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1. First-principles calculation methods 

The path to calculate band structure for rhombohedral and cubic GeTe is P–Γ–L–

B–F–B1–Z–Γ–X and K–Γ–L–U–W–X–W–U–L–Γ–K, respectively. The coordinates of 

high-symmetry points in the Brillion zone are derived from the developed framework,1 

as shown in Table.S1. The maximum and secondary valance bands of GeTe-based 

materials, as well as the minimum conduction band, are important factors for 

thermoelectric properties. Therefore, parts of the band structures on the path of P–Γ–

L–B (rhombohedral GeTe) and K–Γ–L–U–X (cubic GeTe)2 containing these features 

are shown in Fig.1. 

 

Table.S1 Coordinates of high-symmetry points in Brillion zone of rhombohedral and 

cubic GeTe 

rhombohedral GeTe cubic GeTe 

P (0.756, 0.372, 0.372) K (0.375, 0.375, 0.75) 

Γ (0, 0, 0) Γ (0, 0, 0) 

L (0.5, 0, 0) L (0.5, 0.5, 0.5) 

B (0.756, 0.5, 0.244) U (0.625, 0.25, 0.625) 

F (0.5, 0.5, 0) W (0.5, 0.25, 0.75) 

B1 (0.5, 0.244, -0.244) X (0.5, 0, 0.5) 

Z (0.5, 0.5, 0.5)   

X (0.372, 0, -0.372)   

 

2. Phase structures 

2.1 XRD patterns 
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Fig.S1 The XRD patterns of (a) Ge1-xTixTe (x = 0, 0.005, 0.01, 0.015, 0.02) series and 

(c) Ge0.925+yTi0.015Bi0.06Te (y = -0.02, -0.01, 0, 0.02, 0.04) series at RT. Composition 

dependent lattice parameters and volume for (b) Ge1-xTixTe and (d) 

Ge0.925+yTi0.015Bi0.06Te series based on the hexagonal unit cell at RT. 

 

2.2 Lattice parameters for hexagonal, trigonal, and pseudo cubic GeTe unit cells 

When describing the crystal structures of the rhombohedral GeTe, all three 

different lattice parameters / interaxial angles based on hexagonal,3-6 trigonal,7-9 and 

pseudo cubic10-14 GeTe unit cells are often used. As shown in Fig.S2(a), the hexagonal 

GeTe unit cell has lattice parameters a and c, the trigonal GeTe unit cell has lattice 

parameter a2 and interaxial angle α2, and the pseudo cubic GeTe unit cell has lattice 

parameter a1 and interaxial angle α1. The coordinate of one kind of atom in a hexagonal 

unit cell is (0, 0, 0), (2/3, 1/3, 1/3), and (1/3, 2/3, 2/3). According to the coordinate 
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transformation from hexagonal coordinate to rectangular coordinate (Fig.S2(b)), the 

lattice parameters and interaxial angles based on the other two unit cells can be 

calculated according to the following formulas: a2 = หOAሬሬሬሬሬ⃗ ห , a1 = หOEሬሬሬሬሬ⃗ ห , cos 𝛼ଶ ൌ

୓୅ሬሬሬሬሬሬ⃗ ∙୓୆ሬሬሬሬሬሬ⃗

ห୓୅ሬሬሬሬሬሬ⃗ หห୓୆ሬሬሬሬሬሬ⃗ ห
, and cos 𝛼ଵ ൌ ୓୉ሬሬሬሬሬሬ⃗ ∙୓୊ሬሬሬሬሬ⃗

ห୓୉ሬሬሬሬሬሬ⃗ หห୓୊ሬሬሬሬሬ⃗ ห
, see Table.S2. 

 

 

Fig.S2 (a) The crystal structures of GeTe in hexagonal coordinate system O-abc (black 

axes) and rectangular coordinate system O-xyz (red axes), and the hexagonal, trigonal, 

and pseudo cubic GeTe unit cells. (b) Projection of the lattice on the ab/xy plane and 

the corresponding coordinates in two coordinate systems. OA, OB, and OC are the 

projection of trigonal GeTe’s edges and OD, OE, and OF are the projection of pseudo 

cubic GeTe’s edges. 
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Fig.S3 Composition-dependent (a) lattice parameters ratio (c/a) based on hexagonal 

unit cell, and (b) lattice parameter a2 and interaxial angle α2 based on trigonal unit cell. 
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Table.S2 The lattice parameters of samples in this work based on hexagonal, trigonal, 

and pseudo cubic unit cells at room temperature 

Samples Hexagonal unit cell Trigonal unit cell Pseudo cubic unit cell 

  a (Å) c (Å) c/a V (Å
3
) a2 (Å) α2 (°) a1 (Å) α1 (°) 

Ge1-xTixTe 

x = 0 A0 4.1622 10.6725 2.5642 160.092 4.2931 57.99 5.9795 88.23 

x = 0.005  4.1637 10.6631 2.5610 160.095 4.2910 58.05 5.9790 88.28 

x = 0.01  4.1641 10.6592 2.5598 160.064 4.2900 58.07 5.9786 88.29 

x = 0.015 A1 4.1669 10.6357 2.5524 159.924 4.2844 58.19 5.9765 88.41 

x = 0.02  4.1661 10.6471 2.5556 160.039 4.2873 58.14 5.9781 88.36 

Ge0.94Bi0.06Te A2 4.1947 10.6183 2.5314 161.805 4.2887 58.56 5.9990 88.73 

Ge0.925+yTi0.015Bi0.06Te 

y = -0.02  4.1863 10.5565 2.5217 160.218 4.2689 58.72 5.9790 88.88 

y = -0.01  4.1886 10.5909 2.5285 160.918 4.2792 58.60 5.9880 88.77 

y = 0 A3 4.1933 10.6074 2.5296 161.531 4.2852 58.59 5.9956 88.76 

y = 0.02 A4 4.1958 10.6145 2.5298 161.834 4.2880 58.58 5.9993 88.76 

y = 0.04  4.1953 10.6046 2.5277 161.642 4.2851 58.62 5.9969 88.79 

Trigonal unit cell Pseudo cubic unit cell 
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3. Microstructure 

 

Fig.S4 SEM images of the fractured surfaces of Ge1-xTixTe (x = 0, 0.015, 0.02) series. 

 

 

Fig.S5 SE, BSE and Ge-mapping images of the polished surfaces for Ge1-xTixTe (x = 0, 

0.015, 0.02). 
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Fig.S6 SE, BSE and Ge-mapping images of the polished surfaces for 

Ge0.925+yTi0.015Bi0.06Te (y = -0.01, 0, 0.02). 
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4. Thermoelectric properties 

4.1 Electronic transport properties 

 

Fig.S7 The temperature-dependent (a, d) conductivity σ, (b, e) Seebeck coefficient S, 

and (c, f) power factor PF of Ge1-xTixTe series and Ge0.925+yTi0.015Bi0.06Te series, 

respectively. 

 

4.1.1 Single parabolic band model 

Based on the single parabolic band (SPB) approximation, the effective mass m* 

can be derived by:15, 16 

 𝐹௝ሺ𝜂ሻ ൌ න ఌೕ

ଵା௘௫௣ሺఌିఎሻ
𝑑𝜀

ஶ

଴
 (S1) 

 𝑆 ൌ േ ௞ಳ

௘
൤

ሺ௥ାହ/ଶሻிೝశయ/మሺఎሻ

ሺ௥ାଷ/ଶሻிೝశభ/మሺఎሻ
െ 𝜂൨ (S2) 

 𝑚∗ ൌ ௛మ

ଶ௞ా்
൤ ௡

ସ஠ிభ/మሺఎሻ
൨

ଶ/ଷ

 (S3) 

Fj(η) is the Fermi integral function and η = EF/kBT, which is related to the carrier 

concentration n. As it is considered that the GeTe-based materials basically obey 

phonon-dominated scattering, the scattering factor r = -1/2 is always taken.5, 16 
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Table.S3 The electronic transport parameters of samples in this work at room 

temperature  

Samples nH(10
20

 cm–3) μH(cm
2
·V–1·s–1) 

σ 
S·cm–1) 

S 
(μV·K–1) m

*
/m0 

Ge1-xTixTe 

x = 0 A0 8.21 52.59 7032.02 26.12 1.1319 

x = 0.005  8.01 46.09 6461.60 33.36 1.4162 

x = 0.01  7.80 43.27 6077.52 35.15 1.4646 

x = 0.015 A1 7.08 39.42 4745.08 43.87 1.7068 

x = 0.02  8.08 42.11 5926.92 33.61 1.4349 
Ge0.94Bi0.06Te A2 3.85 40.86 2218.57 71.28 1.8535 

Ge0.925+yTi0.015Bi0.06Te 

y = -0.02  5.75 20.08 1964.32 77.58 2.6486 

y = -0.01  5.32 25.67 2177.20 72.44 2.3387 

y = 0 A3 3.25 49.72 2415.30 70.18 1.6286 

y = 0.02 A4 3.00 52.64 2410.81 75.03 1.6566 

y = 0.04  2.81 45.37 2024.90 78.04 1.6537 

 

Since both S and σ are the function of carrier concentration and are related to each 

other, the transport coefficients σE0 and the weighted mobility μW are introduced to 

describe the intrinsic transport properties of materials.5, 17 And they can be expressed 

as:  

 𝜎 ൌ 𝜎୉బ
ln ሺ1 ൅ 𝑒ఎሻ (S4) 

 𝜎୉బ
ൌ ଶవ/మ௘గሺ௠౛௞ా்ሻయ/మ

ଷ௛య 𝜇୛ (S5) 

 𝜇୛ ൌ 𝜇଴ ቀ௠∗

௠౛
ቁ

ଷ/ଶ
 (S6) 

And kB, h, and η are the Boltzmann constant, Planck constant, and the reduced Fermi 

level. It can be seen from the above formulas that the parameter σE0 is a conductivity 

expression independent of the carrier concentration, which excludes the error of the 

carrier concentration in the Hall measurement. The σE0 characterizes how well a 
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material conducts electricity for a given η (i.e., at a given n). The larger σE0 generally 

reflects the good crystallinity of the material. The parameter σE0 can be expressed by 

the weighted mobility μW, which is closely related to the effective mass. Therefore, the 

change in μW can also explain the relationship between S and σ, and the μW can initially 

reflect the scale of PF.  

The κe is calculated according to the Wiedemann–Franz law κe = LσT, where L is 

the Lorenz number based on the SPB approximation:15, 18 

 𝐿 ൌ ሺ௞ా

௘
ሻଶ ቊ

ሺ௥ା଻/ଶሻிೝశఱ/మሺఎሻ

ሺ௥ାଷ/ଶሻிೝశభ/మሺఎሻ
െ ൤

ሺ௥ାହ/ଶሻிೝశయ/మሺఎሻ

ሺ௥ାଷ/ଶሻிೝశభ/మሺఎሻ
൨

ଶ

ቋ (S7) 

 

 

Fig.S8 The temperature-dependent (a, d) transport coefficients σE0, (b, e) weighted 

mobility μW, and (c, f) Lorenz number L of Ge1-xTixTe series and Ge0.925+yTi0.015Bi0.06Te 

series, respectively. The μW is compared with the doped-GeTe17, 19 and other works10, 

20 in (b) and (e). 
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4.2 Thermal transport properties 

Table.S4 The heat capacity Cp and density ρ used for each sample in this work 

Ge1-xTixTe Ge0.925+yTi0.015Bi0.06Te 

x  
Cp (J·g–

1·K–1) 
ρ (g·cm–3) y  

Cp (J·g–

1·K–1) 
ρ (g·cm–3) 

0 A0 0.2491 6.11 -0.02  0.2391 6.16 

0.005  0.2493 6.02 -0.01  0.2394 6.21 

0.01  0.2494 6.02 0 A3 0.2398 6.15 

0.015 A1 0.2496 5.93 0.02 A4 0.2405 6.12 

0.02  0.2498 5.97 0.04  0.2412 6.13 

Ge0.94Bi0.06Te A2 0.2394 6.13     

 

4.2.1 Debye–Callaway model for calculating the lattice thermal conductivity 

According to the Debye–Callaway model,21-24 κL can be defined as a sum of the 

spectral lattice thermal conductivity κS(f) from different frequencies (f): 

 𝜅୐ ൌ ׬ 𝜅ୗሺ𝑓ሻ 𝑑𝑓 ൌ ଵ

ଷ
׬ 𝐶ୗሺ𝑓ሻ𝑣௚ሺ𝑓ሻଶ𝜏୲୭୲ሺ𝑓ሻ௙ವ

଴ 𝑑𝑓 (S8) 

The κS(f) is determined by the spectral heat capacity CS(f), the phonon group velocity 

vg(f), and the total relaxation time τtot(f). For simple approximation, vg(f) is assumed as 

a constant value vs (sound velocity). The Debye frequency fD can be expressed as:  

 𝑓ୈ ൌ ௞ాఏీ

ℏ
ൌ ቀ଺గమே

௏
ቁ

ଵ/ଷ
𝑣ୱ (S9) 

where θD is Debye temperature, N is the number of atoms in a unit cell volume, V is the 

unit-cell volume, kB is the Boltzmann constant and ħ is the reduced Plank constant. The 

CS(f) can be expressed as: 

  𝐶ୗሺ𝑓ሻ ൌ  ଷ௞ా௙మ

ଶగమ௩౩
య (S10) 

Thus, κL and κS are calculated by  

  𝜅୐ ൌ ௞ా

ଶగమ௩౩
ሺ௞ా்

ℏ
ሻଷ ׬ 𝜏୲୭୲ሺ𝑥ሻ

ఏీ/்
଴

௫రୣ୶୮ ሺ௫ሻ

ሾୣ୶୮ሺ௫ሻିଵሿమ 𝑑𝑥 (S11) 
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  𝜅ୗ ൌ  ௞ా

ଶగమ௩౩
ሺ௞ా்

ℏ
ሻଷ𝜏୲୭୲ሺ𝑥ሻ ௫రୣ୶୮ ሺ௫ሻ

ሾୣ୶୮ሺ௫ሻିଵሿమ (S12) 

where x = ℏf / kBT is the reduced phonon frequency. According to Matthiessen’s rule,25 

τtot(x) is the reciprocal sum of the relaxation times from different phonon scattering 

mechanisms including the Umklapp phonon-phonon scatterings (U), normal phonon-

phonon scatterings (N), grain boundaries scatterings (B), point defects scatterings (PD), 

nano-precipitates phonon scatterings (NP) and stacking fault phonon scatterings (SF). 

So, τtot is calculated by 

 𝜏୲୭୲
ିଵ ൌ 𝜏୙

ିଵ ൅ 𝜏୒
ିଵ ൅ 𝜏୆

ିଵ ൅ 𝜏୔ୈ
ିଵ ൅ 𝜏୒୔

ିଵ ൅ 𝜏ୗ୊
ିଵ ൅ ⋯ (S13) 

The 𝜏୙
ିଵ is calculated by  

 𝜏୙
ିଵ ൌ ℏఊమ௙మ்

ெ౗౬௩౩
మఏీ

expሺെ ఏీ

ଷ்
ሻ (S14) 

where Mav and γ are the average atomic mass and Grüneisen parameter respectively. 

The 𝜏୒
ିଵ can be simply expressed as 𝜏୙

ିଵ with an additional factor β, as  

 𝜏୒
ିଵ ൌ 𝛽𝜏୙

ିଵ (S15) 

The 𝜏୆
ିଵ is calculated by  

 𝜏୆
ିଵ ൌ ௩౩

஽
 (S16) 

where D is the average grain size of polycrystalline materials. 

The 𝜏୔ୈ
ିଵ is calculated by  

 𝜏୔ୈ
ିଵ ൌ ௏౗౬௙ర

ସగ௩౩
య 𝛤 (S17) 

where Vav is the average atomic volume. The disorder scattering parameter 𝛤 ൌ 𝛤୑ ൅

𝛤ୗ describes the mass and atomic size contrast with the lattice, which are calculated 

by26, 27 



 

 14 / 20 

 

 𝛤୑ ൌ
∑ ௖೔ቀ

ಾ౗౬೔
ಾ౗౬

ቁ
మ

௙೔
భ௙೔

మቆ
ಾ೔

భషಾ೔
మ

ಾ౗౬೔
ቇ

మ
೙
೔సభ

∑ ௖೔
೙
೔సభ

 (S18) 

 𝛤ୗ ൌ
∑ ௖೔ቀ

ಾ౗౬೔
ಾ౗౬

ቁ
మ

௙೔
భ௙೔

మఌ೔ቆ
ೝ೔

భషೝ೔
మ

ೝ౗౬೔
ቇ

మ
೙
೔సభ

∑ ௖೔
೙
೔సభ

 (S19) 

where n is the number of sublattices, ci, Mavi and ravi are the relative fraction, average 

mass, and atomic radius for the ith sublattice respectively. For GeTe, there are two 

different sublattices (the Ge site and the Te site); thus, n = 2 and c1 = c2 = 1. The 𝑀௜
௝, 𝑟௜

௝, 

and 𝑓௜
௝ represent the jth atomic mass, atomic radius, and atomic fraction on the ith 

sublattice, respectively.  

The 𝜏୒୔
ିଵ is calculated by28, 29 

 𝜏୒୔
ିଵ ൌ 𝑣ୱ ቂ൫2𝜋𝑅୒୔

ଶ൯
ିଵ

൅ ሺ𝜋𝑅୒୔
ଶ ସ

ଽ
ሺ∆ఘ

ఘ
ሻଶሺ௙ோొౌ

௩౩
ሻସሻିଵቃ

ିଵ
𝑁୒୔ (S20) 

where RNP and NNP are the radius and number density for the nano-precipitates, ρ and 

∆ρ are the matrix density and density difference between the precipitate and matrix.  

The 𝜏ୗ୊
ିଵ is calculated by30 

 𝜏ୗ୊
ିଵ ൌ 0.7 ௔మ

௩౩
𝛾ଶ𝑓ଶ𝑁ୗ୊ (S21) 

where a is the lattice parameter based on c-GeTe and NSF is the number of stacking 

faults induced by herringbones domain boundaries23 or planar vacancies28 crossing a 

line of unit length. The parameters for modelling κL in this work are shown in Table.S5 

and Table.S6. 
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Table.S5 Parameters for modelling the lattice thermal conductivity 

Parameters Values 

Grüneisen parameter γ 1.5631 

Sound velocity vs (m·s–1) 196731 

Debye temperature θD (K) 194.88 

Lattice parameter a (Å) 5.986 

Average atomic mass Mav (kg) 1.6625×10–25 

Grain size D (μm) 50 

Matrix density ρ (g·cm–3) 6.028 

Density difference between matrix and precipitates ∆ρ (g·cm–3) 0.728 

Radius for the nano-precipitates Ge RNP (nm) 556 

Number density of nano-precipitates NNP (m–3) 3×1018
 
ref28

 

Number of stacking faults crossing a line of unit length NSF (m–1) 1×106
 (fitted) 

 

Table.S6 Parameters for modelling point defect scattering. Based on the elasticity 

theory,32, 33 the longitudinal/transverse sound velocity vi = a(δ/Mav)1/2, where δ is the 

force constant in the lattice. The a and δ are assumed to be constant because of the same 

structure. The average sound velocity vs = [(2vt
–3 + vl

–3)/3]–1/3. 

 

4.2.2 Cahill–Watson–Pohl (CWP) model for calculating the minimum lattice 

thermal conductivity 

The lower limit to the lattice thermal conductivity of this model κCWP is derived 

from the Einstein’s random-walk model, but replacing Einstein temperature/frequency 

Samples Mav (10–25 kg) vt (m·s–1) vl (m·s–1) vs (m·s–1) θD (K) Γ 

GeTe 1.6625 178031 293031 196731 194.88 0 

Ge0.995Ti0.005Te 1.6614 1780.55 2930.90 1967.29 194.91 0.00964 

Ge0.99Ti0.01Te 1.6604 1781.10 2931.81 1967.90 194.97 0.01912 

Ge0.985Ti0.015Te 1.6594 1781.65 2932.72 1968.51 195.03 0.02844 

Ge0.98Ti0.02Te 1.6583 1782.21 2933.63 1969.12 195.09 0.03761 

Ge0.94Bi0.06Te 1.7304 1744.71 2871.92 1927.70 190.99 0.085 (fitted) 

Ge0.925Ti0.015Bi0.06Te 1.7273 1746.27 2874.48 1929.42 191.16 0.15 (fitted) 

Ge0.945Ti0.015Bi0.06Te 1.7394 1740.21 2864.50 1922.72 190.49 0.17 (fitted) 
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with oscillators defined within the Debye model, which can be calculated as shown 

below:34 

 𝜅୐୫୧୬ ൌ 𝜅େ୛୔ ൌ ௞ా

ଶగమ௩౩
ሺ௞ా்

ℏ
ሻଷ ׬

గ

௙

௫ర ୣ୶୮ሺ௫ሻ

ሾୣ୶୮ሺ௫ሻିଵሿమ 𝑑𝑥
ఏీ/்

଴  (S22) 

 

 

Fig.S9 The temperature-dependent (a, d) total thermal conductivity κtotal, (b, e) 

electronic thermal conductivity κe, and (c, f) lattice thermal conductivity κL of Ge1-

xTixTe series and Ge0.925+yTi0.015Bi0.06Te series, respectively. 

 

 

Fig.S10 The spectral lattice thermal conductivity (κS) as a function of phonon frequency 

(f) based on different scatterings of Ge1-xTixTe series. 
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4.3 Quality factor B and ZT 

The ZT can treated as a function of two independent variables: η (reduced electron 

chemical potential) and the material quality factor B. The η is related to doping and 

temperature, but B just dependent on temperature and retains only the inherent material 

properties that determine ZT:35 

 𝐵 ൌ ቀ௞ా

௘
ቁ

ଶ ఙుబ

఑ై
𝑇 (S23) 

Above all, ZT can be calculated by the η–dependent parameters:35 

 𝑍𝑇 ൌ ௌమఙ்

఑ైା఑౛
ൌ ௌమ

ഉై
഑೅

ା௅
ൌ ௌమሺఎሻ

ഉై
഑ుబౢ౤ ሺభశ೐ആሻ೅

ା௅ሺఎሻ
ൌ ௌమሺఎሻ

൬
ೖా
೐ ൰

మ

ಳౢ౤ ሺభశ೐ആሻ
ା௅ሺఎሻ

 (S24) 

 

 

Fig.S11 The temperature-dependent ZT of (a) Ge1-xTixTe series compared with Ti-

doping samples in references,3, 36, 37 and (b) Ge0.925+yTi0.015Bi0.06Te series. (c) The ZTmax 

vs. η relation of Ge1-xTixTe at different B, compared with other works.3, 17, 19, 36, 37 
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4.4 Repeated thermoelectric properties measurement 

 

Fig.S12 The temperature-dependent (a) σ, (b) S, (c) κtotal, and (d) ZT for the repeated 

thermoelectric properties measurement for the A4 sample. 
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