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CONTENTS written in the following form
1. Image of an electrostatic multipole near a | B, ;o ) ,
conducting or an insulating plane wall | 1 ®= Tn_Ll P (cos0) cos(mqﬁ)JrTm;l P (cos ') cos(mg’).
(1)
[ II. Re-expansion of the spherical harmonics | 2

a. Grounded plane wall In the case of grounded
wall, the boundary condition on the plane wall is & = 0.

(L Flectric potential ©, | 2 By, and B,, ,, are symmetric about the wall. Conse-
quently, on the wall, we have r = r’, § + 6’ = 7, and
[V. Asymptotic solution for large gap between two | ¢ = ¢'. Substituting into Eq. [1] yields
L wallg 3
TN T clecirc field 3 . "
n, M pm - n,m pm a —
[B. Tangential electric field 4 ) P (cos ) cos(me)+ o] P (—cos @) cos(mg) =0
| V. Convergence) 4
Using the identity of associated Legendre polynomials
[ Referenced 5 Pr(=2) = (=)™ " Py (x), we have

B’:L,m = (_1)n+m+an,m~ (2)
I. IMAGE OF AN ELECTROSTATIC
MULTIPOLE NEAR A CONDUCTING OR AN
INSULATING PLANE WALL b. Insulating plane wall In the case of insulating
wall, the boundary condition on the plane wall is
0®/0z = 0. The partial derivative between with respect

to z could be calculated using the following equation,
B;LJVL
0 [PM(cosb) P (cos®)
% {r"“ cos(m¢)} = —(n—m+1)7+rln+2 cos(ma).
Plane wall
On the insulating wall, we have
P (cosb)
- Bnm {—(n —m+ 1)% cos(mqb)]
P (—cosd
+ By m {—(n —m+ 1)% cos(md))] =0.
FIG. 1. Image "

. . . . Same as before, using the identity of associated Legendre
In this part, we give the relation between a multipole polynomials P™(—x) = (—1)"*™P™(z), we have

By, m and its image B;, ,, due to a grounded or insulating
plane wall. These results follow Washizu and Jones [I]
and are summarized here. The electric potential can be By, = (=1)""" By . (3)



II. RE-EXPANSION OF THE SPHERICAL
HARMONICS
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FIG. 2. Re-expansion

In this section, we present the re-expansion of spher-
ical harmonics from spherical coordinates (1,6, ¢’) to
coordinates (r,0,¢). These formulas are derived by
Washizu and Jones [I]. Cartesian coordinates (x/,3y/, 2")
and (x,y,z) are also introduced as auxiliary. z-axis of
these two Cartesian coordinates are collinear and in the
same direction. As shown in FIG.[2] Az is the distance
between origins of two coordinates.

We use ¢, and ¢, to note spherical harmonics
with singularity at v’ = 0 and r = oo, respectively,

Yim = 7'~ 7P (cos 0) cos(md),
Gn.m = r" P (cos 0) cos(mg).

For Az > 0, which means that the coordinates (r/,6’, ¢’)
is above coordinates (r, 0, ¢), the re-expansion is

b = i(—l)n_m (n+1)! (Az)f(”HH) p

T (n—m)(I+m) o™
For Az < 0, which means that the coordinates (r’,6’, ¢')
is below coordinates (7,0, ¢) the re-expansion is

i - n+l> (Az)~ D

Ynm = m) (1 +m)!

(ybl,m'

l=m

They could be rewritten in a more compact form

R R () LN - ) B
d’”vm_;(_l) )+ m)l A

(4)
It should be noted that Eq. |4 converges within the region
r < Az.

IIT. ELECTRIC POTENTIAL &,

In this section, we give the expression of the distur-
bance electric potential outside the particle, ®5, using
the superposition of multipole images. The electric po-
tential could be written as

by = + Z 1 ()

Images
The first term on the R.H.S. of Eq. [f]is the disturbance
field due to the original multipole B,, ,,,

[ee]

o5 = Z B:+TP (cos 0) cos(ma),

n=m

where (7,0, ¢) is the spherical coordinates originated at
the particle center. The second term on the R.H.S of Eq.
[] is the sum of the disturbance field due to all images.
For an arbitrary image I, located at z; with multipole
moments I, n,, the disturbance field gZ;I is

I = Inm m
b1 = Z r?;rl P (cos 05) cos(mey),

where (rr, 605, ¢r) is the spherical coordinates originated
at the particle center.

Using the re-expansion formulae in Eq. b1 is re-
expanded in coordinates (r, 8, ¢) in the following form

br = Z Z Df:”ll)Bl,mr"Pff(cos 6) cos(ma),

n=ml=m

(m)

where the re-expansion coefficients Dn’l are
P _ (_qyemBun__(nt D! (A"
mbo Bim (I—m)l(n+m)! Az

Substituting the re-expanded él into Eq. |5}, we obtain

oo

= Bn’m m
by = Z n+1P (cos ) cos(me)

n=m

+ Z i iDg:ll)Bl’anP;Zl(COSQ)COS(m¢).

Images n=m l=m

The electric field outside the particle could also be writ-
ten as the general solution of Laplace’s equation,

oo
=S B, n m
by = § (r”ﬁ + My mr ) P (cos 0) cos(ma).

Equating two expressions gives

nm—Z

Bl my



)

where coefficients N, r(l"ll are defined as

3
It should be mentioned that in the expressions of DST;)
the ratio I;.,/B;,m = £1. The analysis on the image
system in the main text gives the multipole moments
and locations of all the images. We explicitly give the
expression of N, (0) for the normal electric filed and Nflll)
for the tangentlal electric field,

(20, — 26, )n i1

i+ (=) 1

1 B (_1)n+l
(20, + 20,)n+HL |

(_1)n+l

0 _ (n+1)! 1 o (=)' + (=1)"
Nn,l n! (_250)n+l+1 + Z (Qkéw)n—i-l—l-l
k=1
(1) (n + l)! 1 > (
N =
n,l (l _ 1)!(n + 1) (_2§c)n+l+1 + kZ::l

IV. ASYMPTOTIC SOLUTION FOR LARGE
GAP BETWEEN TWO WALLS

The non-monotonic behavior of the force coefficient C'y
presented in the main text is superising. In the main
text, it is concluded that this behavior is the result of
increasing dipole moment as the top wall approaches the
particle. In this section, we present the asymptotic solu-
tion when d,, > 1. Without loss of generality, we assume
the particle is close to the bottom wall, . ~ O(1).

From Eq. |§|and Eq. |7} it is clear that Nf:;) could be

written as

Y(m)

n,l

N(m) — X(m)

n,l

where X (m) stands for the leading order term that is

1ndependent of d,,, and Y is the correction term that
comes from sums on the R H.S of Eq. [f] and Eq. [7] We
are only looking for the leading order correction,

(m) _ (m)
It could be shown that n = 3 in both cases. The origi-
nal multipole B, could also be expressed as a regular
perturbation series,

Bl,m = (BO)Z_’ Bg) + h.o.t.

53(

(Bo); ,, and (Bz), ,,, are solved by substituting NT(:Z) and
By, into the equation systems for the original multipole
and equating like powers of 1/§,,. The interaction force
have the one-wall solution as the leading order term and
a correction term of O(1/83),

1

Equations for the normal and tangential electric field are
listed in the following two subsections respectively.

(2k8,, )+

(2k5w _ 25C)n+l+1 (2k5w + 256)n+l+1] : (7)

A. Normal electric field

It is mentioned that the net charge on the particle is
zero and terms with subscript n = 0 or [ = 0 do not
contribute to the interaction force. From Eq. [6] it is
obvious that

© _ (n+1)! —(ntl+1)
T (=20) '

The leading order correction term that contributes is

0
Yl(, 1)

)

o 11 ¢(3)
v\ _——,ZEJrh b =25

where ((x) is the Riemann zeta function. It could be ver-
ified that Yl((i) is the only term of O(1/62). The asymp-
totic behavior of N, (© )

~xO + 170 8)

(0)
Nn,l 63 n,l?

where ZfSI) is

- {0

and (Bs),

(n7 l) = (17 1)7
otherwise.

(Bo)l,m

tions

.m are solved from the following equa-

O) Y [(x = DX ) + (nx + 1+ 1na| (B
=1

= (X - ]-)Gn,Oa

(@) <5§j> : lio: {(X — 1)nX,(l[3l) + (nx+n+ 1)571,1} (33)@0

=1

= —(x—n>_ 29 (Bo),,

=1



Substituting into the equation for the electric force in the
main text, we obtain the asymptotic behavior of interac-
tion force on the particle

1
Cr ~Cpo + 5730f3a
n+1
CfO =4r Z K 2 +1 (M(/))nﬁ (M(/))n-i-l,() ’
n+1
Oz =4n Z Kug—3 [(Mé)n,o (M3),,41,0

+ (Ms), 0 (M) 1)

where M coefficients are,

1
Mo~ (M), o+ Y (Ms),, 4
0
(Mo),o =Y X (Bo)y,
=1
0 0
(Ms),0= > X) (Bs), o+ > 2% (Bo)y
=1 =1

B. Tangential electric field

In the case of tangential electric field, the asymptotic
solution could be obtained following the same procedure.

The leading order term X 7(31) is

X(l) _ (nJrl)

—(n+1+1)
X i T o S YD :

The correction term is still of O(1/63),

2

1 1
WY~ XY+ 2

where Zr(le) is

a4 = {0

The leading order multipole (By), ; and correction (Bs), ;
could be solved from following linear systems,

(’/l,l) = (17 1)7

otherwise.

M8

0(1): 3 [ = VX + (0 + 1+ 1)dna] (Bo,

1
= (X - 1)Gn,17

( ) i{ flnX )+(nx+n+1)5nl}(B3)
!

=1 .
Z 7(”) (Bo),,

The asymptotic behavior of interaction force on the par-
ticle is

1
Ct ~Cpo + 6730]“37
— _ n(n+1)(n+2)
Cro :27; an (Mg) 1 (Mg),y411 5
n(n +1)(n+2)
Cr3 =2 K,—————=
13 =4 nz:l 2n + 1

x [(M(l))nl (MS)n+1,1 + (M3)n,1 (M(g)n+1,1:| )

where M coefficients are,

ig (Ms3)

Mn,l ~ (Mo)n,l + 5

n,l’
w

1)
MOnl*Z n,l BOll?
oo oo

(1 1
M3 n,1 — ZX l) B3 11 sz(zl) (30)1,1-
=1

V. CONVERGENCE
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FIG. 3. The convergence of force coeflicient C'y in the case of
normal electric field for different configurations.

In this section, we present the convergence of our an-
alytical solution in the normal electric field. In practi-
cal computation procedure, we truncate the infinit sum
Eq.25 in the main text and keep finite number terms. The
number is noted as N,,q.. In FIG. |3] we plot the force
coefficient C'y as a function of Ny,qz. It could seen from
the figure that all the solutions converge when enough
terms are kept.
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