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The planar interface: Consider the geometry of the plane in-
terface in the inset (a) of Figure 1 of the main manuscript. The
Helmholtz free-energy per unit volume of this system can be writ-
ten in the following form,

F (φin,φout , f ,λ ) = f Fb(φin)+(1− f )Fb(φout)+2γV−1/3+

λ [φ0− f φin− (1− f )φout ] ,

(1)

where Fb(φ) is the free-energy per unit volume of the bulk, f is
the faction of the solvent phase, γ is the surface tension, V is the
box volume, and φ0 is the initial composition and the Lagrange
multiplier λ ensures mass conservation. Since we treat the to-
tal volume V as a parameter there are four unknowns, φin, φout ,
f and λ in the above free-energy. Minimisation w.r.t these four
unknowns leads to the following equations,

∂Fb

∂φ

∣∣∣∣
φin

= λ

∂Fb

∂φ

∣∣∣∣
φout

= λ

λ =
Fb(φin)−Fb(φout)

φin−φout
, (2)

These three equations can be solved to yield the three unknown
variables φin, φout , and λ . It should be noted that upon re-
arranging the three above equations, one arrives at the famil-
iar common-tangent conditions : µ(φin) = µ(φout) and Π(φin) =

Π(φout), where µ(φ) = F ′b(φ) is the chemical potential and
the osmotic pressure is similarly given by Π(φ) = φF ′b(φ) −
Fb(φ). These two conditions ensure chemical and mechani-
cal equilibrium, respectively.Thermal equilibrium is ensured as
the Helmholtz free-energy is defined in a constant temperature
ensemble. Once we know these, the solvent fraction can be
found out from the fourth equation ∂Fb(φ)/∂λ = 0, which yields,
f = φ0−φout

φin−φout
. Note that these four equations are decoupled as first
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three equations do not involve the solvent fraction f . The situ-
ation is different for a spherical interface and that introduces a
non-trivial coupling which we discuss in detail. Once these un-
knowns are determined, we are free to take the thermodynamic
limit, which ensures that the effect of the interface term vanishes
as V → ∞. The equilibrium configuration is characterised by two
coexisting phases with a planar interface as shown in the inset of
Fig.(1) of the main manuscript. The interfacial tension between
the coexisting phases has the form,

γ =
∫

φ2

φ1

√
2k(φ)F̃ (φ)dφ , (3)

where F̃ (φ) = Fb(φ)− (φ − φ1)∂Fb(φ)/∂φ |φ1 is the free-energy
after subtracting the common tangent, and k(φ) is the energetic
cost associated with spatial variations of order parameter φ 1.
k(φ) has dimensions of ∼ a2, where a is the microscopic Kuhn
length.

The spherical interface: For a system with spherical inter-
face (see inset of (b) of Figure 1 of the main manuscript), the
Helmholtz free-energy per unit volume of the droplet phase has
the following form :

Fd(φin,φout , f ,λ ) = f Fb(φin)+(1− f )Fb(φout)

+(
4πN

V
)1/3(3 f )2/3

γ +λ [φ0− f φin− (1− f )φout ]

(4)

Minimising with respect to the four unknowns result in the fol-
lowing equations,

∂Fb

∂φ

∣∣∣∣
φin

= λ

∂Fb

∂φ

∣∣∣∣
φout

= λ

λ =
Fb(φin)−Fb(φout)

φin−φout
(5)

+ 2γ(
4πN
3 fV

)1/3 1
(φin−φout)

f =
φ0−φout

φin−φout
(6)

Journal Name, [year], [vol.],1–4 | 1

Electronic Supplementary Material (ESI) for Soft Matter.
This journal is © The Royal Society of Chemistry 2022



The first two equations imply the equality of chemical potentials
: µ(φin) = µ(φout) and upon substituting the value of λ from the
third equation into the first and second one arrives at the second
condition : Π(φin) = Π(φout)+2γ( 4πN

3 fV )1/3. Now by substituting f
from the last equation one ends up in the two equilibrium condi-
tions expressed in terms of the coexistence volume fractions, φin

and φout , and they are solved numerically to yield the coexistence
densities for a given box volume V and surface tension γ.

The Choice of the Bulk Free-Energy in Presence of Elastic
Interactions

The choice of the exact functional form of the bulk free-energy,
Fb(φ), is dictated by the form of the equation arising from the
condition of equilibrium of the osmotic pressure ( derived below)
in the solvent rich and the solvent depleted phases :

Πb(φin) = Πb(φout)+2γ

(
4πN
3 fV

)1/3
+(1− f )F ′el( f )−Fel( f ). (7)

We will describe how we arrived at Equation (7) in the text
below, however first let us relate the bulk free-energy to the os-
motic pressure, Πb(φ). The osmotic pressure is related to the
free-energy via the expression, Πb(φ) = φF ′b(φ)−Fb(φ). Let us
consider the tangent to Fb(φ) vs. φ , at φ = φ0. The equation
of this straight line is given by y(φ)−Fb(φ0)

φ−φ0
= F ′b(φ0). This equa-

tion can be rearranged to the form : y(φ) = φF ′b(φ0)−Πb(φ0).
Upon substituting φ = 0, one obtains the intercept to the vertical
axis occurs at (0,−Πb(φ0)). Note the negative sign as it has an
important role to play in the subsequent discussion. The equa-
tion which we are solving to determine the equilibrium volume
fractions is Equation (7). In addition to this, the equality of the
exchange chemical potentials implies that the tangent lines at the
coexistence volume fractions are parallel. This osmotic pressure
equation implies that the equilibrium coexistence volume frac-
tions should be such that Πb(φin) > Πb(φout). This is evident as
the second term on the right hand side of the above equation is a
positive quantity as it is equal to 2γ/R and similarly we have ver-
ified that the last term, (1− f )F ′el( f )−Fel( f ), is also positive. The
final part of the argument is that if Πb(φin) > Πb(φout), it implies
that tangent line at φin must lie below the tangent line at φout .
In order to demonstrate this refer to Figure (1), where a pair of
parallel tangents are drawn at two coexistence volume fractions
φin and φout .

For the form of the bulk free-energy and the parameter values
used in this Figure (1) and also in our calculations presented in
this manuscript, the tangents intercepts the vertical axis at nega-
tive values, which this implies that the sign of both Πb(φin) and
Πb(φout) are positive. In the upper panel we have a free-energy
where entropy term associated the gel, 1

NB
(1−φ) ln(1−φ) is set to

zero by putting NB explicitly equal to ∞. Note that since Fb(φ) has
a single minimum, in the upper panel of Figure (1), the parallel
tangents have been constructed at a stable φout (F ′′b (φ) > 0) and
an unstable φin (F ′′b (φ) < 0). Here the tangent at φin is located
above the tangent at φout and thus would leading to an unstable
solution where Πb(φin)< Πb(φout). This this implies that no stable
solutions can be obtained for the phase-separated configurations
and thus only the mixed state with uniform order parameter φ0

Fig. 1 The upper panel shows shape of the bulk free-energy, Fb(φ), where
Nb has been set to ∞ and the lower panel is the same bulk-free energy
with Nb = 25. The insets show the zoomed in versions of the behaviour of
Fb(φ) very close to unity, where the absence (upper panel inset) and the
presence (lower panel inset) of the second minima is clearly demonstrated.
It is clearly evident that in a Fb(φ) with a single minima the tangent at φin
lies above the tangent at φout thus leading to Πb(φin)< Πb(φout) (unstable
solutions). Stable solutions with Πb(φin)> Πb(φout) can only be found for
functions with two minima (lower panel).

would be stable. On the other hand, if one has a high but finite
NB (equal to 25) is shown in panel (b), the tangent at φin lies be-
low the tangent at φout and thus it leads to stable configurations
where Πb(φin) > Πb(φout). Note that for bulk free-energies with
finite Nb, at both φin and φout , F ′′b (φ) > 0. This thus proves that
stable solutions for the phase-separated configurations (as admit-
ted by Equation (7) of the main manuscript) can only appear if
the bulk free-energy admits two minima, which, in turn, can only
occur if the entropy associated with the gel is small, but finite,
which is brought about by a high but finite NB.

The way out of this situation is to consider forms of Fb(φ)

where the translational entropy of the gel is finite but small. Phys-
ically, when one considers a gelling mixture, which has been ther-
mally quenched to prepare the gel, the thermal disorder would
result in parts of the sample which would have strong gelation
resulting in high values of NB, which is the polymerisation index
of the gel strands. Coexisting with these regions, would be those
where the local value of NB is smaller. Thus we consider a form
of the bulk free-energy, Fb(φ), where the translational entropy
of the gel has been divided by a high value of NB. We have per-
formed our calculations for various values of NB and we find that
the basic result, which is the stabilisation of the dispersed micro-
droplet phase arising via a competition between surface and elas-
tic energies remain valid for computations performed for all val-
ues of NB. Thus the free-energy, describing the bulk gel-solvent
mixture, that has been considered is given by,

Fb(φ) = φ lnφ +
1

NB
(1−φ) ln(1−φ)+χ(T )φ(1−φ), (8)

Upon analysing the above form of Fb(φ) we find that depend-
ing on values of χ(T ) and NB, this function can admit both two
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Fig. 2 The left panel shows the two-minima Flory-Huggins free-energies
and the right panel shows the demarcation between the one minima and
the two minima regions in the χ−NB plane.

minima (where stable solutions, Πbulk(φin)> Πbulk(φout), are pos-
sible to find and would thus stabilise the dispersed micro-droplet
phase) and one minima and one maxima free-energy landscapes
(the mixed phase would be the only stable phase for these pa-
rameter values). The left panel of Figure (2) shows the free-
energy, Fb(φ), and its first and second derivatives for NB = 25
and for various values of χ(T ). The right panel shows the regions
which would have one minima and those with two minima in the
χ(T )−NB plane. It is observed that upon increasing the values
of NB it is always possible to have two minimas, however, the
minima closer to unity moves even closer when NB is increased.
This makes computations at a finite precision difficult and thus
to avoid this we have performed computations at values of NB

ranging between 12 to 50 and present results only for NB equal
to 25. Upon increasing the temperature (decreasing χ(T )), one
loses the unstable region, where F ′′b (φ) < 0 and the free-energy
thus becomes one with a single minima. Thus we have performed
our computations at χ(T ) = 1.38χc (see the point marked by a dot
in the right panel of Figure (2)), where spontaneous phase sepa-
ration is possible.

The elastic free-energy : The total elastic free energy asso-
ciated with accommodating a single solvent droplet of radius, R,
inside the gel of mesh size, R0 is given by2,

Fel(R) = 4π(R3−R3
0)
∫ R/R0

1

λ 2W (λ )

(λ 3−1)2 dλ (9)

To incorporate the effects of the finite stretch-ability of the gel,
we adopt Gent model3,4, where the elastic free energy density is
of the form, W (λ ) =−GJm

2 ln
(

1− J
Jm

)
, where J = λ 2

r +λ 2
θ
+λ 2

φ
−3,

Jm ∼ 106 is an upper-limit of the stretching and G is the shear
modulus of the network gel. The shear modulus is related to the
microscopic parameters via the relation, G = 3

2 kBT ndry = 3
2

kBT
R3

0
,

where ndry is the cross-link density of the dry-gel and R0 is
the mesh size of the dry gel5. The mesh size R0 is given by
R0 = N1/2

m b, where Nm is the number of monomers along the
backbone of the dry gel, between two cross-links (Nm = 16 in
our subsequent calculations). The parameter b is the linear
dimension of an effective polymeric monomer and following
Tanaka5 we take b ∼ 5a, where a is the Kuhn length or the
smallest length-scale associated with the polymer. Due to the
volume-preserving nature of the deformation, one has λr = 1/λ 2

θ

and λφ = λθ = λ 3 and the deformation obeys the following
bound : 0 < J/Jm < 1.

The upper limit of the above integral signifies the droplet-gel
interface and the lower limit, of unity, signifies a region far away
from the centre of the droplet where the stress fields have de-
cayed and the gel there is completely unstressed. As the droplet
radius R is related to the solvent fraction, f , via the relation
f = (N/V ) 4

3 πR3, the elastic free-energy per unit volume is thus
expressed in terms of the solvent volume fraction, f . In those
situations when the upper limit of the integral, R/R0, is less than
unity, it means that the droplets do not deform the elastic network
and thus Fel( f ) = 0. Thus the final form for the elastic energy per
unit volume is,

Fel( f ) =
4πN(R3−R3

0)

(1− f )V

∫ R/R0

1

λ 2W (λ )

(λ 3−1)2 dλ (10)

where the normalisation by the volume of the gel inside the
box is evident.

The primary set of parameters on which the thermodynamic
phase of the system depends are : the surface energy γ, the shear
modulus of the gel, G, which again depends on the mesh-size
of the gel, R0. The presence or absence of the dispersed micro-
droplet phase depends on the relative weights of the elastic and
the surface-energy interactions6. In the limit where one has a
single macroscopic solvent droplet of radius R→ ∞ inside the gel
the associated elastic energy per unit volume can be written in
the form,

Fel(R) =
4
3

πR3
[

1− (
R0

R
)3
]∫ R/R0

1

3λ 2W (λ )

(λ 3−1)2 dλ (11)

In the limit of large droplet radius, R, the elastic energy per unit
volume can be cast in the form, fel(R) = αG, where α ∼ 2.5 is
a dimensionless constant. In the limit where there are micro-
droplets of solvent dispersed inside the gel, the surface tension
becomes important. The surface energy per unit volume of the
droplets is given by fsur f (R0) =

3γ

R0
. The ratio of the surface and

the elastic energies per unit volume is given by,

fsur f (ξ )

fel(r)
=

(
3γ

R0G

)
1
α

=
h
α

(12)

where, the dimensionless elasto-capillary number is given
h = 3γ

R0G . If h < α, then the thermodynamic stable state is that
of dispersed micro-droplets in the gel, while if h > α, the stable
phase is one with a single macroscopic droplet. In the subsequent
calculations we choose a value of γ such that h∼ α and we go on
to see whether we indeed observe a dispersed droplet phase in
a more detailed microscopic mean-field theory calculations. The
value of γ is set to 1/600, unless in the set calculations where the
characteristics of the droplet phase is investigated by varying γ

while keeping G fixed.

Thus the total free-energy of the dispersed droplet phase in the
background gel-matrix has the following form, when every term
is expressed as a function of the solvent volume fraction, f ,
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Fg(φin,φout , f ,λ ) = f Fb(φin)+(1− f ) [Fb(φout)+Fel( f )]

+Fs( f )+λ [φ0− f φin− (1− f )φout ]

(13)

Upon minimising the above free-energy w.r.t the four unknowns
one has the following equations,

∂Fb

∂φ

∣∣∣∣
φin

= λ

∂Fb

∂φ

∣∣∣∣
φout

= λ

λ =
Fb(φin)−Fb(φout)

φin−φout
(14)

+
F ′s ( f )+(1− f )F ′el( f )−Fel( f )

(φin−φout)

f =
φ0−φout

φin−φout
(15)

Again, by substituting the expression for λ into the first two
equations and by identifying that f = φ0−φout

φin−φout
, the above equa-

tions can be recast into two equilibrium conditions which impose
chemical and mechanical equilibrium, respectively,

µ(φin) = µ(φout)

Π(φin) = Π(φout)+2γ

(
4πN
3 fV

)1/3
+(1− f )F ′el( f )−Fel( f ).

(16)

The two equations, Eq.(16), have been solved numerically, via
the parallel tangent construction, for the two coexistence den-
sities provided one inputs the values of the surface tension and
the box volume and the composition φ0. The numerical solution
of these two equations proceeds in the following manner : we
ensure that the chosen pair of points φin and φout , have local tan-
gents those are parallel (µ(φin) = µ(φout)). Since the value of the
composition, φ0, is an input, the value of the solvent fraction, f ,
is readily computed via f = (φ0−φout )

(φin−φout )
. As a result, the difference

in osmotic pressure, Πb(φin)−Πb(φout), becomes a function of the
solvent fraction, f , and the surface tension and elastic terms are
intrinsic functions of f . One then plots the three terms in the
appearing in the mechanical equilibrium condition as a function
of the solvent volume fraction, f , and search for the intersec-
tion of these curves (see Fig. (3)). The chosen value of φ0 is
0.45, which lies between the two local minima of the free-energy,
Fb(φ) and the shape of Πb(φin)−Πb(φout) can be understood in
the following way : low value of f implies φout is close to φ0 and
thus the slopes of the parallel tangents are maximum. This im-
plies that the vertical distance between the tangents is large and
this translates to a large value of Πb(φin)−Πb(φout) in the plateau
region for low f . At high values of f , the tangents are closer to
the common tangent of Fb(φ) and this implies smaller vertical
separation between them and thus translates to a small value of

Fig. 3 The solution of the equation, Πb(φin)−Πb(φout) = 2γ

(
4πN
3 fV

)1/3
+

(1− f )F ′el( f )−Fel( f ).

Πb(φin)−Πb(φout). The shape of this function, Πb(φin)−Πb(φout),
depends on the temperature : at high temeperatures (low χ(T )),
the height of the plateau is smaller and the knee region is more
pronounced. At lower temperature (high χ(T )), the plateau oc-
curs at a higher value and it drops almost vertically at large f . The
sum of the surface and elastic contributions, Πsur f (N)+Πel(N),
has two contributions, with the surface contribution, 2γ

R(N)
, domi-

nating at low f and the elastic contribution dominating at larger
f . This combination also depends significantly on the number of
droplets, N, and as a result value of f at the intersection and con-
sequently φin and φout becomes a function of N. As a result, the
procedure of determining f , φin and φout is then repeated for all
number of droplets.

After each of these four unknown variables, φin,φout , f , and λ

have been determined from the computation associated with each
droplet number, N, the equilibrium values are substituted back
into the original free-energy expression (see Eq. (13)), which we
set out to minimise, we get a new free-energy, F̃(N), which is a
function of the number of droplets N. We explore the properties
of F̃(N) to investigate its shape and whether it admits a single or
a multiple droplet minimum.
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