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I. CRITERIA FOR INTERLOCKING RINGS

Consider two 1-D rings, each of radius R, with centers located at positions 7; and 75 and
normal vectors n; and 7, respectively. Ring #2 is positioned at 75 = 75 — 77 relative to ring
#1. These quantities are all illustrated in Fig. S1. Clearly, if |12| > R, then it is impossible for

the rings to interlock. This is the first condition that should be checked.

FIG. S1. Hlustration of the quantities describing the positions and orientations of two rings.

The rings are each located in planes P, and P, as indicated in Fig. S2 below. The planes
intersect along a line L, which is drawn with a dashed line in the figure. If the two planes are

parallel (or extremely close to being parallel), then the rings cannot overlap. To test this, measure
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FIG. S2. Tllustration of the planes P, and P containing each of the two rings. Panel (a) shows
the view from an arbitrary perspective. The plain-intersection (PI) line is drawn as a dashed line.
Panel (b) views the plane along the PI line.

7iy - Tio. If this number is equal to (or very, very close to) unity, then the rings do not overlap.

This should be the next check.

A vector w along the line L is calculated:
w= le X ’flg (S].)

Note: since 77; and 7i, are not parallel, this cross product will not vanish. Further note that @ is

perpendicular to both 1y and n,. For ring #1, define a vector w that is perpendicular to w and

A

n
i = 1 X iy (S.2)

Note that « is tangent to the surface of ring #1. A line that goes through the center of ring #1

is given by:

—

ll = 771 + sU (53)

Note: This line intersects the Pl line and is perpendicular to it. In component form, the this



parametric equation can be written:

ll,z = T1 + SUy,
Ly =y + suy,

li. =2z + su,. (S.4)

The variable s is the parameter, whose value determines the location of any point on the line.

For ring #2, define a vector ¢ that is perpendicular to w and 7ns:
U= X Ny (S.5)

Note that ¢/ is tangent to the surface of ring #2. A line which goes through the center of ring

#2 (at 75) and is tangent to the ring is given by:
Iy = 7 + 10 (S.6)

where t is the parameter that determines the value of any point on the line. Again, this is
actually three equations, one for each component, as in Eq. (S.4). Note: As for the line defined
by Eq. (S.3), the line defined by Eq. (S.6) intersects the Pl line and is perpendicular to it. The
lines defined by Eqgs. (S.3) and (S.6) are illustrated in Fig. S3 (a) . For clarity, the line defined
by Eq. (S.6) is shown in panel (b) of the figure. In this case, ring #2 is viewed perpendicular to

its plane.

Now determine the closest approach between the two lines. This means finding the two
points, one on each line, that have the shortest distance. Note: These two points will both be
on the Pl line. Finding the points of nearest approach between two lines is a standard problem
whose solution can be found in numerous places. It can be shown that the two points of nearest

approach on each line occur at s=s, for line #1 and t = t.. for line #2, where

be — cd
c = S7
P (5.7)
and
L ae — bd (5.8)

ac — b2’
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FIG. S3. Illustration of the lines defined by Egs. (S.3) and (S.6). In panel (a), the line defined
by Eq. (S.3) is drawn as a red dashed line, while the line defined by Eq. (S.6) is drawn as a blue
dashed line. Note that these lines both intersect the PI line at right angles. In panel (b), the line
defined by Eq. (S.6) as well as the vector ¥ is illustrated. Here, the perspective is perpendicular to

ring #2.

where

a=1u-1u,

b=1u-v,

c=17-17,

d = 1 - Wy,

6:27'1170,
where we have defined

0="1—T2.

Label these two points p; and p5. They are each defined:

ﬁl = 7:‘1 + Scﬁa (59)
iy = 7+ tod (5.10)

where the values of s. and t. are given in Egs. (5.7) and (5.8). Again note that these points lie

on the plane-intersection line L. Knowing a point on the line and the direction of the line ()



allows us to define the line L. Making the arbitrary choice that this point be p;, we write:
L=+ \@ (S.11)
where X is the parameter for the equation. In component form, this equation is:

L, =wA+pi,=a\+0b
L,=wyA+py=cr+d
L=w +p.=e +f (S.12)

where we have defined a = w,, b = p1 ,, etc., for brevity. The distance of the center of ring #1,

located at (z1,y1, 21), from an arbitrary point along this line is given by:
(D) = (aA+b—21)? + (A +d — 1) + (eA+ [ — z1)?

The minimum distance satisfies

dD?

= =0
ax

which can be shown corresponds to a point on the line at A = )\, where

_ary+cyrtex —ab—cd—ef

A S.13
0 a?+c?+e? (5.13)
Thus, the minimum distance from the center of the ring to the line is given by

Di = (ahg+b—21)* + (cho+d—uy1)* + (eXo+ f — 21)? (S.14)

Clearly, if Dy > R, then this ring is too far away from the line to be interlocking the other ring. If
Dy < R, then it is possible that the rings interlock. Repeat the calculation to find the minimum
distance from the center of the other ring to the plane-intersection line. As before, if Dy > R,
then this ring is too far away from the line to be interlocking the other ring. If Dy < R, then it
is possible that the rings interlock. If both rings satisfy Dy < R, interlocking is possible, and we
must now find the points of intersection of one of the rings and the line. The two intersection

SO

points of ring #1, 7. ot are illustrated in Fig. S4 below:



()

FIG. S4. Illustration showing the intersection points, 7 ; and Ffft) , with the plane-intersection line.

Note that pj is defined in Eq. (S.9) and is a point on line defined by Eq. (S.3).

Clearly,
|TiIiIZJ —pl° =R’ - Dy* = ]Thil)t —pil=VR?—Dy?, fori=1or?2
It is evident then that
" = B £ 0V R = Dy
where

w

w/ ||

Choose the arbitrary convention for the signs such that the positions of the two intersection

points are:

Finally, we need to measure the distance between the center of ring #2 from each of these
intersection points. If only one of these points lies within a distance of R from 75, while the
other lies outside this range, then the rings overlap. To understand why this is true, note that

ring #2 is also in the plane that includes these two intersection points. Thus, the rings overlap



of either one of the two conditions holds:

7 — A2 < R and |7 — Y2 > R

int int
OR

|7?2—7?(1)|2 >R2 and |7?2—F(5t)|2 <R2

int i

If neither condition holds, then the rings do not overlap.

1. OVERLAP CRITERION FOR TWO TORUSES OF ROTATION

Consider two toruses of rotation. Each torus is characterized by a central ring (i.e. circle) of
radius R. The normal vectors for each torus are n, for ring a and 7y, for ring b. A cross-section
in a plane tangent to the normal vector cuts the torus into to two circles, each of radius 7.

Figure S5 illustrates the two quantities, R and 7.

FIG. S5. Ilustration showing a torus of rotation from two perspectives to illustrate the two radii,
R and r. The dashed blue line on the left is the central ring referred to in the text.

The toruses will overlap if the nearest pair of points on each ring have a distance d that
satisfies d < 2r. Thus, the overlap calculation reduces to determining this nearest distance
between two rings. To calculate this distance, we use the procedure described by Vranek|[1].

Consider the two rings in Fig. Sb.

The vector X specifies the position of an arbitrary point on ring b. It can be shown that the



FIG. S6. Illustration showing two rings, a and b, their normal vectors 7, and 7y, and the positions
of the their centers, C_"a and C_"b, respectively. The vectors U and V lie in the plane of ring b, and
W lies in the plane of ring a. In addition, X is the position of an arbitrary point on ring b, and d
is the distance between that point and the nearest point on ring a. This figure is based on Fig. 2
of Ref. 1.

distance between this point and the nearest point on ring a is:

d2:R2+|C*a—X'|2—2R‘X'—C*a— (ﬁa-()?—éa)) P (S.15)
The position X can be written:
X(t) :éb+R<ﬁcost+Vsint>, (S.16)

where ¢ is a parameter that ranges from — to m. Substitution of Eq. (S.16) into Eq. (S.15)
yields:

f(t) =d*(t) = agcost + agsint + az

+ag\/ a5 cos2t + aysint + az cost + as sint + a; costsint + ao (S.17)



The coefficients in Eq. (S.17) are:

—

a; = 2R%*7, - Uity -V
5 . 5 o o 5 5 5\ 2
ao:R2+Cb-(]b+0a-0a—2Ca-Cb—(ﬁa-(]b—ﬁa-(]a> (S.18)

To determine the minimum distance, we could simply solve f’(¢) = 0. This will require solving
for the roots of a polynomial of degree 8, which is extremely time consuming. The approach of
Vranek[1] provides a much faster alternative. First note that over the range —m <t < 7, it is

possible to show that:
e f(t) =0 has at most four roots
e f(t) has either (1) one minimum and one maximum or (2) two minima and two maxima.

We conduct a numerical search for the first minimum using Brent's method.[2] We use the
Numerical Recipes function “mnbrack” to first bracket the minimum, and then use the function
“brent” to find a minimum. Let ¢; be the location of the minimum and D; = f(¢;) be the value
of the distance function at the minimum. This minimum is either a local or absolute minimum.

We will now determine which it is. Shift the function by D; = f(¢;) to create a new function:

g(t) = f(t) = D (S.19)

We next seek the solution of g(¢) = 0. This can be obtained by conversion to the polynomial

equation of the fourth degree. Using z = cost, this leads to

Py(z) =0, (S.20)



where
P4(Z) = b424 —|— b323 —|— bQZ2 + blZ + bo

where

by = cg + cg,

b3 = 201C5 + 26406,

by = c% - cg + 2¢3¢6 + ci,

b1 = —20105 + 20364,

bo=c3—c,
and

2
c1 = 2ag(ay — Do) — agas,
2
Co = QgQy,
2 2 2 2
cs = (ar — Do)” — agag + a5 — agay,
2
Cyp = 2&9(&7 — D()) — Agas3,
_ 2
cs = 2agag — agay,

2 2 2 2
Ce = —ag + Gglys + Ay — Agas,

10

(S.21)

(5.22)

(5.23)

and where the a; coefficients are given in Eqgs. (S.18). Since it is simultaneously true that

g(t1) = 0 and g(t1) is @ minimum, it follows that z = z; = ¢(¢;) is a double-root, i.e.,

Py(z) = (2 — 21)° Pa(2),
where
PQ(Z) = d222 + dlZ + do

is a second-degree polynomial with coefficients dy, d; and ds.

(S.24)

(S.25)

Equating the right sides of
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Egs. (S.21) and (S.24), and using Eq. (5.25), it can be shown that:

dy = 50/2’%,
d1 = (bl + 2b0/21)/2%,
dy = by. (5.26)

It is possible that there are two other roots of the equation P,(z) = 0. From Egs. (S.24) and

(S.25), these roots must satisfy:
Py(2) = doz* +diz+dy =0 (S.27)
Now, if
d? — 4dydy < 0 (S.28)
then the roots do not exist. This means that either:
1. The second minimum is greater than the minimum D; the distance function located z;
2. The second minimum does not exist
Either way, it implies that D; is the global minimum of the distance function of Eq. (S.17). If
d3 — 4dydy > 0 (S.29)

then the roots do exist. Call these two roots 2, and z,. Using the quadratic formula, it follows:

—d, — 2 _ 4
_ Zhi = Vi~ ddody (5.30)

“a 2d,
_ 2 _
L, \/2(;1 Ldaiy. (5.31)
2

If the roots exist, this implies that there is a second minimum, Ds, in the range z, < 29 < 2.
It is also clear that g(z3) < g(z1) = 0. This therefore implies that Dy is the global minimum,
located at z = 2. To find 25, we once again use the numerical routine “mnbrak” to bracket the
minimum and the routine “brent” to locate the minimum. We have now determined the global

minimum of the distance function of Eq. (S.17). Call this D,,;,. The minimum distance between
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any pair of points, one on each ring, is thus:

dmin =V Dmin (532)

The square-root is required since f(t) defined in the distance function of Eq. (S.17) is the square

of the distance. Finally, the condition for overlap is:
e dyin <2r = toruses overlap

® dyiw > 2r = toruses do not overlap

I1l. CLARIFICATION ON THE SIGN OF THE CONCAVITY

Figure 3(a) of the article shows the time dependence of the concavity, ¢, for an HT membrane,
which fluctuates between positive and negative values. Determining the sign of { requires dealing
with an amibiguity in the direction of the eigenvector n3. As illustrated in Fig. 2 of the article,
ng determines the direction of the axis for the coordinate & used in the definition of the concavity
in Eq. (2). The components of the vector n3 are calculated by a Numerical Recipes routine
that returns the eigenvalues and eigenvectors of the shape tensor, S,, defined in Eq. (1). Note
however that if n3 is an eigenvector then so is —ng, and it is not obvious which of the two vectors
will be returned by the algorithm. Failure to address this problem renders the sign of { essentially
meaningless.

This ambiguity can be addressed by using the fixed connectivity of the rings in the membrane.
We used the following simple procedure. Each time the eigenvectors and eigenvalues of S,z were

calculated for a given set of coordinates, we calculated the vector ﬁ defined as

5

U= "R xR+ Fs x Ry (5.33)
Here, the vectors ﬁl are the displacements between the centers of the nearest 6-valence rings
that are closest to the ring at or nearest to the center of the membrane. These are illustrated in
Fig. S7 below. The vector n3 is defined such that ng3 - U > 0. If the value of ng returned by the
algorithm is negative, then its direction is inverted. Note that the Eq. (S.33) and the illustration
both correspond to HT and ST membranes. The case of SS membranes can be addressed by

minor changes to the definition of U.
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FIG. S7. Tlustration of the vectors R; used in Eq. (S.33). The black dots donote the centers of
neighbouring rings. The central dot is the central ring in the membrane.

Note that the sign of ( is unimportant in most of the calculations in the study. Since the
probability distribution satisifies P({) = P(—(), only || was needed to determine the free
energy functions shown in Fig. 7 and 10 of the article. The calculation procedure was only used

to generate the results shown Fig. 6(a) and (b) for the purpose of illustrating free-energy barrier

jumping.

IV. CALCULATION OF GAUSSIAN CURVATURE

In the article we calculate the Gaussian curvature, kg, for the hexagonal-shaped membrane
with triangular linking topology (i.e. an HT membrane) illustrated in Fig. 1(a) of the manuscript.
To do this, we employ the method described by Meyer et al. in Ref. [3], which is suitable for
calculating kg at nodes of a triangular mesh. Here, we briefly outline the implementation of the

procedure to HT membranes.

We consider the centers of the 6-valence rings of the HT membranes as nodes in a triangular

mesh. In the vicinity of the ith node, the Gaussian curvature is approximately given by:
ng
/ ra(i)dA =21 =) 0 (S.34)
A —
1 ]_1

Each node is characterized by a set of ny = 6 angles, ¢;, which are illustrated in Fig. S8. The

area A, is the sum of contributions to the Voronoi area for the central node (i.e. the ith node)
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FIG. S8. Mlustration of the quantities used in the equations used to calculate the Gaussian curva-
ture. Each black dot denotes a center of a 6-valence ring. The six rings that surround the central
ring are connnected via one 2-valence ring.

from each of the six triangles surrounding it. This contribution for the jth triangle is given by
Avorj = % (RJ2 cot B + Rj4q cot aj) , (S.35)

where the angles «; and 3; as well as the distances R; are labeled in the figure. (Note that
for the triangle with j = 6, the index j + 1 should be replace with 1.) As noted by Meyer et
al.,[3] the Voronoi area is inappropriate for the case of an obtuse triangle. They use instead the
following choice in place of the Voronoi area for such triangles: If the 0; is obtuse, then the area
contribution is Ay/2, where Ar is the triangle area; otherwise, either a; or 3; is obtuse, in which
case the area contribution is At /4.

In the simulation, the Gaussian curvature is measured at every 6-valence ring during sampling

and averaged as follows:

B > fAi k(i) dA

Rg = ZfA dA s (536)

where k(i) is the Gaussian curvature at node 1.
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