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Chapter 1

Derivation of «, 5 and v

The condition of charge neutrality is:

[Aeg] + [HT] = [HCOZ]+2[CO3 ]+ [OH]

where,

[Aeg] = [NHJ]— [NH,COO ™| + [Areg]

On the other hand, the mass conservation of nitrogen demands:

IN] = [RNHCOOH]+ [RNHCOO™| + [NHs] + [NH} |

Substituting the mass action laws into Eq.(1.3) yields:

N = WI%]([Z)I”KX[COQ]+KXKY[COQ][NHM?H]2+[NHII]{[?H]+[NHI]
[NH, ]

(Ky + [OH™] 4+ [OH]Kx[CO,] + Kx Ky [CO,][OH™]?)

Ky

Therefore, once [OH™] and Pco, (or [COy]) are given, [NH;] can be calculated as:

Ky [N]

[NHi] = K, + [OH | + [OH |Kx[COs] + K x Ky [CO|[OH ]2

[NH3] , [RNHCOOH] and [RNHCOO™] can be calculated subsequently as:

NHg) = N O
[RNHCOO~] = [RNHCOOH] x Ky [OH]

Once [OH™] and Pco, (or [CO4)) are given, [HCO3 ] and [CO3~] can be subsequently calculated as:



[HCO;] = K;[COyJ[OH] (1.10)
[CO37] = [HCO;] x Ky[OH™] (1.11)

Substituting the mass action laws and Eq.(1.6) into Eq.(1.1) yields:
[N](K, — Kx Ky [CO,][OH™ %)

T K, ¥ [OH ] + [COs(Kx[OH ] + Kx Ky [OH 2)
= [COo)(K1[OH™] + 2K, K5[OH™]?) 4 [OH] (1.12)

[H] + [Ares]

Since [H™] is negligible in our area of interest, Eq.(1.12) simplifies to:

IN](Kp — Kx Ky [CO3][OH™]?)
Kp, + [OH-] + [CO|(Kx[OH~| + K x Ky [OH]?)
= [COo)(Ki[OH™] + 2K, K>[OH™]?) 4+ [OH] (1.13)

[Ares] +

Eq.(1.13) is a quadratic equation for [CO3] and thus [COz] can be explicitly expressed as function of only one variable, [OH™],
as:

€Oy = flOH]) = O+ Vg — 4oy (1.14)

% (m_ 1) (1.15)

where,

a = (Kx[OH]+ KxKy[OH ]*)(K;[OH] + 2K, K;[OH™]?) (1.16)
= [0H 2Ky Ky K K,

+OH P Ky K1 (Ky + 2K>)
[

+OH Ky K,
(1.17)
B = (K,+[OH])(K:[OH"] + 2K, K2[OH™]?)
+[OH™|(Kx[OH™] + Kx Ky [OH™]?)
+Kx Ky [OH™]?[N]
—Kx[OH J[Ares] — Kx Ky [OH?[A,cf]
(1.18)
= [OH (2K K, + KxKy)
HOH (K + 2K, Ky Ky + Kox + KKy ([N] = [Aves))
HOH (KoK — Kx[Aves])
1.19)
v = [OH)* + [OHJ(K} — [Ares]) — K5(IN] + [Ases]) (1.20)

If we assume [Asesidual] = 0, 8 and 7 simplify to:



B = (Kp+[OH ) (K [OH™]+ 2K, K,[OH]?)
+OH™|(Kx[OH™] + Kx Ky [OH]?)
+Kx Ky[OH™]*[N]

= [OH (2K K, + KxKy)

+[OH (K1 + 2K, K1 K + Kx + Kx Ky [N])
+[OH™] Ky K

v = [OH7)" + K,[OH™] — K,[N]

Note that the other root of Eq.(1.13) always takes a negative value and thus does not make physical sense.

[CO2] becomes zero when v = 0, in other words, when the [OH™] satisfies the following equation:

max

[OH Jmax + Kp[OH Jpmax — K3[N] = 0
or,
_ K 4[N]
[OH ]max - 2 ( 1+ Kb 1)

(1.21)

(1.22)

(1.23)

(1.24)

(1.25)

If [OH~] exceeds [OH ™ |max, it results in [CO3] < 0. Since [CO3] needs to be positive, [OH ™| max set the maximum pH of this

system.

Conversely, [OH™] can be implicitly expressed as function of only one variable, [COs], as:

[OHT] = f7'([CO2])

By substituting Eq.(1.26) into Eq.(1.6), [NHJ ] can be implicitly expressed as function of only one variable, [COs], as:

Ky[N]

INHE] = o 5 71([00]) + 7T (ICOa) Kx [CO3] + Kx Ky [COI (- 1([CO]?

= g([CO2])

Therefore, the effective alkalinity [Aeg], can be expressed as:

Kx K _ 2
Al = a(icon) x (1- 2 conf s con) )
b
The COs loading status 6 can be defined as:
¢ = #Opoc+bbic

(1.26)

(1.29)

(1.30)



where,

Upoc = D[g]c] (1.31)
_ [bIC]
Opic = N (1.32)

Note that DOC and DIC represent Dissolved Organic Carbon and Dissolved Inorganic Carbon, respectively, which are defined
as:

[DOC] = [NH,COOH]+ [NH,COO™] (1.33)
[DIC] = [COq] + [HCOZ] + [CO37] (1.34)
Therefore,
K -1 -1
0 = be;]gacoz])[coz]f <[002]><1+Kyf ([com)
e (1 + 7 ([C08]) + Kle{f‘l([Coz])}2> (1.3)



Chapter 2

Small [OH™] limit

In this limit of [CO2] — oo (in other words, in the limit of [OH~] — 0),

a = K Kx[OH " +0o([OH]°) as[OH]—0

B = K,Ki[OH |+0o([OH7]) as[OH"]—0

v = —KpN]+0o(1) as[OH"]—0
Therefore,

5 Ky +0(1) B

2 2KX[OHb—}+o([OH—]) as [OH"] = 0

day _4KX[N]

F = e +o(l) as[OH7]—=0

—~ o~ o~
N R
NN NN

(2.5)

(2.6)
(2.7)

Note that the o-notation is used to indicate the order of a function and to describe the asymptotic behavior of a function.

Assuming ¢(z) # 0 for all  # a in some interval containing a, the notation

be) = o(d(x) asw—a

means that

l'mM = 0

i
z—a ()
Substituting Eq.(2.5) and Eq.(2.6) into Eq.(1.15) yields:

(COy] ~ —— Db ( 4+ 2Ex[N 1)

Substituting Eq.(2.10) into Eq.(1.6) yields

(2.10)

(2.11)



Therefore, the effective alkalinity in this limit is

[NH,COOH] in this limit is

[NH,COOH]

[NH,COO™] in this limit is

[NH,COO™|

Therefore, poc in this limit is

[Aeff ]

NH;}

AK x[N]
K

= Ky [OH |[NH,COOH]

~

4K x

KbKle[OHi]

(1+

_1)[

(2.12)

(2.13)

(2.14)
(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)



[NH3] in this limit is

[HCOj3 ] in this limit is

[COg_} in this limit is

Therefore,

[NH,COOH]

[N]
(Vi)
(, /14 2ExN 1)

2
_ KK ( /1+ 4Kx[N] 1)
4K x[N] Ky K,

fpoc ~

~

_ [NH{][OH"]
[NH3] = 4Kb
T w 2;@( ( Uk _1)
_ Ky[OH] 4K x[N]
12KX ( * K;(Kl _1)
[HCO;] = K, [OH][COy)
~ KLLOH/T2KXE'H7T< 1+4§:}§]—1>
_ KKy 4K x[N] 1
T 2Ky KyK,
~ [NH{]
[CO37] = Ko[OH ][HCO3]
K, KlKQ[OH_] 4Kx[N]
~ 2K x (\/H Ky K, _1)
Opict ~ [HCO, ]
[N]

KK, AK x[N]
¥ 3K(N (\/1+ Ky _1)

7

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)



One can confirm that Opicr + @poc = 1 is satisfied in this limit as follows:

KyK 4K x|N
Opict +0poc  ~ 4Kl;([1iT] K:};] - (2.39)
4K x[N]
1 —142 2.40
Rk, + (2.40)

. T (2.41)
ARXN] Kokt ‘
=1 (2.42)

These mean that this model reduces to the isotherm model of alkaline aqueous solutions in a hydroxide-carbonate-bicarbonate
system with a constant alkalinity of [N].



Chapter 3

Physical large |[OH™| limit

Mathematically, we can take the limit of [OH™] — oco. However, [COz] turns negative when [OH™] is larger than a certain value,
[OH™] which is defined as:

max’

[OH Jmax = ?( 1+42}1) (3.1)

Therefore, the upper bound of [OH™] is given by [OH™] In this limit, v = 0 and thus:

max”

,/1—%7—1 ~ 0 (3.2)

Regarding %7 we can just substitute [OH™] = [OH™] __ into % to obtain % in this limit. In case that [OH™] __ is large
enough to allow us to take only the leading terms, we obtain:
s 2K K> + Kx Ky (3.3)
2 4[OH7] KXKYK1K2 '

max

In any case, % is a constant value. Hence,

€Oy = % (1 /1 4;“—] - 1) (3.4)

~ 0 (3.5)
Therefore,
[NH}] = KolN . (3.6)
Kp + [OH~] + [OH7]Kx[CO3] + Kx Ky [CO3][OH]
Kb + [OH_]max + [OHi]maxKX -0+ KxKY -0 [OHi]IQnax
—0
Ky[N]

Ky + [OH™] 0 (38)
= [OH7 ] ax (3.9)



The effective alkalinity in this limit is

Also,

[NH3] =

(OH

~

_]2

K

[NH; ][OH]

max

K

[NH,COOH] = Ky [NH;][CO,]

[NH,COO™]

[CO37]

Opict

fpoc

~ Ky

= 0

= Ky[NH,COOH][OH]
~ Ky -0-[OH]

[0

H
K,

max

[HCO;] = K [OH][COy]

= K3[OH™][HCO;]
~ K>[OHT]

max

[HCO3] +[CO57]

[N]
0

[NH,COO~] + [NH,COOH]

10

[N]

(3.10)

(3.11)

(3.12)

(3.13)
(3.14)

(3.15)
(3.16)
(3.17)

(3.18)

(3.19)

(3.20)



Chapter 4
Unphysical large |[OH™] limit

Even though the limit of [OH™] — oo beyond [OH™] . does not make any physical sense, investigating the asymptotic behavior
in [OH™] — oo is useful for better understanding of the mathematical structure of this system.
In this limit,

B N 2KG1 Ko+ Kx Ky
200 4Kx Ky K1 Ky

dary 8Kx Ky K1 K3
1—— -1 ~ 1-— —1<0 4.2
V' \/ (2K Ks + KxKy)? (4.2)

Therefore, [CO3] takes an unphysical negative value in this limit as:

>0 (4.1)

0o
COs] ~ - 0 4.3
where, a positive number 5 is defined for convenience as:
b = - lm [COs[OH] (44)
_ _2K1K2+KxKY 1_ SKx Ky KKy 1 (4.5)
4K x Ky K1 Ko (2K 1Ko + Kx Ky )? '
Hence,
Ky[N
NH}] = S— - (46)
Ky + [OH-] + [OH"]Kx[CO3] + Kx Ky [CO2][OH~]
~ Kb[N] (4.7)
[OH~](1 + Kx Ky [CO2][OH7])
—_—
——02
Kb[N} (4.8)

[OH~](1 — Kx Ky d2)

11



_ [NHF)[OH]
- K,
ToH-] K5 (N]
W, TOHZ](1 — Kx Ky o)
[N]
1— KxKyo

[NH,COOH] = K x[NH;][CO]
Kx[N]dy
[OH_](l — KxKyég)

[NH,COO™] = Ky[NH,COOH][OH]
Ex[N] 6
1— KxKyo, [OHT

Aeg] ~ —[NH,COO]
KxKy[N]5s
11— KxKyds

[HCO;] = K;[OH][COy]
——0d2

~ —62K1

[CO37] = KR[OHT][HCO3] — —o0 < 0
~ —K K,JOH]5,

HCO; ] +[CO3 ]
iy
o KlKQ[OH_](SQ
[N]
[NH,COO~] + [NH,COOH]
[N]
[NH,COO-]
[N]
KxKydo
11— KxKyd,
_ KKy [OH_](SQ
[N]
B KK, [OH7]§2
[N]

fpict =

— —00 <0

fpoc =

fpoc + fpict ~ — —00<0

0 ~ — —00<0

12

(4.9)
(4.10)

(4.11)

(4.12)
(4.13)

(4.14)
(4.15)
(4.16)

(4.17)
(4.18)



Chapter 5

Comparison between the model and Pexton
and Badger (1938) for [N]=1.5 mol L~!

For [N]=1.5 mol L=! and T = 20°C, Pexton and Badger (1938) provides two valid data points. Fig.(5.1) shows a comparison
between the model and Pexton and Badger (1938) for [N]=1.5 mol L=" and T' = 20°C. y2* = 4.0 has been applied for the fitting
of these data. Note that Pexton and Badger (1938) does not provide data points for [N]=1.5 mol L=! and T = 40°C.
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Figure 5.1: A comparison between the model and Pexton and Badger (1938) for [N]=1.5 mol L=! and 20°C. The value of v >
is 4.0.
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Chapter 6

Comparison between the model and Pexton
and Badger (1938) for 10-100000 Pa on a
logarithmic scale

In the main text, the data falling between 0-10000 Pa are shown. There are a few points above 10000 Pa which have been used in
fitting the data but could not be shown on an intuitive linear scale. In Fig.6.1 and Fig.6.2, we show all the data on a logarithmic
scale that ranges from 10 to 100000 Pa.
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Figure 6.1: A comparison of the experimental data from Pexton and Badger (1938) and the model at T' = 20°C or T' = 40°C
before influence of ionic strength is corrected.
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Figure 6.2: A comparison of the experimental data from Pexton and Badger (1938) and the model at T' = 20°C or T' = 40°C
after vy is applied to correct the influence of ionic strength.
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