S3.22) reduces the number of linearly independent
values of 6,; in the equation for the force, eq. (S3.23), down to 6.

Finally, evaluation of the spring stiffness matrix elements 6,;(m,?), eq. (S3.19), is

performed through the numerical integration over 7, and 0&(¢,7)/ 07 is given by eq. (6) in the

main text. For this purpose, the 3-point Simpson’s integration rule is used. Note this integration
requires the values of the deformation history from 7 — —oo to time ¢. Numerically, the
numerical integration might become computationally expensive, so that the array size is limited
to certain value. We choose the array size to assure that the stored history of deformation is
enough to attain convergence to the steady state limits. In our calculations, the array size of 5000
was found sufficient for convergence to the steady state values. At every current time step, we
applied a first-in last-out array replacement to remove the past deformation and move in the
present time deformation history into the stored arrays.

We focus on the state of equilibrium swelling of a gel that contains both cryptic bonds
and dangling chains with reactive ends. To calculate the equilibrium shear and Young’s elastic
moduli, we utilize the basic definitions of these moduli. Namely, each modulus is calculated as a
corresponding stress to strain ratio in the limit of small deformations. The dimensionless kinetic
coefficient is Ay =100."° In our gLSM simulations, the dimensionless units of time and length

correspond to ~1s and ~ 40 um , respectively, for the given choice of parameters. We carried out

the gL.SM simulations using a single element sample. The time step used for the gLSM

simulations is Az =0.001. Figure 3 in the main text presents the results of the gLSM simulations.
In order to obtain the storage and loss dynamic moduli, we performed the gLSM

simulations of a sinusoidal shear deformation of a single element. In Fig. S2, we plot the dynamic

shear modulus as a function of dimensionless frequency, a)/KL(j;), at T =15°C. The points

represent the values of the dynamic modulus obtained from the gL.SM simulation. The lines



represent the values of dynamic shear modulus obtained from the linearized theory (see eq. S4.14).
The shear deformation is volume preserving. The exact match between the two results corroborate
that for small deformation, the linearized approximation yields proper result.

1.6 G'(@)
1.5/ O

1.4
13|
12|
11

sl

001 010 1 ¢ 10 100 1000

Fig. S2 The dynamic storage shear modulus G’ as a function of dimensionless frequency
o/ K LESBt) at T'=15°C for the System IV normalized with the value of G, . The solid line shows

the values calculated using eq. (S4.14). The solid disks represent the modulus values obtained
through the gl.SM simulations.

S4. Calculations of elastic moduli

The stress tensor 6 for the gel system with loops and dangling chains with reactive ends
is given in main text in eqgs. (7)-(10). The steady state of the gel is obtained when 6 =0 .

Without relaxation, linearization of the stress tensor results in

56(1) = Atr[8()] 1+ 21 8(r) (S4.1)
where A and p are the first and second Lame parameters, respectively, and I is the unit tensor.
The shear G and bulk K moduli are related to the Lame parameters as

G=u (S4.2)

K=21 +§ y7, (S4.3)
Young’s modulus £ is calculated as

E= ;<K+GG (S4.4)

10



If relaxation takes place, the Lame parameters become the convolution kernels, and the
stress-strain equation is conveniently formulated via the Fourier transform:

56, = Ay tr(8 ) 1+ 211, €, (S4.5)
+
The Fourier transform is defined here as f,, = J_:: f()exp(=iwt)dt . The shear G, and bulk

K, moduli are related to the Lame parameters as

Gy = g (54.6)

K, =/1w+§yw (84.7)
Young’s modulus E, is calculated as

- % (S4.8)

Dynamic shear moduli

After linearization, the contributions to the stress tensor 56(M (¢) that are linear in strain

560M) 00) [ ) pton o[ ol st |, g
(0= e {(1 )Cf[\/;j 5[ —y ]Jrf(mj] 28(1)

+2CO§0("”)¢;0 (St)la(t) K(”)J' ug)(tr)é(f)dT]

—00

€ are

(84.9)

The equilibrium shear modulus G, comparing equations S4.9 with S4.1 yields

Go=2, {(l (S’))C(j%j (St)é{ J_] C(ﬁﬂ (S4.10)

When relaxation is considered, the fourier transform of the above equation S4.9 yields

56 = Gy + a2 Kb’ | o
G,y = 0T m X 28, (8411)
and hence, the complex dynamic dynamic shear modulus G, is
i/ KS
G, =G +AG_—”B(S0 (S4.12)
l+io/ K, p
Here,
AG =yl (m)q;o (s1) (S4.13)
The storage and loss shear moduli are:
(@/ K5’
G'(w)=Gy+AG o2 (S4.14)
1+(0/K,p")

11



(s1)
o/ K, p
(st)\2
I+(0/K,p")
Using the values obtained from solving the gel systems at equilibrium into the shear modulus
formula, we obtain the values of the modulus numerically for both the equilibrium scenario as
well as for the frequency dependent values.

Dynamic bulk moduli

The spatially isotropic contributions to the stress tensor due to variations of volume are
expressed as:

o 5] () o
st St

G'"(w) = AG (S4.15)

- (S4.16)
; (—aa“vofj @vmr){@"m’j 5p3(r)}i
\ oy ), PB )y
Here,
Ccodg B Z An 2
Oyol = ) ¢0|:(1 pU)g(\/;J pUé/( +ZJ+§(mjj| (S4 17)

+co So(m)pp %_[”FH(¢)+CO[§O(’4)+§O(”+Z)J%J

The partial derivatives of o,,,; are calculated as follows:

_ aUvol — a7Z'FH _
¢st(—a¢ lt [¢ 29 ”FH)

{20et) — o e (Beor 2Bl Lo )
@ZV;ZL=ziii4[‘:ﬂé(%ﬂ

ao_vol _ ¢st
( P lt =cp Co(m) 240

Note that —gy, (00, / 8¢)S , is the osmotic compressibility.

The volumetric stress is affected by unfolding and binding through the terms proportional
to opy (t) and dpp(t), respectively, which, in turn, are linear functionals of tr&(z) .

Linearization of the non-linear chemical kinetics equations for p;;and ppg
2
dpyldt =k, (1-py)—ky(1-7p)" py

-1
dppldt = ¢y ¢ cq KcomplpU (1-7p)1-pp)—K,pPp
results in the following linear equations for dp;; and dpp
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I I o) oKy
451 e
dt\opp) \I'py Tpp)\dpp) \OKp

Here,
_ 0 PU (-pp)+pp(l-py)
ru(py —pB)
Ty = —2k00 1ZPU_
PU ~ DB
2
gy =—KSy'
"B py - pg
2
Pu — PB
FBB K(St)
“B(1- pp)(py - PB)
0 k,
5Ky = kS (1- Sf —lo
U r ( ) Py og— kf
st

0 A( 0
Kp=— (}‘g’ pB|:¢t(—log j +—(—_10gK Bj }
u '\ o¢ . 3\oa ")y

(s1) (st) .

For simplicity, the subscript “(st)” is omitted in p;;"”" and pp " in the above equations. The

equilibrium bulk modulus K is obtained comparing equations S4.16 with S4.1 and S4.3.
For the dynamic moduli, the equations for dp;; and dpp are solved in terms of the

Fourier transforms:

5 ~ A %
( prj:(ia)I+F)_1£ thréw
PBw oK p

Finally, the complex dynamic bulk modulus K, is obtained in the following form:

K = ¢2i(”FH]+zao—vol
@ o\ ¢ 304 ),

. . (&K
+ [a%, j (8%1 j (ia)I+F)_1£ v J (S4.18)
v ), \ opg ) Kp

+—-G,

SS. Finite shear and tensile deformations

The stress tensor ¢ for the gel system with loops and dangling chains with reactive ends
is given in main text in Eqgs. 7-10. Below, we derive equations describing the shear and tensile
deformations of gel in the general case of finite deformations. The elastic moduli could be obtained
using the derived equations if the deformations are small.
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Simple shear deformations
We consider a 3D cubic gel swollen to their equilibrium degree of swelling 4, . A simple

shear is defined by the evolution of the node positions of the gel sample as follows:
X(1) = Apg X + Aoy k(0)Y

Y(t)=ApgY
z(t) = Aey Z
Here, k() is the time-dependent deformation. In the case of oscillatory shear, k(¢) = k( sin(w?) .
Knowing the time-dependent coordinates, the Finger strain tensor, ]§(t) , and the relative Finger
strain tensor, ﬁ(t, 7), are calculated as
1+k%(t) k@) O
B(=/1z| k@ 1 0

0 0 1

1+[k(t) k(D) k@t)-k(z) O

b, 7)=| k(@t)—k(z) 1 0
0 0 1

The average strain, A(f)= JI(t)/3, is calculated from the above equations as
A(t) = \/1+k2(t)/ 3. Similarly, the average relative strain is A(¢,7) = \/ 1+ [k(t)— k(z')]

Thus, the shear stress oy, (¢) at a given value of k(#) can be calculated directly:

(t) Z(t)Wn Z(t)
2%{(l pu(t))Z(\/—} U(t)g“[ J g(mﬂ k(?)

CO I 0 )c[“’f”][k(z) Ko)ldr

The time-dependent values p; () and Z—g(t, 7) are calculated as described in the main text. Note
T

opp(t) =
(S5.1)

eq. (S5.1) depends on the history of deformation. To numerically calculate the stress value, an
integration over history of deformation needs to be performed.

Tensile deformations

We consider a 3D cubic gel swollen to their equilibrium degree of swelling Aeg - Under a

tensile deformation, the gel exhibits the degrees of swelling 4 and A, in the direction of

deformation and normal to it, respectively. The Finger tensor and the relative tensor for this
scenario is given by

14



A2t 0 0
Bo=| 0 A0 0

0 0 20
(A1) A1) 0 0
b(t,7) = 0 (e (8)/ 24y () 0
0 0 (e (8)/ 24y (1))

Note that the amount of polymer in gel does not change with deformation, so ¢ = ¢ (4 Afzr )_1 )

The average strain, A(¢), and the average relative strain, A(z,7), are calculated through
the first invariants of the corresponding tensors to obtain

2ty =3"1222(0)+242 )

A(t,r)=3"V 2\/(/1@) A2 +2(A,. (1) ] 2 (D)) .
The stress component in the direction of deformation, i.e., the tensile stress, is calculated as:

o(6) = cgT(py (0, ZO) 2L 220 = Peg(0), pp (1)
S5.2
0 [ 8B o0 5
d 0t Jm ) 2% (1)
The value of stress in the transverse direction is zero and therefore,
o T (py (0,2 (1) ¢¢fo” 220~ P, pp()
(S85.3)

i o 2 8
T

At a given tensile strain A(¢), A4;.(¢) is determined through solving eq. (S5.3). The time-dependent
probabilities of unfolding, p;;(¢) and binding, pz (), are calculated as described in the main text.
Finally, eq. (S5.2) is used to calculate the tensile stress o (¢).

S6. Effect of varying the rate constants
In our prior study, ! we discussed the effects of the various parameters on the behavior of

the gel system. For example, we determined the effect of the rate constants for bond rupture, ,.
and formation, k £ and the force sensitivity parameter , yp , on the probability of unfolding a loop,
Py - We further discussed how variations in p,, affect the steady-state chain extension A for
various values of 7. We demonstrated that the unfolding occurs at progressively lower chain

extensions as the dimensionless parameter yp /b is increased. The latter parameter characterizes

the sensitivity of bond rupture to force. (In ref. 1, the parameter y, was denoted y.)
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Furthermore, we showed that the degree of swelling increases as the number of Kuhn segments in
the loop are increased.

In the latter study, ! the system did not contain dangling chains with reactive ends. We now
consider the possible interactions that involve the latter reactive ends and exposed, unfolded loop
sites. In a subsequent paper, 2, we noted that all the parameters were chosen to highlight the
difference between the case where the unfolded loops can bind to the reactive ends and the case
where the ends of the dangling chains are non-reactive. We use the same parameters from the latter
paper 2 in this work. We also assume that chain segments formed between unfolded loop sites and
the dangling reactive ends cannot cross each other. In the calculations, we assume that the loops
and dangling chains are relatively short. Specifically, we take 8 Kuhn segments for the loops, and
2 Kuhn segments for the dangling chains.

In the main text, we considered the case where kgpo)/kﬁo) =2x10> and

k(co) / kzgg) = 2><104, Le., k}o) / kﬁo) < kéo) / kl(l%) . The text details how the configuration of four

different systems depends on these rate constants and subsequently, how the configurations affect
the degree of swelling. The detailed discussion of the latter findings can be found in the discussion
of Fig. 3. The behavior for the dynamic moduli of the four systems was also discussed in the main
text. This discussion can be found in the descriptions of Figs. 4 and 5.

Here, we show the effect of varying the rate constant of folding relative to that of bond
rupture at zero force. To show the effect of the rate constants on the four systems, we keep the

relative rate of complexation (at zero force) equal to k(co) / klgg) =2x10% , and increase the relative
rate of folding k}o) /kﬁo). Specifically, we consider the following two cases:
1) k}o) 1k =2x10% ie., k}o) KD =k k(Y (see Fig. 83).

2) k}(’) 1k =2x10° ie., k}o) /KO > k0 /1 (see Fig. $4).
To facilitate the following discussion, we again define the four systems here. In System I (black),
the loops are permanently in the unfolded state ( p;; =1 and pp = 0), and the ends of the dangling

chains are inert. System II (blue) is similar to System I (black), except that the loops can undergo
a folding and unfolding transition, but the ends of the dangling chains remain inert. In System III,

the dangling ends are again inert ( pg =0), but the loops are permanently folded. In System IV,
the loops can undergo reversible folding and unfolding, and the dangling linkers with reactive ends
can bind to the exposed loop sites.

For case 1, k}o) / kﬁo) = k(co) / kL(IOB) =2x10% and thus, the rate constant of folding is much

larger than the rate of unfolding. As noted above, in System II (blue), the loops can undergo a
folding and unfolding transition, but the ends of the dangling chains remain inert. Still, for the high
value of the rate constant of folding, most of the loops will remain folded even though unfolding
is permitted. The blue curve for System II shows essentially the same degree of swelling as that
for System III (green) where the loops are permanently folded.

Since most of the loops remain folded and k}o) /6 = kg)) / kl(l%) , the fraction of reactive

ends bound to exposed loops also decreases. The degree of swelling in gel System IV (red)
becomes nearly equal to that the of System II (unfolding and no binding) except near the LCST
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temperature. Near the transition temperature, some fraction of the unfolded chains are bound by
the reactive ends of the linkers, and thus the degree of swelling exhibits a slight decrease (red
curve) compared to the green and blue curves. The permanently unfolded and no binding units
(black) show the most swelling since the loops are always open (Fig. S3(a)).

The loops in System I are always in the unfolded state and the ends of the dangling chains
are not reactive and hence, the system does not form the temporary crosslinks that would stiffen
the gel. Consequently, among the four systems, System I swells the most and offers the least
resistance to deformation; this behavior is reflected in the lowest value of the equilibrium moduli
(black) for both shear and tensile deformation.

Unlike System I, the other three systems behave like the system with permanently folded
loops. The blue, green, and red curves for the equilibrium moduli effectively overlap (Figs. S3(b)
and S3(c)) with each other, showing that such a high rate constant of folding diminishes the effect
of the unfolding-folding transition. Additionally, both System II (blue) and IV (red) behave like
System II, i.e., as if the loops are in permanently folded conformations. Figures S3(b) and S3(c)
show that near the transition temperature, the moduli (red) has a higher value compared to the blue
and green curves because some fraction of the unfolded chains are bound by the reactive ends of
the linkers.

For case 2: k}o) / kﬁo) > kéo) /kt(l%) , the blue, green, red curves effectively overlap with

each other showing that at such high values, the rate constant of folding dominates the kinetics;
unfolding and binding are greatly hindered from occurring. In effect, this parameter choice reduces
System II (blue) and IV (red) to System III with permanently folded loops (green) (Fig. S4(a)-(c)).

The dynamic moduli (Fig. S3(d) —(f) and S4(d) — (f)) of the four systems also exhibit the
behavior discussed in the main text. Only System IV (red) shows frequency-dependent behavior.
Note, however, that since the self-stiffening was lower for this choice of rate constant, the value
of the dynamic moduli for the system with binding (red curve) at higher frequency shows a lower
increase compared to the dynamic moduli curves in the main text. For System I-III (respective
black, blue and green curves), the dynamic moduli have a constant value equal to the equilibrium
moduli. However, the choice of a higher rate constant of folding causes the system with unfolding
but inert reactive ends (blue) to behave similarly to the System III (system with permanently folded
loops). As a result, the green and the blue curves, (Fig. S3(d) —(f) and S4(d)-(f)), essentially overlap
while in Fig. 4-5 in the main text, System II (blue) behaved more like System I (black) i.e., as if
the loops were permanently unfolded.

17



No folding Unfolding No unfolding  Unfolding
No binding No binding No binding Binding

2.0 6
1.8
1 (b) , (©
o

~~
oo
A

1520 25 30 35 40 48 0§ rryp a3y g 4 5 20 235 0 3% 40 43

'

SC) B (o)

1.4 32

1.3 T=22°C 3.0 T=22°C

1.2 28

1.1 2.6

l'0().01 O.IIO 1 lb 100 1000 2‘40_01 0_'10 1 1'0 160 101()0
w 0]

1.6 G’ 36 El’

1.5 (f) 34 (g)

L r=29°C 32 7=29°C

1.3 3.0

1.2 2.8

LGor 010 1 10 100 1000 20601 010 110 100 1000

w w

Figure S3. The equilibrium (a) lateral extensions A, (b) shear moduli Gj), and (c¢) Young’s moduli
E for the gel systems I — IV as functions of temperature. Panels (d) and (f) show the storage shear

moduli  G'as functions of the dimensionless frequency @ at 7 =22°C and T =29°C,
respectively. Panels (e) and (g) show the storage Young’s moduli E’as functions of the

dimensionless frequency @/ KL(lSBt) at 7 =22°C and T =29°C, respectively. All moduli are scaled
with respect to G,.,r, which is the equilibrium shear modulus of the gel system I'at 15°C . The
lines show the numerical solution obtained using Mathematica™. Calculations were performed at
k}o) / k;o) = k(CO) / kflOB) =2x10* and kg)) /ké%) =2x10*. All other model parameters are

specified in text.
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Figure S4. The same as in Fig. S3 obtained at k}o) / kﬁo) =2x10°.
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