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I. METHODS

In this section, we will first review the basics of the quantum embedding methods, fol-
lowing the discussions in previous works [1-3]. We then introduce the our methods DMET-
ESVQE in Section I B. We further discuss the practical implementation for molecular sys-

tems.

A. Review of density matrix embedding theory

Density matrix embedding is one of the representative methods in the quantum embed-
ding theory, first proposed in 2012 [2, 3], which converts the original quantum system into
a system composed of a fragment, the corresponding bath, and the pure environment. The
basic idea is to compress the dimension of the system by Schmidt decomposition of the wave
function. Imagine a Hilbert space composed of two orthonormal subspaces called fragment
A with dimension L4 and environment B with dimension Lg (L4 < Lg). the dimension of
any wave function |¥) in this Hilbert space can be decomposed by Schmidt decomposition

as

Ly Lp Lpn Lp La

) =3 N WAIE) = 33D UALANE) = S AdADIBD, (1)

where the states |By) = ZJLB VJj|Bj> are defined as the bath orbitals which are entangled
with fragment orbitals |A,) = 3274 Uia| A;). If |¥) is the ground state of a Hamiltonian H,

then it must also be the ground state of
He, = PHP, (2)

which is the Hamiltonian for the embedded system composed of fragment plus its bath with

the projector defined by
P =" |AaBs){AsBs. (3)
apf
The spirit of DMET is that the solution of a small embedded system is the exact equivalent to

the solution of the full system [1], while the dimensions could be greatly reduced. However,
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the construction of P requires the exact ground state of the full system |¥) and thus the
introduction of approximations is necessary. In practice, DMET algorithm is designed in
a bootstrap manner. The mean-field approximation will be used for the full system to
carry out the Schmidt decomposition and the embedded system will be solved by high-level
method. Some constraints will be introduced to regulate the high-level results for further

improvement.

B. Procedure of DMET-ESVQE

The entire process of calculating a chemical system by DMET-ESVQE is outlined as

follows.

1. Partition the system into several fragments. Perform low-level, mean-field calculation

on the entire system to obtain the ground state |®g).

2. Select a fragment from the system, construct the corresponding bath from |®g) by
Schmidt decomposition. Construct the projector P and then obtain Hey, = PHP for
the embedded system.

3. Calculate the one-body (!D) and two-body reduced density matrix (2D) of the em-
bedded system by ESVQE simulated on a classical computer or real quantum device
in the future. Check if all the fragments have been traversed. If not, go back to step

2 and move to the next fragment.

4. Check if the constraint has been satisfied. The different limitation has a different
cost function CF (see details in Section 1C). For the single-shot DMET, the global
chemical potential jigiona1 is introduced to conserve the electron number. If £ (jtgional)
is more than a settled threshold 7, go back to step 3 with the optimized figiohat, and

re-calculate all the fragments.

5. Calculate expectations such as the total energy of the system democratically.

The pseudocode of the above DMET workflow is outlined in Algorithm 1.

3



Algorithm 1: Pseudocode for Density Matrix Embedding Theory

1 Partition the full system with a given scheme ;

2 |®g) < low-level method ;

3 [lglobal < 0 ;

4 7+ 107°;

5 do

6 for fragment A € system do

7 Construct bath orbitals, |B,) < |®¢), |4,) ;

8 Build projection matrix, P < |A,), |B,) :

9 Obtain embedding Hamiltonian, Ho «— H , }5, [global ;
10 Get 'D4 and 2Dy by ESVQE, 'D4,2D 4  Hemp, |A,), |B,)
11 end
12 CF(,uglobal) and figlobal <= Noce, ZA "Dy ;

1

w

while |CF (pg10ba1)| > T;

14 Calculate observable expectation of interest < > , D, > Dy

In the following, we discuss the construction of the embedding Hamiltonian in Section I C,
the constraints in the practical implementation for realistic quantum chemistry problems in

Section I D and the implementation details of ESVQE in TE.

C. Construction of embedded system in interaction formulation

In this subsection, we discuss the strategy proposed in Ref. [1]. A straightforward ap-
proximation for the exact ground state is the low-level Hartree-Fock wave function. DMET
uses this low-level wave function to construct the bath orbitals and solve the embedded sys-
tem with a high-level solver. The low-level wave function |®g) obtained from the mean-field
method could be written in second quantization as follows:

@) = [] allvac), (4)

HENoce
where {ay, dL|k: < L} is the set of the annihilation and creation operators on L spin orbitals
denoted by indices k,l. N, electrons are supposed to occupy the N,.. lowest spin orbitals
denoted by index p,r. The mean-field state |®g) is obtained under a selected basis set,

of which the annihilation and creation operators are {¢ ¢k < L]}. For convenience,
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all basis have been orthonormalized and localized. In this work, we use the meta-lowdin
method implemented in PySCF for this purpose [4, 5], although other methods such as
intrinsic atomic orbitals have been reported in the literature [3, 6]. {af,a,|p < Noec} and

{él,éx|k < L} are connected through a coefficient matrix C"

L
i, = &Chy, (5)

with the size of L x N,... The one-body density matrix D of the state is obtained as

Nocc

"Duugga = (Dolafan|®o) = > OOl (6)
“w

For convenience, it is assumed that the orbitals of a selected fragment A are constructed

by the first L4 spin orbitals. The D, could be written as

1A 1 inter
lD — D(LAXLA) D(LAX(LfLA)) (7)
mf 1DT inter 1DB !

(L=La)xLa) (L=La)x(L—La))

. : B
The environment submatrix ' D, ; constructed from ' D¢ can be decomposed as:

L—Ly

Dr= > N[B)B,, (8)
q

where ), is the eigenvalue of the environment orbitals |B;). The bath orbitals entangled
with the fragment will contribute all the eigenvalues between 0 and 1 (or 2 if using spatial
orbital), while occupied (1 or 2) and unoccupied (0) environment orbitals are separated from
the embedded system, where the occupied environment orbital is named core orbital either.
Due to MacDonald’s theorem [7], the bath orbitals will have the same dimension with the
fragment. In the active space language, there are essentially 2L 4 active orbitals and the role

of the rest L — 2L 4 orbitals is to provide an effective potential szqff to the Hamiltonian of
mf

the fragment based on the mean-field one-body reduced density matrix 1Dm’n

Vel = 3" ['Di (palmn] = [pnlma))| b, )

where we have continued to use m,n, k,[ as the indices for the original spin-orbitals of the

molecule and p, q,r, s as the indices for the rotated spin-orbitals of the embedded system



following the main text. The summation of m,n runs over all unentangled orbitals including
the inactive orbitals Q4. The embedded Hamiltonian can now be written as

N ~ 1~ T
Hemb = Enuc + Z dpqa;;aq + Z §hpqrsa;r;a;ara57 (10)

p?q p’q7’r7s

with d,, defined as the transformed one-electron kinetic and Coulomb energy plus the effec-
tive potential of the unentangled electrons

7 mf
dpg = Z T];rkdklﬂq + Z [lem ([pqlmn] — [pn|mq]) |, (11)
k.l

and g, defined as the transformed two-electron Coulomb interaction
;LPQT‘S = Z T;k;TthklmnTmrTns (12)
k,l,m,n

where the transformation matrix 7" is written as:

I(LAXLA) O(LAXLA)

T — (13)

OL-La)xLa) B(L-La)xLa)-
and B((;—r,)xL,) are the L, bath orbitals entangled with the fragment.

Based on Hemp, the one-body reduced density matrix 1Dﬁ‘igh for the embedded system:

1 Dfrag,A 1Dinter,A

1 A . (LAXLA) (LAXLA)
Dhign = || f inter,A 1 pbath,A ’ (14
(LaxLa) (LaxLa)

is obtained by a high-level quantum solver mentioned in Section I E and so is the two-body

reduced density matrix >Dj}, .

D. Constraint for high-level solution

After solving all fragments, some constraints could be introduced to regulate the high-level
solutions self-consistently [1]. The electrons would be re-distributed between the fragment
and bath during the DMET iteration, and as a result the number of electrons in the fragments
may not sum up to the total number of electrons of the full system.

A global chemical potential pigona is introduced to fix this problem by modifying the

H_.;, as
La
Hemb — Hemb - Mglobal Z dia’r (15>
reQA4



Here, we have defined Q4 = U; QM \ QL where Q2 is a set of inactive orbitals treated
at mean-field level and excluded from the DMET iteration. We note Q4 could be an empty

set. The wavefunction in the fragment A can be represented by
(04) = [Uga) @ | D) (16)

where |Uqa4) denotes the high-level wavefunction in the selected basis set Q4 and |®24,) is
the mean-field solution, a single product state spanning the basis of inactive orbital Q.
The role of ®2; is providing an effective potential %eqff to the embedded Hamiltonian via
Eq 9. We can find that 1D,If;f is irrelevant to the self-consistency condition for single-shot
DMET. Therefore, this method is different from those simply adopting an active space high-
level solver, in which the inactive orbitals will be involved in the optimization process. In
our workflow, the Newton-Raphson method has been used to optimize jigona1 by solving the
equation L (ftgiona1) = 0.

As indicated in the main text, the single-shot DMET cost function is written as

2
,uglobal (Z Z 1Dfrag’ ,U/global) + Nmf Nocc) y (17)

reQA4

where Ny =>4 Zreﬁgf lDf:f is the number of electrons in the inactive orbitals obtained
at mean-field level and N, is the total number of electrons. The solution could be improved
further by eliminating the discrepancy between the mean-field one-body density matrix and
the fragment one-body density matrix by adding a correlation potential C (u) to Hamiltonian
H:

A ~ N

H « H + C(u), (18)

where C'(u) takes the form

=> > udfa,. (19)

A rseQ4

With inactive orbitals, the cost function can be written as

Tra, m m m 2
=20 > (PRt =D @)ty 3D (DR - DRO)",  (20)
A rseQ4 rsel, Q4
where 1D™(0) is the one-body reduced density matrix without the fitted correlation po-
tential and ~ is a predefined weight constant. The last term ensures minimal effect of the

correlation potential on the inactive orbitals Q4.



The approach which only keeps the conservation of electron number is named as single-
shot DMET [1], while the one that introduces the correlation potential is named as correla-
tion potential fitting DMET (or self-consistent DMET) [1-3].

Single-shot DMET could also be modified case by case to improve the DMET performance
or save the computational cost. In some cases, we are only interested in a small region in the
whole system, such as the reaction center of a large organic molecule. Then the interested
region can be treated as the only fragment and the calculation of the embedded system
is carried out without any constraint. This modification is named active space DMET or
DMET(AS) [1]. We note that from a chemical perspective, if FCI is used as the DMET
solver, this exactly corresponds to a CASCI calculation and the role of DMET is to define

an active space.

E. VQE with Energy Sorting Unitary Coupled Cluster Ansatz

In this work, we use the energy sorting strategy to construct a compact quantum circuit

for the ground state searching. The workflow of ESVQE is summarized below:

1. Generate the reference state, i.e. the Hartree-Fock state, and construct the operator
pool O to build the wave function ansatz. For UCCSD ansatz, the operator pool O

consists of all the possible single- and double-excitation operators TPT and qum.

2. VQE optimization iteration is carried out for each operator T, € O for E;. The
importance of the operator is evaluated by the energy difference with the reference
state AE; = E;—Eyo. AE; = E;— By with E; = ming, (Uye|e %G e G-I, )
and Fe = <\I/ref|fl |W,er) Then, sorted list £ = {(AE;, Ti)}sorted is formed.

3. The operators with contributions above a threshold |AE;| > ¢ are picked out and used

to perform the VQE optimization. In this work we set e = 1 x 107°.

4. Finally, output the circuit parameters corresponding to the optimized wave function

| WPty together with the energy E°P' and exit.

In the initialization process, the reference energy F..s in Step 2 on a Hartree-Fock state
can be classically calculated efficiently. The energy E; is measured on a quantum computer,

which is the additional measurement cost compared to conventional VQE. In this work, we



use the first-order Trotter decomposition. Note that extra fine-tuning can be performed
after step 3 by iteratively adding more operators to the ansatz until the energy difference
B¢~ — E®) between the (k — 1)th and the kth iteration (k > 1) is smaller than a certain

convergence criterion. In this work we skip this step for simplicity.

F. Computation of expectation value

The expectation will be calculated in a so-called democratic way, first proposed in Ref. [1].
It means if an operator has the indices from different fragments, the expectation of this
operator will be the average of expectation for this operator in different fragments. For

instance:

i

(ala; + ala;) = (Walala;|0a) + (Vplala; | p), (21)

where the i and j belong to the fragment A and B, respectively. So are the two-body terms

and so on.

II. TYPICAL DECOMPOSITION OF UNITARY EVOLUTION

In our work, the embedded small system is solved with high-level quantum solver, par-
ticularly in this work is mainly ESVQE. The ESVQE is well described in TE. The single-
and double-excitation operators T »r and qum are utilized to construct the compact quantum

circuit.

For example, the wavefunction |¥) of a embedded system can be ideally constructed

from the UCCSD ansatz |¥) = Xt T

Uy), where T;, N, represents the corresponding
single- and double excitions operators and number of operators in the selected operator
pools. we perform the Jordan-Wigner transformation to change from fermion space to
qubit space to enable the quantum simulation. Generally, the directly unitary evolution
is hard to implement. so first-order Trotterization is always employed, results in quantum

—

circuit generated as the product of a series of time evolution of Pauli strings like U(0) =

e01P1ei02P2 010 P | \where P; are Pauli strings.

Specially, for single excitation operators associate with coefficient 6 that after Jordan-



Wigner transform, it can be written as [§]

i —1i" = 6(a}a; — ala,)
9 a—1 (22)
= ig(olol —alal) ( & i
k=i+1
[o¥a? ok o¥] = 0 if m # a,n # i. Thus, after first-order Trotterization, the corresponding
unitary operators may split as the product a series of unitary operator ei3040 0} ) ei30407 0} ,

etc. Similarly, for the double excitation operators associated with another coefficient  may

leads to

i 0 = g

(alalaiaj — a}azabaa)

aw 0. :
WY y x x x x
= —(iolo,oi0] —io o]0} 0]

8
+i0tororo? —ioYolol ot +i0YoloT oY (23)
a”b%i Yy a’b”i7g a”bY1Yj

i—1 j—1
YT Y G o Y Y Y z 2
+ioYoyoiol —io,o)0]0]) ® o ® o |,

k=m+1 p=n+1

Yy _x __x s xr _x Y _x
g;,0; —ZO’aO'bO'iO'j

and it can be split as product of similar time evolution of single Pauli strings after Trot-

terization. To realize the time evolution of single Pauli strings, such as a typical operator

971939395 it may be decomposed into single-qubit rotation gates and two-qubit CNOT
gate [9] as
1 (24)
2 D D
3 D D
4 D— R.(20) —D

Other operators may be decomposed to similar circuits other than some different in single
rotations. Generally, a time evolution of single Pauli string with length m (Note ignore
the identity operator), assume n out of the m is Pauli Z operator, and the rest is either
Pauli X or Y, then the corresponding gate number would be 2(m — 1)(CNOT gates) and
1+ 2(m — n)(single-qubit gates) and the corresponding gate-depth would be 2(m — 1) + 1
when (m # n) or 2(m — 1) + 3 when (m # n). Note the above analysis does not take any
hardware constraint into consideration, such as only allow nearest two-qubit gate and we
also assume the basis-rotation single qubit gate can be implemented in parallel, so that 2
more extra depth is required when m # n.

According to ESVQE, each operators corresponding to one parameter. The operator
i

did not selected into the operator pools shall disapper in el=" will be eliminated and the

10



corresponding Pauli strings in the quantum circuit shall disappear, leading to significant

reduction to the circuit depth.

III. NUMERICAL RESULTS

A. Convergence of the DMET algorithm

In our simulation the DMET cost function L£(fgoba1) typically converges within a few
round of iterations. In Table I, we display the convergence of the DMET cost functions
in DMET iterations using different basis sets of the Hyy system. Each DMET iteration
corresponds to a certain number of ESVQE runs, depending on the fragmentation of the
system. It is found that, regardless of the basis set used, the convergence of the cost function

is reached within 3 to 4 iterations. Here the convergence threshold is set as 1 x 107°.

TABLE I. Convergence of the DMET cost function L(fglobal) in DMET iteration for the Hjg

system.
Basis Set STO-3G 6-31G
Bond Distance 1.0 2.0 2.8 1.0 2.0 2.8

Iteration 1 —22x1073 1.3x1073 6.2x10° 1.1x1072 44x1072 6.1 x 1072
Iteration 2 —1.3x1073 21x1073 2.8 x107% 12x1072 46x1072 6.1 x 102
Tteration 3 02x107Y —42x107° 3.0x1079 —22x107° 19x10% —-53x107°

Iteration 4 — — — — —2.7x 1075 -

B. Absolute energies

In Table II, we list the absolute HF (either restricted or unrestricted), B3LYP, CCSD
and DMET-ESVQE energies for the specified geometries of CgHg hydrogenation and the Cig
molecule. All methods except HF are non-variational, so direct comparisons of the absolute

energies are of limited indication.
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TABLE II. Absolute energies of the specified geometries of the systems invested in the main text
by HF, B3LYP, CCSD and DMET-ESVQE. The meanings of the ”Symbol”s can be found in the

corresponding main text.

System Basis Symbol HF B3LYP CCSD DMET-ESVQE
CeHg+H> STO-3G Ets -229.853 -231.361 -230.371 -230.275
Cig STO-3G Eeumu -672.783 -676.324 -673.799 -674.325
Cig cc-pVDZ Eeumu -681.204 -684.962 -683.223 -682.624

C. Analysis of the errors

Here we discuss the errors for DMET-ESVQE simulation in length to gain more insight
into ESVQE and DMET. In Fig. 1 we show the relative error for the results derived by
CCSD, ESVQE and DMET-ESVQE in the Hyg system with STO-3G and 6-31G basis set.
The reference ground truth is the results given by FCI in the respective basis set. In both
panel (a) and panel (b) the convergence failure for CCSD is clearly visible. For STO-3G
basis set, the results for conventional ESVQE is worse than DMET-ESVQE proposed here.
This outcome might be surprising in the sense that the simulation of conventional ESVQE
requires more qubits than DMET-ESVQE. Indeed, in the case where FCI is used as the
high-level solver (DMET-FCI), DMET-FCI is apparently an approximation to the original
FCI method and the role of DMET is to reduce the computational cost. The accuracy
of DMET-FCI can be improved by using larger fragment size until the fragment size is
equal to half of the whole system. However, the situation is not the same if approximate
quantum chemistry solvers such as CCSD and ESVQE are considered. In the specific case of
H,o with each single H atom as a fragment, it is well established that DMET-FCI produces
the exact result in the dissociation limit [1]. The result is natural to understand in that
DMET effectively adds up energies of individual H atoms which are treated at the FCI
level. The key point of the Hyj case is that DMET-CCSD or DMET-ESVQE is equivalent to
DMET-FCI because the fragment+bath problem is a two-electron two-orbital problem. As
a result, DMET-CCSD or DMET-ESVQE becomes more accurate than CCSD or ESVQE
respectively at the dissociation limit. Despite the argument here, we do not anticipate

that the DMET framework is able to reduce computational cost and improve accuracy
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FIG. 1. Relative error for the homogeneous stretching of a evenly-spaced hydrogen chain composed

of 10 atoms in (a) STO-3G and (b) 6-31G basis set.

simultaneously for general chemical systems. For 6-31G basis set, the error of DMET-
ESVQE deviates from the error of DMET-FCI at the dissociation limit, which might be due
to the energy sorting truncation of the ESVQE ansatz and the Trotter error [10]. Using
more expensive VQE solver such as ADAPT-VQE [11] is possible to alleviate the problem.
We term this approach as DMET-ADAPT. The implementation we use for ADAPT-VQE
is Qiskit [12] (qiskit_nature version: 0.3.2) with default parameters, which means that the
energy convergence threshold is set to 1x 1075, It is shown in Fig. 1 that, as a more expensive
method, DMET-ADAPT yields more accurate results than DMET-ESVQE. However, the
simulation is much more time consuming, and the error at long bond distance compared to

DMET-FCI is still visible.

The potential energy curves by CCSD and DMET-ESVQE shown in the main text are
not well aligned. In Fig. 2 we explore its origin by checking the convergence of fragment
size with STO-3G basis set using CCSD as the high-level solver, termed as DMET-CCSD.
Here we have replaced ESVQE with CCSD because their performance should be of the
same level. The fragment size is defined as the number of carbon atoms contained in each
fragment. For the 6 = 16° geometry and the 8 = 18° geometry we find that by increasing
the fragment size the energy obtained by DMET-CCSD converges to the energy obtained
by CCSD and E — E““SP approaches to zero. When the number of carbon atoms in the
fragment is 9, DMET-CCSD effectively reduces to CCSD. For the 6 = 20° geometry, the
difference between DMET-CCSD and CCSD abruptly increases when there are 3 carbon
atoms in each fragment. This is actually a known issue of DMET that using larger fragment

size might deteriorate the outcome [1] and strategies to improve this shortcoming are under
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FIG. 2. The convergence of DMET with respect to the fragment size using CCSD as the high level
solver. The reference energy EC“SP is obtained by solving the whole Cig molecule using CCSD.

The fragment size is defined as the number of carbon atoms in each fragment.

active development [13-15]. In principle, using a larger fragment size produces more
accurate DMET energy. However, such a tendency may suffer from different issues. The
DMET method itself is not variational and the fragment size is not identical to the size of
active space in CI methods. Besides, increasing the DMET fragment size has a side effect
that may increase the error of the high-level solver. When a larger DMET fragment size is
used, the embedded problem becomes more complex and the high-level solver might be less
efficient and hence become more inaccurate, leading to deteriorated results. This effect is

manifested in Fig. 1 of the supporting information and is discussed in detail.
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