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1. Derivation formula of second-order perturbation theory.

In order to better explain the MAE of the CrSBr monolayer, we will start with the

perturbation theory. Assuming that the system Hamiltonian can be divided into two

O NP o : . E© :
parts, one part is H )whlch without perturbation, its energy eigenvalue is B , and its

. . . 0 . . . ] [
eigenwave function is 1/)( ) ;the other part is the perturbation part with H , and H' s
0
relative H © is much smaller. Then the Schrdédinger equation the of the system with

total H can be written as,

He= 1O 4 1 HOYO = EOy© 0

H wn =E n¢n (2)
To show perturbation term is so small, H can be written as H =2H (1), A is a small real

parameter. Since both Ey and ¥n are related to the perturbation and are functions of the
degree of perturbation A, expand them to the power function of A as:
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n and ©* n are the first-level correction of energy and wave function, respectively.

12E@ 121/}(2) . .
And n  and n are the second-level correction. Therefore, the following

formulas can be obtained,

(HO - EQ)y® = g

(5)
(HO - EQ)y® =— (5D - FD)y© ©
(HO - EQWp® = (HO - EQ)pD + EOyQ

€ * (0)
To get B , multiply ¥ left simultaneously on the both sides of equation (6) and

integrate over the whole space,

f P OHO - )y Dy = pO f P Oy Oy - f ¥ OOy o



1) _ * (0 1 0 — 1

@ @ )
Given E , the first-order correction term Vo of the wave function can be obtained

. . : Yy : j2(Q)
from equation (6). Expand the eigenfunction system of * n according to as,
Q=Y a PP = o

L into equation (6) and left multiplied by Vo on both sides

of the equation at the same time to integrate in the whole space, we get,

f " rglm(z E@aMyp® E(Q)Za(?w(?))dr _ f * OEDHO _ yOyOy g
l l

(10)
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Now find the second-order correction of energy B . Put l

* (0)
into equation (7), and use ¥om to multiply both sides of the equation to integrate the

full space,

f P OH® - FO)y@gr =— Zaq) HO E(;)Za(p(gnl +E®

l#n l#n (14)
€)2(QY) (D)2
E® = Y qWy® = Patlam [Hrm -
n = 0= 2o 5= g g (T
l#n m;#nEn _Em minEn _Em (15)

The energy perturbed by the system is,

[HOP
AE=HD + Z "m .
(0) (0)
m:tn n (16)

For 3d transition metals, the energy level splitting caused by spin-orbit coupling is



much smaller than the energy level splitting caused by electron correlation interaction,
so it is reasonable to regard spin-orbit coupling as perturbation. Therefore, according
to the perturbation theory, the Hamiltonian including SOC can be written as,
(32| myP?
E(g) _ E(r?z)

H=HO 4 A(n|3‘-Z|n)+AZZ

m#n (17)
Then the corresponding energy is,
n|%-1L|m)|?
E50C=/1(n|3-1|n)+/122|( | [m)
gO _ g©®
m#n n m (1 8)
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where |7) and |™) respectively represent the Hamiltonian quantum state and © » and

0)
B are the intrinsic energy values of these two states. If spin states 0 (both spin-up

states |T) and spin-down states |i)) is considered in the wave function, then,

ESOC

=/1((T,n|3-|l T,7|1)+(T,n|f§-l|l,n)|+(l,|n|3‘-l

(T |3 - 1| 1,m)|? A ARENE

2

A (2 E(g) _ E(r(r)L) + rr;n E(g) _ E(r?l)
|(l,n|3-l|T,m)|2 |(l,n|’$-l Lm)l|?

+ Z E(g) _ E(r?z) + Z E(g) _ E(191)

T,n)+(l,n|f§-l|l,n))

m#n

m#n m#n

(19)
Now discuss the representation of Hamiltonian quantum states. The Hamiltonian

quantum state "} can be written as a wave function such as,
V= lpnlm(r'e’(p) = Rnl(r)ylm(e'(p) (20)

Where = 1,2,3,... is called principal quantum number; [ = 0,1, 2, ... is called the
angular quantum number which characterize the magnitude of angular momentum;

m=11-1,1-2, .., -l+2, -I+1, -1 i called magnetic quantum number.

Rou(r) is a radial function, related only to the position vector I whose expression is,

z
N nay (27 27
R, (r)=N,_e —7r|F(-n+1+1,2l+2,—7)
na na
0 0 (21)
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Where Me€s and Z is the atomic number. The values of several radial functions

are listed below:
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The spherical harmonic function Y1 (0,90) is a single-valued, continuous, and bounded
complex function containing & (€ € [0, ]y and @ (¢ € [0, 27]). 1t can be expressed by

the following formula.

Y, (6,0) = (- 1)™N, P"(cos 6)e™"

“m)i2l+ 1)
(l + m)!47r is the

N, = \/ S
m ! B
P (cos 0) i ssociated Legendre polynomial. "

Where

normalization factor. Next, list a few spherical harmonic functions



Yoo(e ®) =

\f (23)

Y, . .(0,9) L3 gingetv
,p) =—— |—sin Oe
1+ 1080 =77 on
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Y 0,90) =— |—sin3 fe "B3% = — |— " (3sin 6 - sin 30)e " 3¢
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Thus, the total wave function and the orbits it represents are therefore listed Table S1.

Table S1. The principal quantum number, angular quantum number, magnetic quantum number,

total wave function, and corresponding orbit.

n l m Y =v,,.(1.0,0) orbit
1 0 0 W100(T6:0) = R1p(1)Y 50 (6,0) Is
0 0 Y200(T:0,9) = Ryo(1)Y 59 (6,90) 2s
-1 Wy1_1(16,9) = Ry (MY, _1(6,0) 2py
2
1 0 Y210(T0,9) = Ryy ()Y 19(6,90) 2p,
1 ¥211(1,0,9) = Ry ()Y 11(6,90) 2py
0 0 ¥300(T,0,9) = R30(1)Y 50(6,90) 3s
-1 W31 _1(16,0) = Ryy (1Y _1(6,0) 3py
1 0 ¥310(T,0,9) = R3; ()Y 19(6,90) 3p,
1 ¥311(1,0,9) = R3; ()Y 11(6,90) 3px
3 2 W3 _2(1,0,0) = Ryy(r)Y,_5(6,0) 3dyy
-1 W3y 1(10,0) = Ry, ()Y, _1(6,0) 3dy,
2 0 P320(70,0) = R35(1)Y 50(6,0) 3d,
1 V351 (1,6,9) = R3p(1)Y 51 (6,90) 3dy,
2 Y322(T.6,0) = R3,(1)Y 5,(6,90) 3d,2.,2

Then, the part of 5L can be written as the following form in spherical coordinates.
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Now, taking equations (20 - 24) into the first term of equation (19) and get the Table
S2, noting that all diagonal elements in Table 2 are zero. Therefore, the effect of the
first order perturbation term on the SOC is zero, so we can just consider the second-

order perturbation term when calculating the SOC (shown in Table S3).

Table S2. Matrix elements {oupi|Sn- Ly | Oj‘pj) and (o0 [ S5 Ly ‘ Uj’dj) of the spin-orbit coupling

operator with respect to spin state in direction * = (x,%,2), in units of A.

L S L% 2 L% B 1 B 17 B 1Y )
IT.p,) 0 0 iz 0 -ix 0
IT.p,) 0 0 0 X 0 -y
ey iz 0 0 0 y 0
14 p,) 0 Six 0 0 0 iz
) ix 0 y 0 0 0
142, 0 Y 0 iz 0 0

dy)  hdy) L) hdg) hdp o) Ihdy,)  Ihdy)  Hhdg)  jLdy) Rd, )

IT, dyy) 0 0 0 0 2iz 0 y 0 -ix 0
I7,d,,) 0 0 0 iz 0 . 0 ABix 0 “ix
I ,) 0 0 0 0 0 0 JBix 0 By 0
I1.d,.,) 0 -iz 0 0 0 ix 0 3y 0 y
hd, o) i 0 0 0 0 0 ix 0 ¥ 0
1L, d 0 y 0 ix 0 0 0 0 2iz

)

) y 0 Af3ix 0 -ix 0 0 0 iz 0
ILd ,) 0 Bix 0 3y 0 0 0 0 0 0

)

ix 0 By 0 v 0 iz 0 0 0



J/’ d . _ .
| Xzfyz) 0 ix 0 y 0 2iz 0 0 0 0

Table S3. Matrix elements |(0i’pi Sn ' En Uj’pJ')'z and |(0i’di Sn ' En Uj’dJ')lz of the

spin-orbit coupling operator with respect to spin state in direction = (*,Y,2), in units

of 1.
ey L) ILe) ey Wp) bpy)
I.p,) 0 0 z2 0 x2 0
I.2,) 0 0 0 X2 0 2
IT.p.) z? 0 0 0 »? 0
b)) 0 X2 0 0 0 22
Le) X2 0 32 0 0 0
14 p,) 0 32 0 2 0 0
T, dxy) I7, dyz) I, dzz) Td,) I dxz - y2> I, de) I, dyz) 2 dzz) bd,) b dxz - yz)
I, dyy) 0 0 0 0 422 0 32 0 X2 0
IT.d,,) 0 0 0 z? 0 2 0 3x? 0 x2
Lda) 0 0 0 0 0 0 32 0 3 0
IT, dy,) 0 z2 0 0 0 x? 0 3)? 0 2
Wd, o) 422 0 0 0 0 0 X2 0 32 0
I dyy) 32 0 X2 0 0 0 0 0 42
1. d,,) 32 0 3x2 0 x2 0 0 0 72 0
Ihd o) 0 3 0 3 0 0 0 0 0 0
I d,,) x2 0 3)? 0 32 0 z2 0 0
hd, o) 0 X2 0 e 0 472 0 0 0

Table 4. The following three tables show the d-orbit coupling matrices in the x-, y- and



z- directions respectively.
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L dy,)
14 dzz)
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2. One FM state and Four AFM states of a 2 X 2 supercell CrSBr



monolayer.

OAFMSO OAFM4O
Figure S1 The 2 X 2 supercell of CrSBr monolayer with one FM (a) and four AFM (b - ¢). Red and

blue respectively represent different spin directions.

3. Density of states (DOS) for CrSBr monolayer
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Figure S2 The DOS and PDOS for CrSBr monolayer under no strain.

4. Change of bond angle, the energy difference, and magnetic moment

under biaxial and uniaxial strains.
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Figure S3 Change of bond angle (a), the energy difference ([JE) between ferromagnetic and
different antiferromagnetic states (b), and magnetic moment (c) with different strains, respectively.

To study the effect of strain on the lattice changes of CrSBr monolayers in detail,
the change of bond angle #,(Cr-S1-Cr), 6,(Cr-Br-Cr), 65(Cr-S3-Cr) as shown in Figure
la with different strains was shown in Figure S3a. The result shows that the bond angles
of CrSBr monolayer change slightly with strains. Figure S3b shows the energy
difference between ferromagnetic and different antiferromagnetic states, and indicates
that the ferromagnetic ground state of CrSBr monolayer does not change under different
strains. Besides, the total magnetic moment of CrSBr monolayer also changes little

under different strains (Figure S3c¢).



5. The band gaps for CrSBr monolayer under different strains.
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Figure S6 The band gaps of CrSBr monolayer under biaxial strains.



6. Magnetic anisotropy energy in whole space as well as in the three planes

under different strains.

MAE [peV/atom]

() 68 (b) 7
SOC-MAE 58 E R
49 :’; sk ==Xz plane
= —8—Yyz plane
39 g 30hk ==y plane J
= !
29 § 15 E
X . 1
19 O ob J
% 4
9 >15 'l A A L ]
0.07T 0.27T 047 0.6 087 1.0
6 (degree)
Z L) T L] T
(c) MAE [peV/atom]  (d) 75F 1
L E eof
Shape-MAE S
64 R | —=—xz plane
% —e—1yz plane
53 = f —d—xy plane
=
42 § L
32 5
e 0fF
21 2
- -I5E N " " i ]
10 0.0 027 04w 0.6T 0.8T 1.0
6 (degree)

Figure S7 (a) and (b) SOC-MAE of CrSBr monolayer in the whole space and the xy, yz, xz planes.
(c) and (d)Shape-MAE of CrSBr monolayer in the whole space with no strain.
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Figure S8 The variation of SOC-MAE (a) and total-MAE (b) for CrSBr monolayer in the whole
space under biaxial xy strains (-5% ~ 5%).
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Figure S9 The variation of SOC-MAE (a) and total-MAE (b) for CrSBr monolayer in the

whole space under uniaxial y strain (-5% ~ 5%).



7. The contribution to MAE from the SOC interaction between different d orbital

channels for Cr atoms under different strains

E1001Ejgor (neV/atom)
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T
T 1 zn/n\
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Figure S10 The contributions of p orbitals and d orbitals of Cr, S, and Br atom to SOC-MAE along
[100] direction (a) and [010] direction (b) for CrSBr monolayer under different strains. The energy

is the reference along [001] direction.
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Figure S11 The contribution to MAE from the SOC interaction between different d orbital channels
along [100] (a) and [010] (b) directions for Cr atoms under different biaxial xy strains. The energy

is the reference along [001] direction.



(

Eoo-Ejn) (neViatom) £

Ir Br_p 15
| 10
| :
L ===
‘\ :'0
. :

biaxial-strain:

E\100Eo1) (neV/atom)

biaxial-strain:

,-.
Enor-Epn (peViatom) &

EIOI U|‘E|uu| | (ue\’/atom)

Figure S12 The contribution to MAE from the SOC interaction between different p orbital channels
along [100] (a) and [010] (b) directions for Br atoms under different biaxial xy strains. The energy

is the reference along [001] direction.
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Figure S13 The contribution to MAE from the SOC interaction between different p orbital channels
along [100] (a) and [010] (b) directions for Br atoms under different uniaxial x strains. The energy

is the reference along [001] direction.
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Figure S14 The contribution to MAE from the SOC interaction between different d orbital channels
along [100] (a) and [010] (b) directions for Cr atoms under different uniaxial y strains. The energy

is the reference along [001] direction.
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Figure S15 The contribution to MAE from the SOC interaction between different p orbital channels
along [100] (a) and [010] (b) directions for Br atoms under different uniaxial y strains. The energy

is the reference along [001] direction.



8. The variations of Curie temperature (T¢) under different strains.
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Figure S17 The verities of T¢ under for CrSBr monolayer the x-directional uniaxial strain
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Figure S18 The verities of T¢ for CrSBr monolayer under the y-directional uniaxial strain.
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