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Figure S1 Angular dependence of magnetic anisotropy energy (MAE) arising from rotating the spin
axis of (a) VSi2N4 and (b) VSizP4 by scanning with fixed. (c) The reference cases for MAE

calculation. The red, orange, and blue curves represent the different spinning surfaces of the spin.
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Figure S2 (a) A function between the polar angle (6) and the valley polarization energies ( valley =

K— K') with azimuth angle =~ =0° for both VSixXs monolayers. The illustration shows the
reference orientation of the spin. (b) Edge state of FM VSi>:Ns monolayer with C=0at = 0.768. (¢)
The Chern number C as a function of index  (by elongating or shortening ) for VSi2Na. (d) The
Chern number C as a function of index (by elongating or shortening ) for VSi2Ns. The range

display remains the same as in Fig. 4(c) and 4(d).



Section 11

A. The SOC Hamiltonian

The magnetic moment of each spin site results from the spin moment interacting with the
unquenched orbital moment under the spin-orbital coupling (SOC) H. soc = AL - S. \is the SOC
constant. Let the magnetization direction be 7.(6, ¢), where € and ¢ are the polar and azimuthal
angles of the magnetization direction with respect to the un-rotated (z, y, z) coordinate system.

The SOC term as can be writen as [1]

PN 1~ 4 1~ 4
Hsoc = MNL,S, + §L+S_ + §L_S+)
= H, + H, (1)
flp =\S, (ﬁz cos® + L, cos ¢sinf + f/y sin ¢ sin 9) 2)

A 1 A ~ o o o
H, 25)\[(5+ + S_)(—L,sinf + L, cos ¢pcos + L, sin ¢ cos0)
+i(Sy — S_)(Lysin¢ — L, cos ¢)] 3)

~

where Sn = ng, §+ = S’mf + igy/, S = Sx/ — Z'S’y/, IAL+ =L,+ if/y, L = f/x — if)y. See Fig. 1(g)
for (x, y, z) and (2, v/, 2').

For ferromagnetic (FM) system, H, canbe neglected. First principles calculations in the section
3.2. Magnetic ground states shows that the two-dimensional VSi; X, systems possess properties

of FM semiconductor, thus the systems can only consider the pr.

B. Valley splitting in single layer [on valence band as an example]

The SOC Hamiltonian in FM systems is
Hsoo = A\S, <[A/Z cos + L, cos ¢sinf + IA/y sin ¢ sin 9)
= A\S. ([:z cosf + %z+e_i¢ sinf + %I:_ew sin 9) 4)
When the wavefunctions can be written as

[Ye) = |dz2) (5)



1
Y0 = \/;(|d12y2> + 0T |dry)) (6)

where 7 = +1 represents the valley index. The energy difference between valleys at the K and K’

points is given by

EX — EX = i{dy_ 2| Hsoc |duy) — i {duy| Hsoc |daz—y2) (7)

EX - EX =0 (8)

For ease of solution, spherical harmonic function is used for the basis vector conversion. The

basis functions |d,,) and |d,2_,2) have the form

) = A [V~ a2 ©

1
dye_y2) = \fz (1Ya,12) + [Ya2)) (10)

By considering of

Ly Yim) = VU £m+ DT m)h |Yimsr) (11)
we will have
Hsoc |dyy) = —2ih\S. cos 0 |dyoyp) + m@/%(m,gew — |Y41)€™?)
o — 2icos |dyzy2) + M(m,_ge—w — Yy 11)e) (12)

V2

. . 1 . sinf » .
Hsoc |dy2_y2) = 2iRAS, [\g(z)(m,@ + Yy, _9)) cosf | + hASZ,WQYQ,_Qe ® 4 |Yai1)e®)
sin @

27 cos 0 |dyy) + W(\Yz—ﬁ e+ Yo 1) €’?) (13)

which results in

{dy_y2| Hsoc |duyy = —2i cos (14)

{duy| Hsoc |dy2_,2) = 2icosd (15)



Inserting above relationship into EX — EX’, we obtain

EX — EX = i{dy_ 2| Hsoc |duy) — i {duy| Hsoc |daz—y2)
o cos 6 (16)

which means that the valley splitting will gradually disappear when spin rotates from out-of-plane

to in-plane as shown in Fig. S2.
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