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1. Details of similarity measure: 

In the SC-AFIR search, the present RRT selects a node for the expansion based on the structure-

similarity defined between a node and product (goal) geometries. The actual computation of structure-

similarity requires three conditions, as below.  

i) Structure-similarity can be defined between a pair of structures consisting of different numbers of 

atoms. 

ii) Structure-similarity does not depend on the rotation, translation, and atom permutation of the 

system. 

iii) When there are multiple molecules within the structure. Structure-similarity does not depend on 

the relative position and molecular rotation of the molecules. 

    The first condition is important when there are additional molecules, such as H2O, as shown in 

Figure SI1. In this case, users can specify the product molecules without considering geometry 

deformations of the solvent molecules, i.e., two H2O molecules. The third condition is important when 

the reaction leads to multiple products such as X→Y+Z. In this case, structure-similarity is measured 

not depending on the relative position and molecular rotation of the molecular fragments, Y and Z. To 

achieve these conditions, we defined the structure-similarity by matching atom pairs within a pair of 

structures. Figure SI1a and SI1b indicate two cases for an EQ close to the goal and an EQ far from 

the goal, respectively. The structure-similarity is computed as the sum of atom-similarity over all the 

greedily matched atom pairs (indicated by red numbers in Figure SI1a and SI1b). The atom-similarity 
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for an atom pair is defined by using the interatomic distance, which does not depend on the translation 

and rotation of a structure. The definition of atom-similarity and structure-similarity is described below.  

 
Figure SI1. Examples of greedy atom matching procedure. (a) is for an EQ close to the goal and (b) 

is for an EQ far from the goal. Lines indicate the matched atom pairs, and atom-similarity of the 

corresponding atom pairs values are indicated by red. Structure-similarity, s, is also indicated. 

 

At first, a descriptor of an atomic environment is defined to achieve the matching of atom pairs, 

shown by blue allows in Figure SI1a and SI1b. The descriptor of atom 𝑎 is the following double list 

constructed by interatomic distances: 

 𝑎 = #𝒓! , 𝒓" , … , ', (1) 

 𝒓! = [𝑟#!! , … , 𝑟#!"], (2) 

where 𝒓! is a list of distances from atom 𝑎 to atoms of a chemical element 𝑥, 𝑟#!# is the distance 

to 𝑖th 𝑥, and 𝑛 is the number of 𝑥.  

The procedure calculating the atom-similarity between a pair of atomic environments is as 

follows. 

1. A comparison matrix 𝐶!  is constructed for each 𝑥. Each matrix element is calculated as the 

following equation: 

 𝐶!,%&(𝑎, 𝑎′) = 2𝑟#!# − 𝑟#'!$2. (3) 

2. The minimum element in 𝐶! is appended to a matched value list 𝒗!. 

3. A row and a column corresponding to the selected element are removed from 𝐶!. 

4. 2 and 3 are repeated until all elements are removed from 𝐶!. 

5. Matched value lists 𝒗! of all-atom kinds are created by repeating 1-4.  

6. Atom-similarity between atomic environments 𝑠#(𝑎, 𝑎′) is calculated based on the matched 

value lists 𝒗! as the following equation: 

 𝑠#(𝑎, 𝑎′) =
1
𝑛7 7 exp;−𝜃𝑣!,%>

(%,#∈𝒗%!∈𝝅

, (4) 

where 𝝅 is a list of chemical elements included in structures, 𝑛 is the minimum number of atoms 

among comparing structures, and 𝜃  is a hyperparameter adjusting rigorousness of substructure 



matching. It is noted that this atom-similarity becomes 1 when the geometries around an atom are the 

same completely.  

The structure-similarity between a pair of structures is computed by summing up the atom-

similarity. The atom pairs are defined by a greedy matching procedure based on atom-similarity. 

Examples of atom matchings are shown in Figure SI1. The procedure is as follows: 

1. A similarity matrix 𝑆! is constructed for each 𝑥. A matrix element is 

 𝑆!,%& = 𝑠#;𝑎!# , 𝑎'!$>, (5) 

where 𝑎!# , 𝑎′!$ are atomic environment descriptors of 𝑖th and 𝑗th atom 𝑥 in each structure. If 

there are multiple target structures, all atoms of all target structures are compared at once in 𝑆!. 

2. The maximum element is selected and corresponding atoms are paired. The atom-similarity is 

appended to a matched similarity list 𝒖!. 

3. A row and a column corresponding to the selected element are removed from 𝑆!. 

4. 2 and 3 are repeated until all elements are removed from 𝑆!. 

5. Matched similarity lists for all 𝑥 are created by repeating 1-4. 

6. A similarity between structure 𝑚 and 𝑚′ is calculated as the following equation: 

 𝑠(𝑚,𝑚′) = 7 7 𝑢%
,%,#∈𝒖%!∈𝝅

. (6) 

A range of the structure-similarity is from 0 to the minimum number of atoms in 𝑚 and 𝑚′.  

 

2. The AFIR method and the SC-AFIR search: 

The artificial force induced reaction (AFIR) method induces a molecular geometry deformation 

by adding an artificial force corresponding to pushing or pulling apart fragments consisting of atoms. 

Figure SI2a shows the schematic picture of the AFIR function, FAFIR, and the original potential energy 

surface (PES), E(Q). Here, Q indicates the molecular geometry parameters, and equilibrium structure 

(EQ) corresponds to the energy minima on E(Q). By adding the artificial force corresponding to the 

term V(Q), an energy peak between EQ1 and EQ2 disappears, and minimization of FAFIR induces the 

molecular geometry deformation from EQ 1 to EQ2. Figure SI2b depicts an example of the artificial-

force direction between two fragments. In this case, NH3 and HNCO molecules are connected along 

the path, and a different single molecule is generated. In the graph network search, this procedure to 

search for EQ2 corresponds to the expansion of a new node (EQ2) from the selected node (EQ1). The 

SC algorism generates many fragment pairs by focusing on two atoms within a molecular structure 

for each EQ. The combinations of these fragment pairs and the directions of force (pushing or pulling 

apart) are listed as a task list for each EQ. When an EQ is selected during the search, the expansion of 

the reaction path network is done by applying AFIR minimizations based on the task list of the 

corresponding EQ.  

 



 

Figure SI2. Schematic pictures of the AFIR search. (a) is for the AFIR function, (b) is for the 

direction of artificial force between the fragment pairs, and (c) is for the expansion of the reaction 

path network by a single AFIR calculation in the SC-AFIR search. 


