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Part I: Supplementary Figure 1

SHGI signal strength
—

Fig. S1. Polarization textures probed by PLM, SHG, and SHG-I microscopy. (a) The PLM observation
of two types of Nr droplets formed by RM-OC,. The yellow double arrow donates the rubbing direction. (b-¢) PLM
images of an N droplet with the CV-type structure under the crossed polarizers (b), inserting a quarter-wave plate
whose slow axis donated by orange double arrows (c), rotating one of the polarizers (d), and removing the analyzer
(e). (f-I) PLM images of an Nr droplet with the L-type structure under the crossed polarizers (f), inserting quarter-
wave plate (g), rotating one of the polarizers (h), and removing the analyzer (i). (j-n) SHG and SHG-I images of an
Nr droplet with CV-type structure. The green double arrow donates the polarization of the laser that excites the SHG
or SHG-I signal. (k-0) SHG and SHG-I images of an Nr droplet with L-type polarization topology. Two polarization
topologies were reconstructed in Nr droplets: CV-type (p) and L-type (q). Scare bare: 10 pum.



Part I1: Reconstruction of the polarization fields

Experimentally, we identified two distinct polarization topologies in pancake-like confined spaces
within both RM-OC2 and Nt4 ferroelectric nematic liquid crystal systems (Fig. S1(a)). We initially need to
reconstruct the corresponding polarization fields to clarify their topological structures. The polarization
structure displays a Maltese-cross pattern at the droplet's periphery during the transition from the isotropic
(Is0) state to the ferroelectric nematic state. However, there is no extinction at the droplet’s core areas under
polarizing light microscopy (PLM) with crossed polarizers (Fig. S1(b)). This implies a distinction in the
orientation of the directors in these two areas. Inserting a quarter-wave plate between the crossed polarizers,
as illustrated in Fig. S1(c), causes a color change from green to blue in the first and third quadrants
(excluding the areas near the center’s singularity). This indicates a decrease in optical retardation,
suggesting that the orientation of directors in these regions is approximately perpendicular to the slow axis
of the quarter-wave plate (yellow double arrows). Conversely, a green-yellow color in the second and fourth
quadrants signifies an increase in optical retardation, implying that the orientation of directors is
approximately parallel to the slow axis of the quarter-wave plate. Furthermore, by counterclockwise
rotation of one of the polarizers, the Maltese-cross pattern at the droplet’s periphery rotates in the same
direction (Fig. S1(d)), signifying a topological surround number of +1 in the polarization field in this region.
Upon removal of one of the polarizers, a singularity is present only in the droplet center (Fig. S1(e)),
indicating continuity in the director field elsewhere. Based on the PLM images, the initial director field of
the droplet appears to be a concentric vortex-like structure. The core region exhibits a different director
orientation than the periphery, with a continuous transition between the two. As the droplet grows, we
observe the emergence of another topology (Fig. S1(a) and Figs. S1(f)-(i)). Comparison of PLM images
reveals that the directors' orientation in this droplet is similar to the preceding one, except for the area near
the topological declination. After inserting the quarter-wave plate, the colors on the two sides of the
declination differ significantly (Fig. S1(g)), indicating a difference in directors’ orientation between the two
sides. Based on the above PLM experimental data, the corresponding director fields for each of the two
types of droplets can be reconstructed by using 4x4 matrix method. This method is based on the Berreman’s
equation, i.e.,
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Y represents a vector whose elements are the electric field components (E) of light and magnetic field
components (H) of light, i.e., ¥ = [Ey, E,, Hy, Hy]. w is the angular frequency of the light. c is the speed
of light in a vacuum. Ag is a 4x4 matrix that contains information about the material's dielectric constant
and refractive index, i.e.,
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K, is defined as K,., = n; sin 8;, where n; is the refractive index of air (or an ambient), and 6; shows the
angle of incidence. The solution of the Berreman’s equation has the form



W(d) = W(0)e Tedne, (S3)

d is the sample thickness. W(d) and W(0) are the tangential components of E and H of the outgoing and
incident light, respectively. In our reconstruction process, we initially derive an initial rough director field
through PLM image analysis. Subsequently, we defined the index of refraction n;; and dielectric constant
tensor ¢;; for the Ne material. The birefringence of the Ne LCs was set to be 0.21 (n, = 1.7 and n, = 1.49).
Combined with the director field orientation from the previous step, the index of refraction n;; as well as
the dielectric constant tensor ;; can be calculated for each director (Note that ¢;; = nl-jz). Then, we defined
the light source information. We set the wavelength A range of the light source to be 380 nm ~ 780 nm, so
the corresponding angular frequency w range is 2.42 x 10> Hz ~ 4.96 x 10> Hz (Note that w = 2mc/2).
The angle of incidence was set to be 8; = 0. The sample thickness d is 5 um. The refractive index of air
and LC cells were assumed to be 1 and 1.5, respectively. Substituting the above information into the
Berreman's equation, we obtain the transfer matrix T, between the incident and the outgoing light, which
is

N
T, = et (s4)

Using Eq. (S4), we calculate the corresponding outgoing light W(d) and subsequently obtain the fitted
PLM images. Finally, we iteratively optimize the structure of the director field using the Monte Carlo-
simulated annealing algorithm, aligning the fitted PLM image with the actual PLM image. This process
results enables us to obtain the director field of the Nr droplet.

Later, both of the aforementioned topological patterns in the NF droplets manifest as polarization
structures, as evidenced by second harmonic generation (SHG) microscopic images (Figs. S1(j) and (k)).
Figs. S1(1)-(0) depict the SHG images of the CV- and L-type droplets under two interference conditions,
where the phase of the SH signal of a reference quartz plate is shifted by =. The SH signal alternates
between the upper and lower parts of the two types of droplets, indicating a reversal in the polarization
orientation of these two halves. Combining these SHG experimental data then allows us to derive the final
polarization structures (Figs. S1(p) and (q)).

Part 111: Modelling of 2D polarization fields

We establish the mathematical expressions for the 2D polarization fields of the CV-type and the L-
type structures according to the reconstruction results in Figs. S1(p) and (). The director field is represented
by a unit vector of n = (cos ¢ cosy, sin ¢ cosy, siny). ¢ and Y are the azimuth and elevation angles for
the director.

The director field of the CV-type structure is modeled by using

@=0+kr+b, (S5)
Y =0. (S6)

6 and r are the polar angle and radius in the polar coordinate system with the origin point located in the
droplet center, respectively. k represents the variation rate of the azimuth angle along the droplet's radius.



b represents the initial azimuth angle at the center of the droplet. Thus, the expression of the director field
in the Cartesian coordinate system is expressed as

_ xcos(k,/x2 +y2+ b) - ysin(k,/x2 +y2+ b)
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Setting k # 0 in Egs. (S7 — S9) enables the description of the splay deformation in the inner part of the
CV-type structure observed experimentally. Whenk = 0and b = m/2 in Egs. (S7 — S9), the concentric
polarization field at the periphery part is described (Fig. 1(n)).

For The L-type structure, the model is also divided into two areas: the inner and the periphery parts.
In the inner part, we set the azimuth and elevation angles as
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L donates the inner radius of the L-type droplet, which is comparable with the length of the line disclination.
The spatial distribution of the director in the inner part is written as
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The concentric polarization field in the periphery part is consistent with that in the CV-type structure,
described by Egs. (S7 — S9), where k = 0 and b = 7 /2.

Due to the dominant role of the dipolar interaction driving the polar nematic order in rod-shaped Ng systems,
our compounds undergo a direct 1so-Ng transition without transitioning into apolar nematics as temperature
decreases. In this scenario, the nematic order is induced by the polarization order. To explain this, we
propose a linear coupling between the nematic order parameter and the polarization order as: N = sn and
P = PyN = Pysn L. s is the scalar order parameter for the uniaxial case. P, is the maximum polarization
intensity when a perfect order (i.e., s = 1) is achieved. The polarization fields for CV- and L-type structures
can be modeled as shown in Figs. 1(n,0).

Part IV: Free-energy calculation for the CV-type structure

In our model, the free energy density functional consists of a bulk term f,, and a surface term f;. They
are
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The first three terms in Eq. (S15) are the nematic elastic energy density for splay (K;1), twist (K3,), and
bend (K33) deformations. The fourth and fifth terms represent the Landau energy for realizing a polar phase.
7, = a(T — Ty) and 7, are the phenomenological coefficients. Ty, is the critical temperature for the apolar-
polar phase transition. The equilibrium polarization of the system is Py = syPyn, whose magnitude is

determined by the Landau coefficients, i.e.,|Py| = /—71/(27;). Note that we only consider the N state in
equilibrium (P = Py), so the Landau energy density here can be simplified as:

Fran = (51 (Po)z n T2 (Po)4

2 2
=81, (517)
The sixth term is the polarization gradient energy density, in which
on, Jdn, Jn,
dx Jdy 0z
on, dn, Jn,
VP = PyV(sn) = sP, ax 3y oz (518)
on, Jdn, 0Jdn,
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Here, we assumed that the order parameter is spatially homogeneous s (Vs = 0). The polarization gradient
term penalizes any deformation of the polarization field and effectively distinguishes between the
ferroelectric and antiferroelectric states ' 2. The seventh bulk term deals with flexoelectric polarization
which comes from the LC flexoelectric effect. In the Nr state, the flexoelectric polarization couples with
the spontaneous polarization field, resulting in the effective splay elastic modulus K;; being reduced. y is
a bare flexoelectric coefficient. The last bulk term originates from the depolarization effect. Eq is the
depolarization field in the bulk of the Ng droplet. Electrostatic interactions are particularly
significant in the highly polar N system at low temperatures. An example is the calculation of the
depolarization energy in the core region of a CV-type structure. The polarization field in the Ng
droplet produces depolarization charges. The charge density can be calculated as:

pp =—B(V-P)
_ cos(b + kr)

= BPess |ksin(b + kr) — — (519)
P.¢r is regard as the effective polarization strength for the system, i.e., Pegs =SPy. B is a
dimensionless coefficient. The actual amount of space charge would be (much) lower than the theoretical
prediction due to the existence of free ions . 3 is set to be of the order of 10~* to calculate the actual
space charge density in our N droplets. By solving Poisson's equation (V2® = —py, /€), we can further
derive the depolarization potential ® and electric field E, which are:
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er?
0
€ is the effective dielectric constant of the LC material. C; and C, are the coefficients from the

process of solving the equations. C; represents an offset of the potential and C, represents a background
electric field. Correspondingly, the depolarization energy density for the core regions of a CV -type
structure is

(S20)

1 C, BPesrcos(b + kr)
fdepol = zPeffcos(b + kr) — +—= )

- (S22)

For generality, we include two types of anchoring effects from the surface-rubbed LC cells: traditional
apolar anchoring and an additional polar anchoring (Eq. (S16)). The apolar anchoring prefers the director
either syn-parallel or antiparallel to the rubbing direction. The polar anchoring, on the other hand, favours
the polarization only syn-parallel to the rubbing direction. We set the polar anchoring direction to be n, =
(1,0,0) here. The magnitude of the apolar and polar anchoring at the cells’ surface are controlled by Wy

and Wp, respectively.

The total free energy of the CV-type structure is calculated by adding up the free energies arising from
the inner and periphery parts. In the inner part, the free energy is calculated as
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Note that Egs. (S7 —S9) fail to describe the polarization field at the center of the droplet due to
\/m = 0, so we set the radius of this mathematical singularity to be a to avoid divergence of the
energy. R; is the radius of the core region for the CV-type droplet. K is defined as K = (s2K;; + s*K33)/2.
The elastic anisotropy is represented by the second term of Foy, where K = (s2K;; — s*K33)/2. In
addition, we consider the polar anchoring effect very weak for the inner part of the droplets so that Wp = 0
in Eq. (S27). In the periphery part of CV-type droplets, an idealized concentric polarization field forms,

whose free energy is calculated as
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Therefore, the total free energy of a CV-type droplet reads
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To simplify the above free energy form, we first try to determine the value of the parameter b,
corresponding to the optimal azimuth angle of the polarization near the center of the CV-type structure.
Considering the case of R, = a — 0, the free energy of the CV-type structure is simplified as

Feye ~ (K + hPeffZ)lng — kK [ZSin(Zb)le +In Ri]
1

—2myPogsR1 cOSh. (S27)
We used some approximation as: e.g., k?R;%~0, R?~0 and b + kR, ~b. The terms related to parameter b
are elastic anisotropy and flexoelectricity, i.e.,
g(b) = —2nKsin(2b)kR; — 2myPegR, cosb. (S28)
When K <0, the free energy Foyy minimizes when b = 0. If K > 0, the optimal parameter b,
corresponding to the minimization of the function g(b) can be derived by solving

ag(b _
% = —2mR;(2kK sin 2by — yPegs cos by) = 0. (S29)

Then, the optimal parameter b, becomes

WeE+32—¢
— 5 (S30)
Here, ¢ is the radio of flexoelectricity and the elastic anisotropic, i.e., ¢ = yPqg/kK. Worth noting
that the values of b, can go to zero when the flexoelectric effect is dominant (i.e., y Py > K). This situation
may easily occur at the initial stage of the Iso-Nr transition. Based on the above discussion and for
convenience, we will consider b = 0 in the following calculation. We then applied this condition to Eq.
(S26).
To investigate the optimal CV-type structure, we calculated the equilibrium inner radius R, for the
CV-type droplet. We first calculate the first-order partial derivatives of Fy with respect to R,, which gives
an equation for Req:

by = sin™

dFcy
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= 2¥PeftRe1(c0s g — kRey sin @) — [k2(K + hPeg®) — Wp]Rer” (S31)



¢y is set to be ¢y = b + kR,q, Which represents the azimuth angle of the polarization on the boundary of
the core area. The range of values of ¢ is (0,/2). The trigonometric terms in Eq. (S35) can therefore be
handled by course-grained method for simplification, e.g., {(cos 2¢o) = 0, {sin 2¢py) = 1, {(cos? ¢o) = 1/2

and (cos ¢o) = (sin ¢y) = 2/m. So, we obtained the solution for the equilibrium inner radius R, as

4n + /1612 — 2nK{
. 2 BPesi
{ =2nk?(K 4+ hPegs®) + 8kyPy + 1 — nWp, (S33)

N = yPesr + kK. (S34)
We briefly discuss how the elastic anisotropy affects the equilibrium CV-type structure based on Egs.
(S32 — S34). Taking the first-order partial derivatives of R,; with respect to K, we obtained

ORe;  2[3(2kRey — 1) + 8k(1 — kn)]
oK 71602 — 2mK¢

Since kR, ranges in value from (0,7/2) as discussed earlier and kn < 1 is known after substituting
numerical values (e.9., k = /10 pm™, y = 107* V, Pog = 4.5 pC-cm?), R, decreases as K increases.
Physically, different ferroelectric LCs may exhibit either positive * or negative ° values of K. If K < 0, the
effective splay elastic modulus is smaller than the effective bend elastic modulus K55, suggesting that the
elastic anisotropy favors expanding the inner radius of the CV-type structure. If K > 0, the effective splay
modulus K is larger than the effective bend modulus K55, implying that the elastic anisotropy suppresses
the expansion of the inner areas in the CV-type structure. A similar scenario that the condition of
K33/(8K11) + K52/K11 < 1in apolar N droplets leads to the called twisted radial structure (an apolar
analogy of the vortex-like topology) under the homeotropic anchoring. This is because the radial
configuration is unstable against a twist deformation as K55 decreases. In the N droplets, the elastic
anisotropy does not affect the essence of the formation of polarization topology (Fig. 2), so we further
simplify the equilibrium inner radius under the single-elastic-constant approximation as:

: (835)

8yP
Rey ~ Y eff . (S36)
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Correspondingly, the free energy of an CV-type droplet with an equilibrium inner diameter Rq; is
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Using Eq. (S31), we can further simplify Eq. (S37) as

nT12 L BPets’
R° +
871, 4¢

— 5 R T 5
Feye = (K + hPqg )lng - Rei+7 (Wq + 2Wp)R (S38)



Part V: Free-energy calculation for the L-type structure

The total free energy of an L-type droplet is calculated by adding up three parts. First, the polarization
field in its core area can be described by Eq. (S12 — S14), and this region is considered a circular shape
with a radius of L. According to Eq. (S15 — S16), the corresponding free energy density is calculated as:

32K11 . x'z(l + ylZ)z S4K33 - y12(1 _ le 2

fela = (S39)
212 (1 + x12y12)3 212 (1 + x12y12)3
_ o 540
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Q y
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We define x" = x/L and y’ = y/L, and they take values in the range of [—1,1]. The depolarization charges
induced by the L-type structure is calculated as:

po =—B(V-P)
_BPesr x'(1+ y'?)
- 3
(1+x"%y'?)?
After substituting Eg. (S44) into Poisson’s equation, a non-homogeneous second-order differential

equation is obtained. Because it is difficult to obtain analytical solutions, we conducted numerical
calculations. Firstly, we numerically solve the equation of

(S44)

x'(1 +y’2)

qu)l = — E
(14 x?y'?)?

(545)

in a grid space of size [x',y'] € [—1,1] with a step length of 0.01 um. A solution of &, with numerical-
matrix type was obtained. Then, we numerically solve the corresponding depolarization field through the
equation of E; = —V&,. We considered a L-type structure (P" = (P',+, P',1, P';,)) as

, Pegy’
o= —, (S46)
ly'ly1+x"2y
, —Pegex'y"?
PY’ = ’ .12 (547)
ly'[V1+x"2y
P, =0. (548)

So, the depolarization energy density in the grid space can be calculated by the equation of

10
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f,depol = _EP, E; (549)

f'depor 1 @ numerical matrix. We denote the average value of f’gepor @ Ny, and then the actual
depolarization energy density of an L-type structure with a radius of L can be estimated as

BPet _, BPett
fdepol = Le f depol ~ Ny L_e (S50)

Finally, we perform a numerical integration in the region of x"? + y’2 < 1 to obtain the free energy of the
inner part of an L-type droplet, the results are

Vi-x'?

1
—7J2 / l
R= | [ Gt furd dy
nt,? BPesi’

s
~ 0.455%Ky, + 0.255*K 35 — 5 L2 + 0.70hPqg% + N, .

. L+ 0.06WqL2. (S51)
2

The second part of the total free energy is caused by the line disclination in L-type droplets, whose energy
is controlled by the nematic elasticity and length, i.e.,

Fd = KI?L (552)

K is a constant related to the tension of the line disclination in nematic. The last part of the total free energy
is caused by the elastic energy arising from the concentric structure formed in the peripheral area, which is
solved as

21 (R
F, = -fo J; (fo +fs)|k=0,b=% -rdrdé,

R mry?
= n(s*Ks3 + hPOZ)an 8, (R? - 12)
(Wo + 4W,
+%(R2 _ LZ)_ (553)
Therefore, the total free energy of an L-type droplet reads:
R\ mt,? _ B P .cc?
Fi, = 0.455%K;, + s*K33 (0-25 + nln—) —— L R2 4 KL+ NlﬂL
L 81, £
2 R 2 2 T 2 2
+hPess (0.70 + mln Z) +Wp(R? — 1?) + 2 Wo(R? — 0.92L%). (S54)

Numerically calculating F;, as a function of L under the cases of the single-elastic-constant
approximation and the three-elastic-constant condition are shown in Fig. 3. The landscapes of the free
energy in both cases are similar. For simplicity of the analytical solution, we consider the single-elastic-
constant approximation and obtain

11
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2
We took the first-order partial derivatives of F;, with respect to L, which optimize of the length of the line

disclination L, as

OF,
o207
W Le( - TBPes®\ T . _
s (0.23WQ + 7") L% = ?G(KK + N, F ;ff ) —5 (K + hPest?), (S56)
0— \/QZ —2nW (K + hPeffZ)
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_ TTBP ogc?
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The total anchoring strength is represented by W = 4n(0.23WQ+Wp), which has to meet W <

o%/2n(K + hPOZ). The stronger anchoring out of the range leads the polarization to orient parallel to the
rubbing direction, destabilizing the L-type structure. Under this constraint, we took first-order partial
derivatives of L, with respect to W, which can deduce that

9L, (K + hPeg?) Q- \/ 0? — 2nW (K + hPes”)
ow B e

WJQZ - ZTTW(I? + hPeffZ)

S el (S59)
=wljwz~w|”>"

Therefore, we conclude that L, increases with increasing the anchoring strength. Finally, we insert Eq. (56)
into Eqg. (55) to obtain the free energy of an L-type droplet with the equilibrium defect length L, which
reads:

T, ?

_ R _L
Fre = (K + hPog®) (2.27 + nln—) - R? + kK —
L Ts 2

+%(WQ + 2Wp)R2. (S60)

Part VI: Free-energy comparison between the CV- and L-type structures

Comparing Egs. (S38) and (S60), we can calculate the difference in the free energy for the optimized CV-
type and L-type droplets with a certain size, i.e.,

12



AF = Fie — Fcye
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N is defined as the radio of L, and R4, i.€., N = L¢/R.;. The condition for the spontaneous transition from
the CV-to the L- structure is AF < 0. So next, we calculate the critical value Lo, for AF = 0. The equation
for Leg is

= BPe”\ Leo = BPesi”
_ R — K _ Plefi”
(K + hPeg?) (K * ¢

2N¢ a 2N¢ ( )
~ $62
a 2 (nlnﬂ — 2.27) 21tLeo
a

Note that the above equation is valid only when L, /a is large. Thus, the critical size of L, for AF = 0 is

a? _ PBPest’”
Leg ~ —— KK — . 563
€0~ 2m(K + hPegt) ( 2Ne ) (563)

Furthermore, we discussed earlier that L, would increase with the increase of the effective polarization P,
so there would be a corresponding critical value for P to realize AF < 0. Combining Egs. (S60) and
(S66), we obtain

(1+hA?) =

_ 2 2
a’(x — /2Ne) [ 2a*W ] (s64)

4m? B T[(K + hPeffZ)
Ais a scaled parameter between the polarization strength and the elasticity modulus, i.e., = Pg? /K.
Because a is very small, we obtain the critical A that makes AF = 0 as

a’(k — B/2Ne)? — 4m?
A = 4hm? '

(S65)

Finally, let us briefly explain the magnitude of each physical quantity used in our numerical
calculations. As claimed earlier, K and K are additive and subtractive coupling terms for the nematic elastic
modulus, and their magnitudes are ~10712 N 6, The coefficient h for the polarization gradient term is in
the order of ~1071% J.m3-C?, which was used in our previous work . t; and 7, are phenomenological
coefficients in the Landau energy terms. They are set to be —103 J-m-C?2 and 9.88 x 10° J-m°.C*
respectively so that the equilibrium polarization strength is 4.5 uC-cm. The value of y is 10~* V, which
is reported in a recent work 8. f3 is set to be of the order of 10~* as mentioned before 2. Under this condition,
the amount of space charge accumulated per unit volume is estimated as 8 [ V- P dVypir & 1077 C when
P, = 6 uC-cm2, which is comparable to the reported value in ref. 3. The effective dielectric constant & for
the NF LCs is very large °, so we set it in the order of ~10~7 F-m*(The vacuum dielectric constant is

8.85 x 107'2F-m™). The magnitude of the surface anchoring factor Wq and Wp is set to be ~107° J-m?
10
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