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S1. Molecular structure of methanol, sum-frequency vibrational spectroscopy 

(SFVS) experimental arrangement and Euler angles 

  In Fig. S1(a), we show the molecular structure of methanol. At gas/liquid interfaces, 

the CH3 group of methanol points to the gas phase. Thus, in the following computations 

and discussions, the C-O bond is taken to be along z axis in the molecular coordinates. 

In Fig. S1(b), we display the SFVS experimental arrangement in reflection, where the 

input IR and visible lights are on the same side of the normal and the output sum-

frequency (SF) light is on the other side.1 There is a relationship between the incident 

and reflection angles:2 𝑘2𝑠𝑖𝑛𝛽2 + 𝑘1𝑠𝑖𝑛𝛽1 = 𝑘𝑠𝑖𝑛𝛽 , where 𝑘2 , 𝑘1  and 𝑘  are the 

wave vectors of the IR, Vis and SF lights, respectively. 
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(c) 

Fig. S1. (a) The molecular Structure of methanol, (b) SFVS experimental arrangement 

and (c) Euler angles relating the molecular coordinate (x,y,z) and the lab coordinate 

(X,Y,Z) systems.3,4 

 

S2. Harmonic vibrational frequencies 

Using density functional theory CAM-B3LYP/6-311++G**,5 we optimize the 

molecular structure of methanol. In order to obtain accurate cubic and quartic force 

constants calculated by numerical differences, we use the keyword Opt=VeryTight, 

where the convergence threshold of maximum and root mean square (RMS) forces, and 

maximum and RMS displacements are 0.000002, 0.000001, 0.000006, 0.000004 a.u., 
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respectively. Based on optimization, we calculate the harmonic frequencies. In Fig. S2, 

we show the displacements of the C-H stretching and H-C-H bending normal modes. 

Methanol belongs to Cs point group. The 3018 (totally symmetric mode) and 1490 cm-

1 modes are symmetric vibrational modes with A′ symmetry, the 3140 and 1513 cm-1 

modes also have A′ symmetry, and the 3070 (antisymmetric mode) and 1502 cm-1 

modes are asymmetric vibrational modes with A″ symmetry (see Table S1). 

            

          3140 cm-1                            3070 cm-1 

      

           3018 cm-1                                             1513 cm-1 



5 

 

          

              1502 cm-1                                              1490 cm-1 

Fig. S2. The displacements of the 3140, 3070, 3018, 1513, 1502 and 1490 cm-1 

vibrational modes.  

 

S3. Anharmonic vibrational frequencies 

In addition, we compute the anharmonic vibrational frequencies (see Table S1), 

which are better than the harmonic frequencies and agree well with the experimental 

ones. For example, the calculated C-H stretching and H-C-H bending anharmonic 

vibrational frequencies are 3005, 2943, 2834, 1478, 1465 and 1453 cm-1, and the 

corresponding experimental ones are 3000, 2960, 2844, 1477, 1477 and 1455 cm-1, 

respectively. The accurate anharmonic frequencies are the reason why we choose 

CAM-B3LYP. The anharmonic vibrational frequencies include the contributions of the 

quadratic, cubic and quartic force constants. The quadratic and cubic force constants  

have important influences on Fermi resonance (see eqn (13)). The quadratic force 

constants are calculated by the analytical method. 
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Table S1 Harmonic and anharmonic vibrational frequencies (cm-1) calculated by CAM-

B3LYP/6-311++G** and experimental vibrational frequencies for methanol. 

 

Normal 

mode  

Harm  

Freqa 

Harm 

Freqb 

Anh 

Freqc 

Exp  

 Freqd 

Exp  

Freqe 

Assignmentd 

Q0 3892A′ 3873 3721 3681 3354 OH str 

Q1 3140A′ 3143 3005 3000 2980 CH3 d-str 

Q2 3070A″ 3091 2943 2960 2945 CH3 d-str 

Q3 3018A′ 3033 2834 2844 2833 CH3 s-str 

Q4 1513A′ 1506 1478 1477 1477 CH3 d-deform 

Q5 1502A″ 1491 1465 1477 1477 CH3 d-deform 

Q6 1490A′ 1483 1453 1455 1450 CH3 s-deform 

Q7 1360A′ 1361 1313 1345 1423 OH bend 

Q8 1179A″ 1180 1153 1165 1116 CH3 rock 

Q9 1091A′ 1080 1066 1060 1045 CH3 rock 

Q10 1065A′ 1054 1047 1033 1035 CO str 

Q11 299A″ 294 256 295 <400 Torsion 

a in gas phase 
b Polarizable Continuum Model (PCM)6 
c in gas phase 

d in gas phase7 
e in liquid phase8. 

 

Using the second-order perturbation theory, the following vibrational energy can be 

obtained9 

𝐸(𝑛) = 𝑉0 + ℏ {ℏ𝜉0 + ∑ [𝜔𝑖 (𝑛𝑖 +
1

2
) + ℏ∑ 𝜉𝑖𝑗 (𝑛𝑖 +

1

2
) (𝑛𝑗 +

1

2
)

𝑓
𝑗≥𝑖 ]

𝑓
𝑖=1 },   (S1) 
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where 𝑉0  is the zero-order term of the potential energy expansion on the normal 

coordinates, 𝜔𝑖 = √𝜆𝑖 (𝜆𝑖 is the quadratic force constant), 𝑛𝑖 (𝑛𝑗) is the quantum 

number of the normal mode, 𝜉0 and 𝜉𝑖𝑗 are the terms related to the cubic and quartic 

force constants, and Coriolis couplings.9 𝜉0 contributes to the vibrational zero-point 

energy but not to the vibrational frequencies.9,10 Therefore, the anharmonic vibrational 

frequencies for the fundamental, overtone and combination modes are respectively9,10 

   𝑣𝑖 = 𝜔𝑖 + 2𝜉𝑖𝑖 +
1

2
∑ 𝜉𝑖𝑗𝑗≠𝑖 ,                      (S2) 

              [2𝑣𝑖] = 2𝜔𝑖 + 6𝜉𝑖𝑖 + ∑ 𝜉𝑖𝑗𝑗≠𝑖 = 2𝑣𝑖 + 2𝜉𝑖𝑖,                (S3) 

[𝑣𝑖𝑣𝑗] = 𝜔𝑖 + 𝜔𝑗 + 2𝜉𝑖𝑖 + 2𝜉𝑗𝑗 + 2𝜉𝑖𝑗 +
1

2
∑ (𝜉𝑖𝑙 + 𝜉𝑗𝑙)𝑙≠𝑖,𝑗 = 𝑣𝑖 + 𝑣𝑗 + 𝜉𝑖𝑗 .  (S4) 

  𝜉 is called anharmonic X matrix in Gaussian computations11. 𝜉𝑖𝑖 is the diagonal 

term and 𝜉𝑖𝑗 is the non-diagonal one. Their detailed definitions can be found in ref. 

9,10. In Table S2, we list Coriolis couplings, the cubic and quartic force constants, and 

their total contributions to X matrix. From Table S2, we find that X matrix is symmetric, 

Coriolis contributions from the C-H stretching and H-C-H bending modes to X matrix 

are small, which may have few influences on SFVS, and the cubic and quartic force 

constants contributions to X matrix are relatively large, which may have important 

influences. 

 

Table S2 Coriolis couplings, the cubic and quartic force constants, and their total 

contributions to X Matrix (cm-1) in gas phase. 

Coriolis Q1 Q2 Q3 Q4 Q5 Q6 

Q1 0.00  0.02  0.00  0.08  7.17  1.21  
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Q2 0.02  0.00  0.00  7.08  0.26  1.28  

Q3 0.00  0.00  0.00  0.01  0.88  0.10  

Q4 0.08  7.08  0.01  0.00  0.70  0.53  

Q5 7.17  0.26  0.88  0.70  0.00  0.60  

Q6 1.21  1.28  0.10  0.53  0.60  0.00  

Cubic 

Q1 -109.27  -18.79  -48.61  3.47  42.22  44.08  

Q2 -18.79  -69.59  -234.59  36.48  21.93  32.41  

Q3 -48.61  -234.59  -50.67  15.33  6.20  18.92  

Q4 3.47  36.48  15.33  -2.29  -5.73  -3.35  

Q5 42.22  21.93  6.20  -5.73  -5.13  -9.07  

Q6 44.08  32.41  18.92  -3.35  -9.07  -4.33  

Quartic 

Q1 58.78  11.79  27.55  -8.26  -61.34  -53.15  

Q2 11.79  36.27  125.10  -57.14  -24.31  -35.51  

Q3 27.55  125.10  26.76  -39.11  -22.61  -33.10  

Q4 -8.26  -57.14  -39.11  0.81  -1.26  0.70  

Q5 -61.34  -24.31  -22.61  -1.26  0.59  2.03  

Q6 -53.15  -35.51  -33.10  0.70  2.03  2.72  

Total 

Q1 -50.48  -6.97  -21.06  -4.70  -11.94  -7.86  

Q2 -6.97  -33.33  -109.49  -13.57  -2.11  -1.81  
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Q3 -21.06  -109.49  -23.91  -23.76  -15.54  -14.08  

Q4 -4.70  -13.57  -23.76  -1.48  -6.29  -2.12  

Q5 -11.94  -2.11  -15.54  -6.29  -4.54  -6.43  

Q6 -7.86  -1.81  -14.08  -2.12  -6.43  -1.61  

 

S4. Fermi matrix, eigenvectors and eigenvalues 

   According to eqn (S2)-(S4) and Table S1 and S2, the diagonal terms of Fermi matrix 

in eqn (13) can be: 

 𝜔𝑠𝑖 = 𝜔𝑖 + 2𝜉𝑖𝑖,                                     (S5) 

                      2𝜔𝑏𝑗 = 2𝜔𝑗 + 6𝜉𝑗𝑗,                           (S6) 

 𝜔𝑏𝑗 +  𝜔𝑏𝑘 = 𝜔𝑗 + 𝜔𝑘 + 2𝜉𝑗𝑗 + 2𝜉𝑘𝑘 + 2𝜉𝑗𝑘.              (S7) 

 For the cubic force constants result in Fermi resonance, eqn (S5)-(S7) include the 

harmonic frequencies and the cubic force constants contributions to X matrix. Fermi 

matrix, eigenvalues and eigenvectors for Fermi wavefuntions |𝑛𝐹⟩ are listed in Table 

S3. 

 

Table S3-1 Fermi matrix (cm-1) 

HF Q1 Q2 Q3 Q4+Q5 Q4+Q6 Q5+Q6 2Q4 2Q5 2Q6 

Q1 2922 0 0 0 -26.36 0 20.66 -61.34  -47.54 

Q2 0 2931 0 -49.03 0 -60.40 0 0 0 

Q3 0 0 2917 0 33.05 0 -65.85 -42.20 -87.89 

Q4+Q5 0 -49.03 0 2989 0 0 0 0 0 
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Q4+Q6 -26.36 0 33.05 0 2982 0 0 0 0 

Q5+Q6 0 -60.40  0 0 2955 0 0 0 

2Q4 20.66 0 -65.85 0 0 0 3012 0 0 

2Q5 -61.34 0 -42.20 0 0 0 0 2974 0 

2Q6 -47.54 0 -87.89 0 0 0 0 0 2954 

 

Table S3-2 Eigenvalues (cm-1) of Fermi matrix 

1F 2F 3F 4F 5F 6F 7F 8F 9F 

2809 2869 2877 2968 2973 2990 3033 3037 3079 

 

Table S3-3 Eigenvectors of Fermi matrix 

nF Q1 Q2 Q3 Q4+Q5 Q4+Q6 Q5+Q6 2Q4 2Q5 2Q6 

1F 0.3336 0.0000 0.6893 0.0000 -0.0807 0.0000 0.1902 0.3006 0.5296 

2F 0.0000 -0.7773 0.0000 -0.3174 0.0000 -0.5432 0.0000 0.0000 0.0000 

3F -0.7522 0.0000 0.3905 0.0000 -0.3091 0.0000 0.3055 -0.3043 -0.0187 

4F -0.0128 0.0000 0.1132 0.0000 -0.2861 0.0000 0.1780 0.6852 -0.6356 

5F 0.0000 -0.2127 0.0000 -0.6800 0.0000 0.7017 0.0000 0.0000 0.0000 

6F 0.0977 0.0000 -0.1249 0.0000 -0.8418 0.0000 -0.4846 -0.0439 0.1717 

7F 0.0000 0.5921 0.0000 -0.6610 0.0000 -0.4610 0.0000 0.0000 0.0000 

8F 0.5284 0.0000 -0.0576 0.0000 -0.2923 0.0000 0.5868 -0.4790 -0.2413 

9F 0.1847 0.0000 0.5837 0.0000 0.1486 0.0000 -0.5094 -0.3409 -0.4768 
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  In order to consider the influences of Coriolis couplings and the quartic force 

constants on Fermi eigenvalues, we add the following energies: 

                           ⟨𝑛𝐹|𝑋𝐶4|𝑛𝐹⟩.                            (S8) 

𝑋𝐶4 is a matrix including the contributions of Coriolis couplings and the quartic 

force constants. Its diagonal terms are calculated with eqn (S5)-(S7), and with eqn (S2)-

(S4), its non-diagonal terms between the fundamental, overtone and combination 

modes can be expressed into 

𝑣𝑖𝑣𝑗 =
1

2
𝜉𝑖𝑗 

𝑣𝑖[2𝑣𝑗] = [2𝑣𝑗]𝑣𝑖 = 2 ∗
1

2
𝜉𝑖𝑗 = 𝜉𝑖𝑗, 

𝑣𝑖[𝑣𝑗 + 𝑣𝑘] = 𝑣𝑖[𝑣𝑗] + 𝑣𝑖[𝑣𝑘] =
1

2
(𝜉𝑖𝑗 + 𝜉𝑖𝑘), 

[𝑣𝑖 + 𝑣𝑗][𝑣𝑗 + 𝑣𝑘] = 𝑣𝑖𝑣𝑗 + 𝑣𝑖𝑣𝑘 + 𝑣𝑗𝑣𝑗 + 𝑣𝑗𝑣𝑘 =
1

2
(𝜉𝑖𝑗 + 𝜉𝑖𝑘 + 𝜉𝑗𝑘), 

[𝑣𝑖 + 𝑣𝑗][2𝑣𝑘] = [2𝑣𝑘]𝑣𝑖 + [2𝑣𝑘]𝑣𝑗 = 𝜉𝑖𝑘 + 𝜉𝑗𝑘, 

[𝑣𝑖 + 𝑣𝑗][2𝑣𝑗] = [2𝑣𝑗]𝑣𝑖 + [2𝑣𝑗]𝑣𝑗 = 𝜉𝑖𝑗, 

[2𝑣𝑖][2𝑣𝑗] = 2𝑣𝑖[2𝑣𝑗] = 2[2𝑣𝑖]𝑣𝑗 = 2𝜉𝑖𝑗              (S9) 

In Table S4-1, we present 𝑋𝐶4  matrix, and in Table S4-2, we show the matrix 

calculated by eqn (S8), whose diagonal terms correspond to energy corrections from 

Coriolis couplings and the quartic force constants. 

 

Table S4-1 Matrix (in cm-1) including Coriolis couplings and the quartic force constants 

contributions 

𝑋𝐶4 Q1 Q2 Q3 Q4+Q5 Q4+Q6 Q5+Q6 2Q4 2Q5 2Q6 

Q1 117.57 5.91 13.78 -31.17 -30.06 -53.05 -8.18 -54.16 -51.94 
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Q2 5.91 72.53 62.55 -37.05 -42.14 -29.13 -50.06 -24.05 -34.22 

Q3 13.78 62.55 53.52 -30.41 -36.05 -27.37 -39.10 -21.73 -33.00 

Q4+Q5 -31.17 -37.05 -30.41 1.71 1.65 1.65 -0.55 -0.55 3.86 

Q4+Q6 -30.06 -42.14 -36.05 1.65 9.52 1.65 1.23 2.08 1.23 

Q5+Q6 -53.05 -29.13 -27.37 1.65 1.65 11.90 0.67 2.64 2.64 

2Q4 -8.18 -50.06 -39.10 -0.55 1.23 0.67 4.88 -1.11 2.46 

2Q5 -54.16 -24.05 -21.73 -0.55 2.08 2.64 -1.11 3.56 5.27 

2Q6 -51.94 -34.22 -33.00 3.86 1.23 2.64 2.46 5.27 16.32 

 

Table S4-2 Coriolis couplings and the quartic force constants contributions (in cm-1) to 

the Fermi eigenvalues 

⟨𝑛𝐹|𝑋𝐶4|𝑛𝐹⟩ 1F 2F 3F 4F 5F 6F 7F 8F 9F 

1F -16.2 17.5 12.3 4.7 -6.8 37.4 43.6 17.2 41.9 

2F 17.5 5.2 -38.7 -8.5 -1.5 -35.4 -42.4 18.9 -40.2 

3F 12.3 -38.7 37.2 4.7 6.8 -5.7 -5.0 -58.5 -18.3 

4F 4.7 -8.5 4.7 6.0 -0.7 4.5 14.6 2.8 17.6 

5F -6.8 -1.5 6.8 -0.7 6.3 -12.6 -17.7 -9.4 -20.2 

6F 37.4 -35.4 -5.7 4.5 -12.6 3.6 29.5 19.2 28.6 

7F 43.6 -42.4 -5.0 14.6 -17.7 29.5 74.6 25.1 77.4 

8F 17.2 18.9 -58.5 2.8 -9.4 19.2 25.1 82.1 47.9 

9F 41.9 -40.2 -18.3 17.6 -20.2 28.6 77.4 47.9 92.6 
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S5. Electric dipole moment and polarizability derivatives 

  When computing the vibrational frequencies, we achieve the first-order electric 

dipole moment and polarizability derivatives analytically and the second-order 

derivatives numerically, which are listed in Table S5-S7. In Table S5, the anharmonic 

frequency calculated in gas phase for the C-H symmetric vibrational mode is 2843 cm-

1, and it is 2953 cm-1 with PCM computations, which is large and unreasonable. The 

reason is that the cubic and quartic force constants affecting the anharmonic frequencies 

are calculated numerically, and there may be problems when numerical differences are 

performed considering the solvent effect. 

 

Table S5 The computational electric dipole moment derivatives (e Bohr) and the 

polarizability derivatives (Bohr3) with respect to the normal modes. 

Anh Freq (cm-1) 2834a 2953b 2943a 2957b 3005a 3004b 

√
ℏ

2𝜔𝑡

𝜕⟨𝐺|𝜇𝑥|𝐺⟩

𝜕𝑄𝑡
 -0.0110 0.0088 0.0000 0.0000 -0.0213 0.0260 

√
ℏ

2𝜔𝑡

𝜕⟨𝐺|𝜇𝑦|𝐺⟩

𝜕𝑄𝑡
 0.0000 0.0000 -0.0335 0.0349 0.0000 0.0000 

√
ℏ

2𝜔𝑡

𝜕⟨𝐺|𝜇𝑧|𝐺⟩

𝜕𝑄𝑡
 -0.0336 -0.0355 0.0000 0.0000 0.0040 0.0030 

√
ℏ

2𝜔𝑡

𝜕⟨𝐺|𝛼𝑥𝑥|𝐺⟩

𝜕𝑄𝑡
 0.8067 0.9588 0.0000 0.0000 -1.0813 -1.1058 

√
ℏ

2𝜔𝑡

𝜕⟨𝐺|𝛼𝑥𝑦|𝐺⟩

𝜕𝑄𝑡
 0.0000 0.0000 0.6482 0.7094 0.0000 0.0000 

√
ℏ

2𝜔𝑡

𝜕⟨𝐺|𝛼𝑥𝑧|𝐺⟩

𝜕𝑄𝑡
 0.2592 -0.2398 0.0000 0.0000 0.5310 -0.5903 
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√
ℏ

2𝜔𝑡

𝜕⟨𝐺|𝛼𝑦𝑦|𝐺⟩

𝜕𝑄𝑡
 1.3795 1.4493 0.0000 0.0000 0.2926 0.4027 

√
ℏ

2𝜔𝑡

𝜕⟨𝐺|𝛼𝑦𝑧|𝐺⟩

𝜕𝑄𝑡
 0.0000 0.0000 0.8282 -0.8667 0.0000 0.0000 

√
ℏ

2𝜔𝑡

𝜕⟨𝐺|𝛼𝑧𝑧|𝐺⟩

𝜕𝑄𝑡
 0.6962 0.7426 0.0000 0.0000 -0.0826 -0.0525 

a in gas phase 
b PCM 

 

Table S6 The computational second-order electric dipole moment derivatives 

√
ℏ

2𝜔𝑏𝑗
√

ℏ

2𝜔𝑏𝑘

𝜕2⟨𝐺|𝜇𝜅|𝐺⟩
𝜕𝑄𝑏𝑗𝜕𝑄𝑏𝑘

 (𝜅 = 𝑥, 𝑦, 𝑧) (e Bohr) with respect to the normal modes in gas 

phase. Note that the diagonal terms are multiplied by 
√2

2
. 

x Q4 Q5 Q6 

Q4 -0.0020 0.0000 0.0010 

Q5 0.0000 0.0008 0.0000 

Q6 0.0010 0.0000 -0.0003 

y 

Q4 0.0000 0.0017 0.0000 

Q5 0.0017 0.0000 -0.0007 

Q6 0.0000 -0.0007 0.0000 

z 

Q4 -0.0025 0.0000 -0.0012 

Q5 0.0000 -0.0020 0.0000 

Q6 -0.0012 0.0000 -0.0038 

 

Table S7 The computational second-order polarizability derivatives 

√
ℏ

2𝜔𝑏𝑗
√

ℏ

2𝜔𝑏𝑘

𝜕⟨𝐺|𝛼𝜎𝜌|𝐺⟩

𝜕𝑄𝑏𝑗𝜕𝑄𝑏𝑘
 (𝜎, 𝜌 = 𝑥, 𝑦, 𝑧) (Bohr3) with respect to the normal modes in 

gas phase. Note that the diagonal terms are multiplied by 
√2

2
. 

xx Q4 Q5 Q6 

Q4 0.0816 0.0000 -0.0374 

Q5 0.0000 0.1009 0.0000 

Q6 -0.0374 0.0000 0.0707 

xy 
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Q4 0.0000 0.0069 0.0000 

Q5 0.0069 0.0000 0.0083 

Q6 0.0000 0.0083 0.0000 

xz 

Q4 0.0534 0.0000 0.0388 

Q5 0.0000 -0.0257 0.0000 

Q6 0.0388 0.0000 -0.0277 

yy 

Q4 0.1076 0.0000 0.0083 

Q5 0.0000 0.1108 0.0000 

Q6 0.0083 0.0000 0.0579 

yz 

Q4 0.0000 -0.0236 0.0000 

Q5 -0.0236 0.0000 0.0817 

Q6 0.0000 0.0817 0.0000 

zz 

Q4 0.1098 0.0000 0.0252 

Q5 0.0000 0.1354 0.0000 

Q6 0.0252 0.0000 0.1446 

 

S6. Lorentz local field correction factors 

Before calculating Lorentz local field correction factors for methanol, we compute 

them with the point-dipole model12,13 (see eqn (4)-(6)) as a function of 𝑍0 that is the 

distance of molecule from the substrate (see Fig. S3). In Fig. S3, we find that Lxx (Lyy) 

is larger than one and Lzz is smaller than one. In the computations, all the parameters 

are the same as those in Fig. 1 of ref. 13. After comparison, we find that there is a small 

mistake in Fig. 1 of ref. 13: Lxx(Lyy) and Lzz are swapped.  
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Fig. S3. Lorentz local field correction factors computed with the point-dipole model as 

a function of 𝑍0 that is the distance of molecule from the substrate when the lattice 

constant 𝑎 = 5 Å , molecular polarizabilities 𝛼𝑥𝑥(𝛼𝑦𝑦) = 6 Å3  and 𝛼𝑧𝑧 = 11 Å
3 

for the adsorbed molecule, and the dielectric constant 𝜖 = 10 for the substrate. 

 

Then we compute the polarizabilities and dielectric constants for methanol when the 

light wavelengths are 3534 nm (2830 cm-1), 532 nm and 462 nm, respectively. The 

lattice constant is taken to be the distance between the mass centers of methanol dimer, 

which is calculated by adding Petersson-Frisch dispersion.14 For we study pure 

methanol liquids, the distance of molecule from substrate 𝑍0 =
𝑎

2
. The twist and in-

plane rotation angles are isotropic (see Fig. 1). Thus, the relationship between the 

macroscopic and microscopic polarizabilities can be 
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𝛼𝑋𝑋(𝛼𝑌𝑌) =
1

4
(1 + 〈𝑐𝑜𝑠2𝜃〉)(𝛼𝑥𝑥 + 𝛼𝑦𝑦) +

1

2
(1 − 〈𝑐𝑜𝑠2𝜃〉)𝛼𝑧𝑧 ,     (S10) 

𝛼𝑍𝑍 =
1

2
(1 − 〈𝑐𝑜𝑠2𝜃〉)(𝛼𝑥𝑥 + 𝛼𝑦𝑦) + 〈𝑐𝑜𝑠

2𝜃〉)𝛼𝑧𝑧.         (S11) 

The calculated Lorentz local field correction factors are presented in Table S8. In the 

above computations, we apply PCM when the solvent effect is considered. All the 

computations are done with Gaussian 16 software package.11 

 

Table S8 The calculated polarizabilities (a.u.) in molecular (lowercase for subscript) 

and the laboratory (uppercase for subscript) coordinates, dielectric constants 𝜖, 𝜌 (see 

eqn (7)), 𝜉𝐼  (see eqn (6)), lattice constants 𝑎  (Å), and the Lorentz local field 

correction factors L when the light wavelengths are 3534 nm, 532 nm and 462 nm, 

respectively. 

Phase In gas phase PCM 

Wavelength 3534 532 462 3534 532 462 

𝛼𝑥𝑥 18.35  18.80  18.96  19.19 19.67 19.84 

𝛼𝑦𝑦 17.76  18.27  18.46  18.76 19.31 19.51 

𝛼𝑧𝑧 19.85  20.37  20.55  20.76 21.32 21.52 

𝛼𝑋𝑋(𝛼𝑌𝑌)  18.50  18.99  19.17  19.42 19.95 20.14 

𝛼𝑍𝑍 18.96  19.46  19.63  19.87 20.41 20.60 

𝜖 1.517 1.531 1.536 1.542 1.557 1.562 

𝜌 0.2054 0.2097 0.2112 0.2133 0.2179 0.2195 

𝜉𝐼 0.6320 0.6320 

𝑎 3.198 3.260 

𝐿𝑋𝑋(𝐿𝑌𝑌) 1.638 1.667 1.678 1.615 1.643 1.653 

𝐿𝑍𝑍 0.5444 0.5380 0.5358 0.5693 0.5628 0.5606 

𝐿𝑋𝑋𝑍
a 1.554 1.546 

𝐿𝑋𝑍𝑋
a 1.511 1.502 

𝐿𝑍𝑋𝑋
a 1.496 1.487 

𝐿𝑍𝑍𝑍
a 0.1773 0.1796 
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a𝐿𝐼𝐽𝐾 = 𝐿𝐼𝐼𝐿𝐽𝐽𝐿𝐾𝐾  (𝐼, 𝐽, 𝐾 = 𝑋, 𝑍) 

 

S7. Molecular dynamics simulation 

The method of generating the force field parameters of methanol can be found in ref. 

15. 1000 methanol molecules are built in simulation box using Gromacs program.16 The 

simulation temperature is 298 K. First, we minimize the system with a steepest descent 

algorithm. Second, the simulation system is equilibrated with NPT for 1 ns. The 

equilibrated box is cubic and the box size is 40. 5782 Å. Third, we lengthen the Z 

direction to 81.1564 Å to add a vacuum and generate the methanol gas/liquid interfaces, 

and then the system is equilibrated with NVT for 1 ns. Last, 1ns NVT simulation is 

done to obtain the trajectory that is applied to calculate distributions. In the simulation, 

the time step is taken to be 1 fs, and we treat the long-range electrostatic interactions 

using Ewald summation.17 In Fig. S4, we plot the density of methanol along the Z axis. 

The bulk density is about 810 kg/m3, and the experimental one is 790 kg/m3 with 

molecular density of 1.49×1028 m-3. The theoretical density is close to experimental 

one. The molecules with the density ranging from 10% to 90% of the bulk system are 

taken as the gas/liquid interfaces.  
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Fig. S4. Density of methanol along the Z axis at gas/liquid interfaces. 

 

S8. Two vibrational modes model for Fermi resonance 

In 2011, Ishiyama et al. presented the formulas of Fermi resonance for two 

vibrational modes of methanol using the first-order perturbation.18 However, the two 

eigenstates deduced by them are not orthogonal or normalized (see eqn (B6a) in ref. 

18). Here, we derive the formulas again. When there are two vibrational modes where 

one is the stretching mode and the other is the bending mode, Hamiltonian in eqn (10) 

can be simplified into 

𝐻 = ℏ𝜔𝑠𝑖|1𝑠𝑖⟩⟨1𝑠𝑖| + 2ℏ𝜔𝑏𝑗|2𝑏𝑗⟩⟨2𝑏𝑗| + ℏ𝑉𝑖𝑗(|1𝑠𝑖⟩⟨2𝑏𝑗| + |2𝑏𝑗⟩⟨1𝑠𝑖|)].    (S12) 

The secular equation for the eigenvalues 𝜔± is 

|
ℏ(𝜔𝑠𝑖 −𝜔±) ℏ𝑉𝑖𝑗

ℏ𝑉𝑖𝑗 ℏ(2𝜔𝑏𝑗 −𝜔±)
| = 0.                  (S13) 
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Solving eqn (S13), we obtain 

𝜔± =
𝜔𝑠𝑖+2𝜔𝑏𝑗

2
± √(

𝜔𝑠𝑖−2𝜔𝑏𝑗

2
)2 + 𝑉𝑖𝑗

2,           (S14) 

and the eigenvectors are respectively 

                           𝑐1
± =

2𝜔𝑏2−𝜔
±

√(2𝜔𝑏2−𝜔
±)2+𝑉𝑖𝑗

2
,                   (S15) 

    𝑐2
± =

𝑉𝑖𝑗

√(2𝜔𝑏2−𝜔
±)2+𝑉𝑖𝑗

2
.                   (S16) 

Fermi wavefunctions |𝑛𝐹
±⟩ = 𝑐1

±|1𝑠𝑖⟩ + 𝑐2
±|2𝑏𝑗⟩  are orthogonal and normalized. 

When the coupling is small, |2𝜔𝑏𝑗 − 𝜔𝑠𝑖| ≫ |𝑉𝑖𝑗|. Using Taylor expansion, eqn (S14)-

(S16) are rewritten as 

(1) 𝜔𝑠𝑖 > 2𝜔𝑏𝑗 

𝜔+ ≈ 𝜔𝑠𝑖 +
𝑉𝑖𝑗
2

𝜔𝑠𝑖−2𝜔𝑏𝑗
, 𝜔+ ≈ 𝜔𝑠𝑖 ,                (S17) 

𝜔− ≈ 2𝜔𝑏𝑗 −
𝑉𝑖𝑗
2

𝜔𝑠𝑖−2𝜔𝑏𝑗
, 𝜔− ≈ 2𝜔𝑏𝑗 ,             (S18) 

𝑐1
+ = −1 +

𝑉𝑖𝑗
2

2(𝜔𝑠𝑖−2𝜔𝑏𝑗)
2 ≈ −1,               (S19) 

𝑐2
+ ≈ −

𝑉𝑖𝑗

(𝜔𝑠𝑖−2𝜔𝑏𝑗)
,                   (S20) 

𝑐1
− ≈

|𝑉𝑖𝑗|

𝜔𝑠𝑖−2𝜔𝑏𝑗
,                     (S21) 

𝑐2
− =

−𝑉𝑖𝑗

√(2𝜔𝑏𝑗−𝜔
−)2+𝑉𝑖𝑗

2
≈

−𝑉𝑖𝑗

√𝑉𝑖𝑗
2
=

−𝑉𝑖𝑗

|𝑉𝑖𝑗|
= {

−1 𝑉𝑖𝑗 > 0

1 𝑉𝑖𝑗 < 0

0 𝑉𝑖𝑗 = 0
.       (S22) 

The orthogonal condition is satisfied for the above eigenvectors: 

              𝑐1
+𝑐1

− + 𝑐2
+𝑐2

− ≈ −
|𝑉𝑖𝑗|

𝜔𝑠𝑖−2𝜔𝑏𝑗
+

𝑉𝑖𝑗

(𝜔𝑠𝑖−2𝜔𝑏𝑗)

𝑉𝑖𝑗

|𝑉𝑖𝑗|
= 0.          (S23) 

Hence, eq. (9) can be 

𝛽𝜎𝜌𝜅
+ =

1

ℏ
(√

ℏ

2𝜔𝑠𝑖

𝜕⟨𝐺|𝛼𝜎𝜌|𝐺⟩

𝜕𝑄𝑠𝑖
+
1

2

𝑉𝑖𝑗

𝜔𝑠𝑖 − 2𝜔𝑏𝑗

√2ℏ

2𝜔𝑏𝑗

𝜕2⟨𝐺|𝛼𝜎𝜌|𝐺⟩

𝜕𝑄𝑏𝑗
2 ) × 

           (√
ℏ

2𝜔𝑠𝑖

𝜕⟨𝐺|𝜇𝜅|𝐺⟩

𝜕𝑄𝑠𝑖
+
1

2

𝑉𝑖𝑗

𝜔𝑠𝑖−2𝜔𝑏𝑗

√2ℏ

2𝜔𝑏𝑗

𝜕2⟨𝐺|𝜇𝜅|𝐺⟩

𝜕𝑄𝑏𝑗
2 )

1

𝜔2−𝜔++𝑖𝛤𝑡
,        (S24) 

𝛽𝜎𝜌𝜅
− =

1

ℏ
(
−𝑉𝑖𝑗

2|𝑉𝑖𝑗|

√2ℏ

2𝜔𝑏𝑗

𝜕2⟨𝐺|𝛼𝜎𝜌|𝐺⟩

𝜕𝑄𝑏𝑗
2 +

|𝑉𝑖𝑗|

𝜔𝑠𝑖 − 2𝜔𝑏𝑗
√

ℏ

2𝜔𝑠𝑖

𝜕⟨𝐺|𝛼𝜎𝜌|𝐺⟩

𝜕𝑄𝑠𝑖
) × 
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(
−𝑉𝑖𝑗

2|𝑉𝑖𝑗|

√2ℏ

2𝜔𝑏𝑗

𝜕2⟨𝐺|𝜇𝜅|𝐺⟩

𝜕𝑄𝑏𝑗
2 +

|𝑉𝑖𝑗|

𝜔𝑠𝑖−2𝜔𝑏𝑗
√

ℏ

2𝜔𝑠𝑖

𝜕⟨𝐺|𝜇𝜅|𝐺⟩

𝜕𝑄𝑠𝑖
)

1

𝜔2−𝜔−+𝑖𝛤𝑠
.    (S25) 

(2) 𝜔𝑠𝑖 < 2𝜔𝑏𝑗 

In this case, the corresponding eigenvalues 𝜔𝑟± = 𝜔∓. Therefore, molecular 

hyperpolarizabilities 𝛽𝜎𝜌𝜅
𝑟+ = 𝛽𝜎𝜌𝜅

−  and 𝛽𝜎𝜌𝜅
𝑟− = 𝛽𝜎𝜌𝜅

+ . 

S9. The relationships between macroscopic and molecular hyperpolarizabilities 

  Through Euler angles θ (tilt angle), ψ (twist angle) and Φ (in-plane rotation angle), 

molecular hyperpolarizabilities are related to those in the laboratory coordinates. At 

interfaces, when the distribution of Φ angle is isotropic, the relationships between 

macroscopic and molecular hyperpolarizabilities are given by3 

χ𝑍𝑍𝑍 = 𝑁𝑠 × 

{
 
 
 
 
 
 

 
 
 
 
 
 
〈𝑐𝑜𝑠3𝜃〉(β𝑧𝑧𝑧)                                                                                               

+〈𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝜓〉(𝛽𝑦𝑧𝑧 + 𝛽𝑧𝑦𝑧+𝛽𝑧𝑧𝑦)                                                           

−〈𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜓〉(𝛽𝑥𝑧𝑧 + 𝛽𝑧𝑥𝑧+𝛽𝑧𝑧𝑥)                                                           

+〈𝑠𝑖𝑛2𝜃𝑐𝑜𝑠𝜃𝑠𝑖𝑛2𝜓〉(𝛽𝑦𝑦𝑧 + 𝛽𝑦𝑧𝑦+𝛽𝑧𝑦𝑦)                                          

+〈𝑠𝑖𝑛2𝜃𝑐𝑜𝑠𝜃𝑐𝑜𝑠2𝜓〉(𝛽𝑥𝑥𝑧 + 𝛽𝑥𝑧𝑥+𝛽𝑧𝑥𝑥)                                           

−〈𝑠𝑖𝑛2𝜃𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜓𝑐𝑜𝑠𝜓〉(𝛽𝑥𝑦𝑧 + 𝛽𝑥𝑧𝑦+𝛽𝑦𝑥𝑧+𝛽𝑦𝑧𝑥+𝛽𝑧𝑥𝑦+𝛽𝑧𝑦𝑥)

+〈𝑠𝑖𝑛3𝜃𝑠𝑖𝑛𝜓〉(𝛽𝑥𝑥𝑦 + 𝛽𝑥𝑦𝑥+𝛽𝑦𝑥𝑥−𝛽𝑦𝑧𝑧−𝛽𝑧𝑦𝑧−𝛽𝑧𝑧𝑦)                     

+〈𝑠𝑖𝑛3𝜃𝑐𝑜𝑠𝜓〉(𝛽𝑥𝑧𝑧 + 𝛽𝑧𝑥𝑧+𝛽𝑧𝑧𝑥−𝛽𝑥𝑦𝑦−𝛽𝑦𝑥𝑦−𝛽𝑦𝑦𝑥)                     

+〈𝑠𝑖𝑛3𝜃𝑠𝑖𝑛3𝜓〉(𝛽𝑦𝑦𝑦 − 𝛽𝑥𝑥𝑦−𝛽𝑥𝑦𝑥−𝛽𝑦𝑥𝑥)                                          

+〈𝑠𝑖𝑛3𝜃𝑐𝑜𝑠3𝜓〉(−𝛽𝑥𝑥𝑥 + 𝛽𝑥𝑦𝑦+𝛽𝑦𝑥𝑦+𝛽𝑦𝑦𝑥)                                     }
 
 
 
 
 
 

 
 
 
 
 
 

,        (S26) 

χ𝑍𝑋𝑋 =
1

2
𝑁𝑠 ×

{
 
 
 
 
 
 

 
 
 
 
 
 
〈𝑠𝑖𝑛2𝜃𝑐𝑜𝑠𝜃〉(β𝑧𝑧𝑧) + 〈𝑐𝑜𝑠𝜃〉(β𝑧𝑥𝑥 + β𝑧𝑦𝑦)                                         

−〈𝑠𝑖𝑛2𝜃𝑐𝑜𝑠𝜃𝑠𝑖𝑛2𝜓〉(β𝑦𝑦𝑧 + β𝑦𝑧𝑦+β𝑧𝑦𝑦)                                            

−〈𝑠𝑖𝑛2𝜃𝑐𝑜𝑠𝜃𝑐𝑜𝑠2𝜓〉(β𝑥𝑥𝑧 + β𝑥𝑧𝑥+β𝑧𝑥𝑥)                                            

+〈𝑠𝑖𝑛2𝜃𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜓𝑐𝑜𝑠𝜓〉(β𝑥𝑦𝑧 + β𝑥𝑧𝑦+β𝑦𝑥𝑧+β𝑦𝑧𝑥+β𝑧𝑥𝑦+β𝑧𝑦𝑥)

+〈𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝜓〉(β𝑦𝑦𝑦 + β𝑦𝑥𝑥−β𝑧𝑦𝑧−β𝑧𝑧𝑦)                                             

+〈𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜓〉(−𝛽𝑥𝑥𝑥 + 𝛽𝑥𝑦𝑦+𝛽𝑧𝑥𝑧+𝛽𝑧𝑧𝑥)                                          

+〈𝑠𝑖𝑛3𝜃𝑠𝑖𝑛𝜓〉(−β𝑥𝑥𝑦 − β𝑥𝑦𝑥−β𝑦𝑥𝑥+β𝑦𝑧𝑧+β𝑧𝑦𝑧+β𝑧𝑧𝑦)                 

+〈𝑠𝑖𝑛3𝜃𝑐𝑜𝑠𝜓〉(β𝑥𝑦𝑦 + β𝑦𝑥𝑦+β𝑦𝑦𝑥−β𝑥𝑧𝑧−β𝑧𝑥𝑧−β𝑧𝑧𝑥)                    

+〈𝑠𝑖𝑛3𝜃𝑠𝑖𝑛3𝜓〉(−β𝑦𝑦𝑦 + β𝑥𝑥𝑦+β𝑥𝑦𝑥+β𝑦𝑥𝑥)                                     

+〈𝑠𝑖𝑛3𝜃𝑐𝑜𝑠3𝜓〉(β𝑥𝑥𝑥 − β𝑥𝑦𝑦−β𝑦𝑥𝑦−β𝑦𝑦𝑥)                                       }
 
 
 
 
 
 

 
 
 
 
 
 

 ,   

                                                                          (S27) 
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χ𝑋𝑍𝑋 =
1

2
𝑁𝑠 × 

{
 
 
 
 
 
 

 
 
 
 
 
 
〈𝑠𝑖𝑛2𝜃𝑐𝑜𝑠𝜃〉(β𝑧𝑧𝑧) + 〈𝑐𝑜𝑠𝜃〉(β𝑥𝑧𝑥 + β𝑦𝑧𝑦)                                         

−〈𝑠𝑖𝑛2𝜃𝑐𝑜𝑠𝜃𝑠𝑖𝑛2𝜓〉(β𝑦𝑦𝑧 + β𝑦𝑧𝑦+β𝑧𝑦𝑦)                                             

−〈𝑠𝑖𝑛2𝜃𝑐𝑜𝑠𝜃𝑐𝑜𝑠2𝜓〉(β𝑥𝑥𝑧 + β𝑥𝑧𝑥+β𝑧𝑥𝑥)                                             

+〈𝑠𝑖𝑛2𝜃𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜓𝑐𝑜𝑠𝜓〉(β𝑥𝑦𝑧 + β𝑥𝑧𝑦′+β𝑦𝑥𝑧+β𝑦𝑧𝑥+β𝑧𝑥𝑦+β𝑧𝑦𝑥)

+〈𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝜓〉(β𝑦𝑦𝑦 + β𝑥𝑦𝑥−β𝑦𝑧𝑧−β𝑧𝑧𝑦)                                              

+〈𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜓〉(−𝛽𝑥𝑥𝑥 − 𝛽𝑦𝑥𝑦+𝛽𝑥𝑧𝑧+𝛽𝑧𝑧𝑥)                                           

+〈𝑠𝑖𝑛3𝜃𝑠𝑖𝑛𝜓〉(−β𝑥𝑥𝑦 − β𝑥𝑦𝑥−β𝑦𝑥𝑥+β𝑦𝑧𝑧+β𝑧𝑦𝑧+β𝑧𝑧𝑦)                 

+〈𝑠𝑖𝑛3𝜃𝑐𝑜𝑠𝜓〉(β𝑥𝑦𝑦 + β𝑦𝑥𝑦+β𝑦𝑦𝑥−β𝑥𝑧𝑧−β𝑧𝑥𝑧−β𝑧𝑧𝑥)                    

+〈𝑠𝑖𝑛3𝜃𝑠𝑖𝑛3𝜓〉(−β𝑦𝑦𝑦 + β𝑥𝑥𝑦+β𝑥𝑦𝑥+β𝑦𝑥𝑥)                                     

+〈𝑠𝑖𝑛3𝜃𝑐𝑜𝑠3𝜓〉(β𝑥𝑥𝑥 − β𝑥𝑦𝑦−β𝑦𝑥𝑦−β𝑦𝑦𝑥)                                       }
 
 
 
 
 
 

 
 
 
 
 
 

 ,        (S28) 

χ𝑋𝑋𝑍 =
1

2
𝑁𝑠 × 

{
 
 
 
 
 
 

 
 
 
 
 
 
〈𝑠𝑖𝑛2𝜃𝑐𝑜𝑠𝜃〉(β𝑧𝑧𝑧) + 〈𝑐𝑜𝑠𝜃〉(β𝑥𝑥𝑧 + β𝑦𝑦𝑧)                                        

−〈𝑠𝑖𝑛2𝜃𝑐𝑜𝑠𝜃𝑠𝑖𝑛2𝜓〉(β𝑦𝑦𝑧 + β𝑦𝑧𝑦+β𝑧𝑦𝑦)                                           

−〈𝑠𝑖𝑛2𝜃𝑐𝑜𝑠𝜃𝑐𝑜𝑠2𝜓〉(β𝑥𝑥𝑧 + β𝑥𝑧𝑥+β𝑧𝑥𝑥)                                           

+〈𝑠𝑖𝑛2𝜃𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜓𝑐𝑜𝑠𝜓〉(β𝑥𝑦𝑧 + β𝑥𝑧𝑦+β𝑦𝑥𝑧+β𝑦𝑧𝑥+β𝑧𝑥𝑦+β𝑧𝑦𝑥)

+〈𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝜓〉(β𝑦𝑦𝑦 + β𝑥𝑥𝑦−β𝑦𝑧𝑧−β𝑧𝑦𝑧)                                            

+〈𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜓〉(−𝛽𝑥𝑥𝑥 − 𝛽𝑦𝑦𝑥+𝛽𝑥𝑧𝑧+𝛽𝑧𝑥𝑧)                                         

+〈𝑠𝑖𝑛3𝜃𝑠𝑖𝑛𝜓〉(−β𝑥𝑥𝑦 − β𝑥𝑦𝑥−β𝑦𝑥𝑥+β𝑦𝑧𝑧+β𝑧𝑦𝑧+β𝑧𝑧𝑦)               

+〈𝑠𝑖𝑛3𝜃𝑐𝑜𝑠𝜓〉(β𝑥𝑦𝑦 + β𝑦𝑥𝑦+β𝑦𝑦𝑥−β𝑥𝑧𝑧−β𝑧𝑥𝑧−β𝑧𝑧𝑥)                  

+〈𝑠𝑖𝑛3𝜃𝑠𝑖𝑛3𝜓〉(−β𝑦𝑦𝑦 + β𝑥𝑥𝑦+β𝑥𝑦𝑥+β𝑦𝑥𝑥)                                   

+〈𝑠𝑖𝑛3𝜃𝑐𝑜𝑠3𝜓〉(β𝑥𝑥𝑥 − β𝑥𝑦𝑦−β𝑦𝑥𝑦−β𝑦𝑦𝑥)                                      }
 
 
 
 
 
 

 
 
 
 
 
 

 .         (S29) 

   When the distribution of ψ angle is also isotropic (see Fig. 1(b)), 〈𝑠𝑖𝑛2𝜓〉 =

〈𝑐𝑜𝑠2𝜓〉 =
1

2
 and 〈𝑠𝑖𝑛𝜓〉 = 〈𝑐𝑜𝑠𝜓〉 = 〈𝑠𝑖𝑛𝜓𝑐𝑜𝑠𝜓〉 = 〈𝑠𝑖𝑛3𝜓〉 = 〈𝑐𝑜𝑠3𝜓〉 = 0 . Eqn 

(S26)-(S29) can be simplified into 

χ𝑍𝑍𝑍 = 𝑁𝑠 × 

{
〈𝑐𝑜𝑠3𝜃〉(β𝑧𝑧𝑧)                                                                                     

+〈𝑠𝑖𝑛2𝜃𝑠𝑐𝑜𝑠𝜃〉(𝛽𝑦𝑦𝑧 + 𝛽𝑦𝑧𝑦+𝛽𝑧𝑦𝑦 + 𝛽𝑥𝑥𝑧 + 𝛽𝑥𝑧𝑥+𝛽𝑧𝑥𝑥) /2
},             (S30) 

χ𝑍𝑋𝑋 =
1

2
𝑁𝑠 × 

{
〈𝑠𝑖𝑛2𝜃𝑐𝑜𝑠𝜃〉(β𝑧𝑧𝑧) + 〈𝑐𝑜𝑠𝜃〉(β𝑧𝑥𝑥 + β𝑧𝑦𝑦)                                

−〈𝑠𝑖𝑛2𝜃𝑐𝑜𝑠𝜃〉(β𝑦𝑦𝑧 + β𝑦𝑧𝑦+β𝑧𝑦𝑦 + β𝑥𝑥𝑧 + β𝑥𝑧𝑥+β𝑧𝑥𝑥) /2 
} ,              (S31) 
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χ𝑋𝑍𝑋 =
1

2
𝑁𝑠 × 

{
〈𝑠𝑖𝑛2𝜃𝑐𝑜𝑠𝜃〉(β𝑧𝑧𝑧) + 〈𝑐𝑜𝑠𝜃〉(β𝑥𝑧𝑥 + β𝑦𝑧𝑦)                              

−〈𝑠𝑖𝑛2𝜃𝑐𝑜𝑠𝜃〉(β𝑦𝑦𝑧 + β𝑦𝑧𝑦+β𝑧𝑦𝑦 + β𝑥𝑥𝑧 + β𝑥𝑧𝑥+β𝑧𝑥𝑥) /2
} ,              (S32) 

χ𝑋𝑋𝑍 =
1

2
𝑁𝑠 × 

{
〈𝑠𝑖𝑛2𝜃𝑐𝑜𝑠𝜃〉(β𝑧𝑧𝑧) + 〈𝑐𝑜𝑠𝜃〉(β𝑥𝑥𝑧 + β𝑦𝑦𝑧)                               

−〈𝑠𝑖𝑛2𝜃𝑐𝑜𝑠𝜃〉(β𝑦𝑦𝑧 + β𝑦𝑧𝑦+β𝑧𝑦𝑦 + β𝑥𝑥𝑧 + β𝑥𝑧𝑥+β𝑧𝑥𝑥) /2
} .             (S33) 

  In a non-resonant case, the polarizability are symmetric: 𝛼𝜎𝜌 = 𝛼𝜌𝜎 (see eqn (9)). 

Hence, β𝜎𝜌𝜅 = β𝜌𝜎𝜅. For β𝑥𝑧𝑥 = β𝑧𝑥𝑥 and β𝑦𝑧𝑦 = β𝑦𝑦𝑧, χ𝑋𝑍𝑋 = χ𝑍𝑋𝑋. 

S10. Theoretical and experimental SFVS 

  In ref. 18-23, scientists conducted studies on SFVS of methanol at gas/liquid interfaces. 

In ref 21, Li et al. presented the absolute ssp and ppp intensities and there are relative 

intensities in other references. We compare our theoretical results with experiment.21 In 

order to compare our computations with other experimental results, we assume that the 

absolute macroscopic susceptibilities 𝜒𝑌𝑌𝑍  of the strongest ssp peak are the same. 

Hence, the ssp strongest intensities are proportional to the square of 𝑠𝑖𝑛𝛽2 (see eqn 

(2)). There is no simple relationship between the ppp intensities and the trigonometric 

function values of the incident and reflection angles of the lights (see eqn (3)). 

Therefore, we present the theoretical and experimental ssp spectra in Fig. 2, S5(a)-S7(a) 

and S9(a), only the theoretical ppp spectra in Fig. S5(b)-S8(b), and the theoretical and 

experimental ppp spectra in Fig. S9(b). The main differences of the experimental 

spectra are that their incident angles are somewhat different.  

From Fig. 2, S5-S7 and S9, we find that the second strongest peaks of the ssp spectra 

in ref. 18,22,23, which agree with our computations, are weaker than those of the other 
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SFVS experiments. The intensities of the visible and IR input lights are different in 

experiments,18-24 which may have different interactions of the incident lights with 

molecules at interfaces and affect molecular properties and orientations. This may be 

the reason why there are different SFVS at gas/liquid interfaces for the same methanol 

molecules.  

In Fig. S9, we plot the ssp and ppp spectra and display four terms (see eqn (3)) 

including the influences of the incident and reflection angles of the lights and Lorentz 

local field corrections. Fig. S9(c) show that the 𝜒𝑋𝑋𝑍 term predominates. Thus, also 

the xxz and yyz components of the hyperpolarizablities dominate the SFVS intensities. 

The 𝜒𝑋𝑍𝑋  and 𝜒𝑍𝑋𝑋  terms are relatively small and modify the ppp spectra. Form 

section S9, we know that χ𝑋𝑍𝑋 = χ𝑍𝑋𝑋. Their corresponding trigonometric function 

products are respectively 0.2579 and 0.2719 when the incident angles of the IR and Vis 

lights are 58o and 45o, respectively. Therefore, the 𝜒𝑋𝑍𝑋 and 𝜒𝑍𝑋𝑋 terms are almost 

coincident. The 𝜒𝑍𝑍𝑍 term is very small for its Lorentz local field correction is small 

with a value of 0.1773. Comparing Fig. 9(b) and 9(a), we find that the ppp spectra are 

smaller than the ssp ones. The reason is that the trigonometric function values for the 

𝜒𝑋𝑋𝑍 terms of the ssp and ppp spectra are 0.8480 and 0.4127, respectively. 

Furthermore, we discover that the frequencies calculated by us in theoretical SFVS 

are smaller than experimental ones (see Fig. 2 and S5-S9), and the computed 

anharmonic vibrational frequencies are in good agreement with experiments (see Table 

S1) . The reason is that we apply two different methods to obtain the frequencies: when 

studying Fermi resonance, we only consider the cubic force constants, which relate the 
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overtones and combinations of the H-C-H bending modes to the C-H stretching modes, 

and the other non-diagonal coupling terms are taken to be zero; however, when 

investigating the anharmonic frequencies, Barone10 achieves more accurate vibrational 

frequencies including the quadratic, cubic and quartic force constants contributions of 

all the normal modes to calculate the diagonal and non-diagonal terms of the 

anharmonic X matrix. 
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(b) 

Fig. S5. The (a) ssp and (b) ppp spectra in gas phase including the contributions of first-

order and second-order dipole moment and polarizabilty derivatives (blue), using PCM 

(red), and the experimental ones (open circles) in ref. 19 when the two incident angles 

of the IR and Vis lights are 58o and 52o, respectively. 
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Fig. S6. The (a) ssp and (b) ppp spectra in gas phase including the contributions of first-

order and second-order dipole moment and polarizabilty derivatives (blue), using PCM 

(red), and the experimental ones (open circles) in Ref. 20 when the two incident angles 

of the IR and Vis lights are 55o and 60o, respectively. 
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(b) 

Fig. S7. The (a) ssp and (b) ppp spectra in gas phase including the contributions of first-

order and second-order dipole moment and polarizability derivatives (blue), using PCM 

(red), and the experimental ones (open circles) in ref. 22 when the two incident angles 

of the IR and Vis lights are 60o and 49o, respectively. 
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Fig. S8. The ppp spectra in gas phase including the contributions of first-order and 

second-order dipole moment and polarizability derivatives (blue) and using PCM (red) 

when the two incident angles of the IR and Vis lights are 66o and 58o, respectively. 
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Fig. S9. The (a) ssp and (b) ppp spectra with the contributions of the first-order and 

second-order dipole moment and polarizability derivatives (blue), without the 

contributions of second-order derivatives (green) in gas phase, using PCM (red), and 

the experimental spectra (open circles) in ref. 21, and (c) the four terms that affect the 

ppp spectra including the influences of the incident and reflection angles of the lights 

and Lorentz local field corrections in gas phase when the incident angles of the IR and 

Vis lights are 58o and 45o, respectively. 

 

Table S9 The second-order susceptibilities 𝜒0 in gas phase and 𝜒𝑃𝐶𝑀 (10-23i m2/V) 

calculated by PCM for Fermi modes when the IR light is exactly resonant to Fermi 

vibrational frequencies (cm-1) and the incident angles of the IR and Vis lights are 58o 

and 45o, respectively 
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nF 1F 2F 3F 4F 5F 6F 7F 8F 9F 

Frequency 2793 2874 2914 2974 2980 2994 3107 3119 3172 

 𝜒𝑋𝑋𝑍
0   175 -26.0 109 5.28 -0.831 13.1 -14.3 7.81 64.2 

𝜒𝑋𝑍𝑋
0  15.5 67.0 2.43 -0.324 2.13 -0.595 36.8 13.8 3.87 

𝜒𝑍𝑋𝑋
0  15.5 67.0 2.43 -0.324 2.13 -0.595 36.8 13.8 3.87 

𝜒𝑍𝑍𝑍
0  179 52.0 84.6 3.73 1.66 10.9 28.6 21.3 53.0 

𝜒𝑠𝑠𝑝
0  231 -34.3 144 6.95 -1.10 17.3 -18.9 10.3 84.6 

𝜒𝑝𝑝𝑝
0  -98.1 21.8 -63.6 -3.10 0.698 -7.58 12.0 -3.13 -37.0 

𝜒𝑠𝑠𝑝
𝑃𝐶𝑀 247 -34.5 155 10.8 -0.381 18.0 5.78 -26.1 126 

𝜒𝑝𝑝𝑝
𝑃𝐶𝑀 -105 22.1 -68.4 -4.90 0.244 -7.95 -0.870 16.7 -54.5 
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