
 S1 

 
 
 

On the third-order nonlinear optical responses of cis 
and trans stilbene – a quantum chemistry investigation 
 
 
Komlanvi Sèvi Kaka,‡ Frédéric Castet,£ and Benoît Champagne‡,* 
 

 

 

 

 

 

 

 

Electronic supplementary information 
 

  

Electronic Supplementary Material (ESI) for Physical Chemistry Chemical Physics.
This journal is © the Owner Societies 2024



 S2 

TABLE OF CONTENTS 

 PAGE # 

 
1. Complement on third-order NLO responses and measurements S3-S6 

2. Structures and energies of trans/cis stilbene S7-S8 

3. Numerical aspects of the calculations: integration grids and Romberg method S9-S13 

4. Basis set effects on the second hyperpolarizability S14-S16 

5. Electron correlation effects on the second hyperpolarizabilities S17 

6. Selecting an XCF for computing the second hyperpolarizabilities S18 

6.1. Conventional functionals  S18-S19 

6.2. Optimal tuning of the range-separating parameter S20-S24 

6.3. Tuning the HF exchange and the PT2 correlation in B2-BLYP S25-S27 

6.4 Delocalization errors with exchange correlation functionals S28-S29 

7. Solvent effects and frequency dispersion S30 

7.1. Geometries and thermodynamic data S30-S34 

7.2. Second hyperpolarizabilities S35-S43 

7.3. Theoretical and computational aspects on the vibrational second 
hyperpolarizabilities S44 

7.4. Linear optical properties S44-S46 

 
 



 S3 

 
1. Complement on third-order NLO responses and measurements 

(i) The degenerate four wave-mixing (DFWM).S1–4 In this  measurement, three beams of 

frequency	𝜔 interact in the material and a fourth beam at the same frequency is produced. Two 

common geometries can be distinguished: a forward-wave geometry in which all the incident beams 

are propagating in the same direction and a backward-wave geometry (phase conjugation geometry) 

which corresponds to the usual experimental configuration of DFWM. In the latter, two beams are 

counterpropagating (one is a forward pump beam and the second is a backward pump beam) and the 

third beam (a probe beam) is incident at a small angle with respect to the forward pump beam. The 

generated wave is proportional to the complex conjugate of the third beam's electric field. In DFWM 

experiment, electronic, reorientation, and vibrational hyperpolarizabilities as well as thermal effects 

can be measured and their time response can also be obtained.S1,5 Going to time resolution of 

femtoseconds is helpful in separating the various contributions. In this experiment, the quantity that 

can be extracted from the measurements reads: 

𝛾!"#$(−𝜔;𝜔,−𝜔,𝜔) = 𝛾//(−𝜔;𝜔,−𝜔,𝜔) =
1
15 ,

-2𝛾&&'' + 𝛾&'&'0
(,*,+

&'

(S1) 

(ii) The phase-conjugate interferometry (PCI) experiment also probes 𝛾(−𝜔;𝜔,−𝜔,𝜔).S6 

In short, the interferometer contains two phase-conjugate mirrors (PCM) based on the DFWM in the 

retroreflected pump beam configuration. One PCM consists of a cell containing a reference material 

and the second PCM consists of a cell that contains the organic material to be measured. Using a 

beam splitter (BS), the two input beams are split into a forward pump (FP) beam and a probe beam. 

Two retroreflected beams of the FPs by two mirrors serve as backward pump beams (BPs) and 

recombine together behind the BS. After interaction of the three incident beams with a nonlinear 

medium placed in each cell/arm, two optical phase-conjugate beams are generated and also combine 

together at BS. The detail and the optical path of the pump and probe beams can be seen in Figure 1 

of Ref. S6. Then, the optical path length of one arm of the interferometer is changed with a piezo-

electric translator. The two interferograms that arise from the combination of the two retroreflected 

pump beams and the combination of the two phase-conjugate beams are recorded as a function of the 

path length. The depth of modulation of the conjugate interferogram is related to the ratio of the 

amplitude of the third-order susceptibilities of the reference and sample materials. The second 

hyperpolarizability of organic molecules is thus determined from the measurement performed on a 

series of the sample solutions at different concentrations. Different nonlinear mechanisms as 

electronic and orientational effects contribute to the total hyperpolarizabilities in the PCI experiment. 
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S6 When the polarizations of the probe and pump are parallel, the second hyperpolarizability quantity 

reads: 

𝛾,-.(−𝜔;𝜔,−𝜔,𝜔) = 𝛾//(−𝜔;𝜔,−𝜔,𝜔) =
1
15 ,

-𝛾&'&' + 2𝛾&''&0
(,*,+

&'

	 (S2) 

Otherwise, when they are perpendicular, the second hyperpolarizability becomes:7 

𝛾,-.(−𝜔;𝜔,−𝜔,𝜔) = 𝛾/(−𝜔;𝜔,−𝜔,𝜔) =
1
30 ,

-3𝛾&&'' − 𝛾&'&'0
(,*,+

&'

(S3) 

 

(iii) The Kerr experiment. S8–10 In this technique, the DC field creates a refractive index 

difference for the parallel and perpendicular polarization and the measured quantity is the so-called 

molar Kerr constant, given by: S11 

𝐴0 =
𝑁1
81𝜖2

8𝛾0(−𝜔;𝜔, 0, 0) +
2𝜇𝛽0

3𝑘𝑇 +
3
10 =

∑ 𝛼&'𝛼&' − 𝛼𝛼
(,*,+
&'

𝑘𝑇 @ +
𝜇3(𝛼(( − 𝛼)

(𝑘𝑇)3 A (S4) 

where, 𝑁1 is Avogadro’s number, 𝛽0 	is the dc-Pockels first hyperpolarizability [i.e., 𝛽(−𝜔;𝜔, 0)], 

𝛼 = 4
5
∑ 𝛼&&
(,*,+
& , is the mean polarizability, 𝑥 denotes the space-fixed direction of the applied DC 

field, and 𝛾0 is the second hyperpolarizability that is actually measured: S7,12,13 

𝛾0(−𝜔;𝜔, 0, 0) = 𝛾67809::(−𝜔;𝜔, 0, 0) =
3
2
-𝛾//0 − 𝛾/00  

=
1
10 ,

-3𝛾&'&' − 𝛾&&''0
(,*,+

&'

(S5) 

where 𝛾//0 =
4
4;
∑ 𝛾&&''
(,*,+
&' + 2𝛾&'&' 	 and 𝛾/0 =

4
4;
∑ 2𝛾&&'' − 𝛾&'&'
(,*,+
&' . In the Kerr experiment, absolute 

measurements are performed, i.e. absolute second hyperpolarizabilities of the sample molecules are 

determined without calibration with a reference molecule. S14 

 

(iv) The third-harmonic scattering (THS). S15,16 In this experiment, a scattered light is 

detected at the optical frequency 3𝜔 from an intense laser pulsed at 𝜔. The total third-order response 

reads: 

𝛾<=>(−3𝜔;𝜔,𝜔, 𝜔) = [〈𝛾????3 〉 + 〈𝛾?@@@3 〉]
4
3 (S6) 
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where 〈γAAAA3 〉	and	〈γABBB3 〉 are rotational averages of the γ tensor components. The relationships 

between these two quantities and the molecular tensor components 𝛾&'CD are determined by the 

scattering geometry and the polarization state of the fundamental and the harmonic light beams. In 

common experimental setups, the incident fundamental light beam is propagating along the Y-

direction and the scattered light is collected in the X-direction of the laboratory frame. When the 

incident light is polarized in the Z-direction (vertical geometry) and the scattered light collected using 

the same polarization, the expressions of the intensity is proportional to 〈𝛾????3 〉 whereas when the 

incident light is polarized in the X-direction (horizontal geometry) and the scattered light remains 

collected using the vertical polarization, the scattering intensity is proportional to 〈𝛾?@@@3 〉. After 

employing Andrew and Thirunamachandran technique, these two rotational averages read: S17 

 
〈𝛾????3 〉 =

1
315 , 8

2𝛾&'CD3 + 12𝛾&&'C𝛾'DDC + 6-𝛾&&'C𝛾D'DC + 𝛾&'CD𝛾'&CD0 +
3-𝛾&''C𝛾&CDD + 𝛾&&''𝛾&CDD + 𝛾&''C𝛾C&DD0

A
(,*,+

&'CD

(S7) 

 
〈𝛾?@@@3 〉 =

1
630 , 8

16𝛾&'CD3 + 24𝛾&''C𝛾&CDD − 12𝛾&&'C𝛾'DDC −
6-𝛾&&'C𝛾D'DC + 𝛾&'CD𝛾'&CD0 − 3-𝛾&&''𝛾CDDC + 𝛾&&''𝛾&CDD + 𝛾&''C𝛾C&DD0

A
(,*,+

&'CD

(S8) 

They also define the depolarization ratio: 

DR<=> =
〈𝛾????3 〉
〈𝛾?@@@3 〉

(S9) 

DR<=> takes specific values depending on the symmetry of the molecular moiety that is responsible 

of the NLO responses. In the static electric field limit (Kleinman symmetry condition), the 𝛾 tensor 

can be decomposed into three multipolar invariants, the isotropic (J=0), the quadrupolar (J=2) and the 

hexadecapolar (J=4) components:S18 

Q𝛾EF2Q
3 =

1
5 , 𝛾&&''𝛾CCDD

(,*,+

&'CD

(S10) 

Q𝛾EF3Q
3 =

1
7 ,

-6𝛾&&'C𝛾'CDD − 2𝛾&&''𝛾CCDD0
(,*,+

&'CD

(S11) 

Q𝛾EFGQ
3
=
1
35 ,

-35𝛾&'CD3 − 30𝛾&&'C𝛾'CDD + 3𝛾&&''𝛾CCDD0
(,*,+

&'CD

(S12) 
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Consequently, Eqs. (S7) and (S8) become:  

〈𝛾????3 〉 =
1
5
Q𝛾EF2Q

3
+
4
35
Q𝛾EF3Q

3
+

8
315

Q𝛾EFGQ
3 (S13) 

〈𝛾?@@@3 〉 =
3
140

Q𝛾EF3Q
3
+
1
63
Q𝛾EFGQ

3 (S14) 

Eqs. (S10)-(S12) allow rewriting DR<=> as: S19 

DR<=> =
32𝜌G/33 + 235𝜌2/33 + 144

20𝜌G/33 + 27
(S15) 

where 𝜌2/3 = Q𝛾EF2Q Q𝛾EF3QS  and 𝜌G/3 = Q𝛾EFGQ Q𝛾EF3QS  define the relative contributions of the 

spherical tensor components to the total third harmonic responses. 
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2. Structures and energies of trans/cis stilbenes 
 

 
FIG S1: Optimized sturctures of the trans- (top) and cis-stilbene (bottom) isomers in the Cartesian 

frame: x-axis (red), y-axis (green) and z-axis (blue). 
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FIG S2: Atomic numbering of the trans- and cis-stilbene isomers 

 
TABLE S1: Optimized key geometrical parameters [bond lengths (Å), bond angles (°)] and energies 
calculated for the trans- and cis-stilbene, as well as their differences, at the MP2/6-311G(d) level. 
Enthalpies and free enthalpies were evaluated at 298.15 K for P = 1 atm. 
 trans cis bond length difference, 

D = d(t) -d(c) 
C1—C2 1.354 1.353 0.001 
C2—C4 1.468 1.476 0.008 
C1—C3 1.468 1.476 0.008 
C3—C5 1.409 1.406 0.003 
C5—C6 1.396 1.398 0.002 
C6—C7 1.400 1.399 0.001 
C7—C8 1.399 1.400 0.001 
C8—C9 1.397 1.396 0.001 
C9—C3 1.408 1.408 0.000 
C4—C10 1.408 1.406 0.002 
C10—C11 1.397 1.398 0.001 
C11—C12 1.399 1.399 0.000 
C12—C13 1.400 1.400 0.000 
C13—C14 1.396 1.396 0.000 
C14—C4 1.409 1.408 0.001 
C3—C5—C6  120.9 120.7 / 
C1—C3—C5 119.5 119.9 / 
C2—C1—C3 124.8 126.0 / 
C2—C1—C3—C5 (C9) 28.4 43.4 / 
C4—C2—C1—C3 179.2 5.5 / 
Energy  Trans Cis ∆E = E(c) - E(t) 

(kcal/mol) 
Equilibrium torsional angle (°) 28.4 43.4 / 
MP2 electronic energy (a.u.) -539.079304 -539.077920 0.87 
MP2 energy + ZPVEsa (a.u.) -538.867194 -538.865334 1.20 
Enthalpy (H°, a.u.) -538.854361 -538.852751 1.01 
Free enthalpy (G°, a.u.) -538.906264 -538.904056 1.38 

a  Zero point vibrational energy. 
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3. Numerical aspects of the calculations: integration grids and Romberg method 
 

 
 
TABLE S2. Static second hyperpolarizabilities (a.u.) of the trans- and cis-stilbene as obtained at the DFT levels using the 4HI-order numerical 
derivative approach with either the ultrafine and superfine grids. The value in parenthesis reports the relative error (in %) with respect to superfine 
grid. 
 Ultrafine (99,590) Superfine (175/250,974) 

XCFs 𝛾xxxx 𝛾// 𝛾THS DRTHS 𝛾xxxx 𝛾// 𝛾THS DRTHS 

Trans-stilbene 

B3LYP 612536 (0.00) 149071(0.02) 228134 (0.01) 8.7 612530 149040 228120 8.7 

M06 570610 (0.01) 136506 (0.03) 211477 (0.03) 8.5 570578 136462 211414 8.5 

M06-2X 435464 (0.03) 107328 (-0.02) 162573 (0.03) 8.8 435330 107348 162521 8.8 

CAM-B3LYP 433340 (-0.03) 109108 (-0.05) 162702 (-0.04) 9.1 433464 109161 162765 9.1 

Cis-stilbene 

B3LYP 141268 (0.001) 64840 (0.000) 73503 (0.001) 25.2 141074 64826 73453 25.2 

M06 124702 (-0.003) 57007 (-0.002) 65140 (-0.002) 24.0 125108 57108 65278 24.0 

M06-2X 97267 (0.003) 47163 (-0.030) 52675 (0.070) 28.6 97021 47176 52636 28.6 

CAM-B3LYP 99057 (-0.001) 49902 (-0.050) 55035 (-0.060) 31.5 99123 49929 55070 31.5 
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TABLE S3. Romberg table of the static 𝛾(((( (a.u.) of trans- (top) and cis-stilbene (bottom) 
calculated from the finite differentiation of ℰ. The calculations were performed at the MP2/6-
311+G(d) level. 
----------------------------------------------------------------------------------------------------------------- 
          m=0            m=1         m=2        m=3         m=4          m=5           m=6          m=7         m=8       
----------------------------------------------------------------------------------------------------------------- 
k=0   437063    436861    437055    437192    437271    437312    437334    437344    437350  
k=1   437264    436282    436092    436015    435983    435969    435963    435960                
k=2   438246    436851    436630    436493    436417    436377    436357                              
k=3   439642    437513    437593    437630    437651    437662                                            
k=4   441771    437271    437335    437319    437312                                                          
k=5   446270    437079    437446    437415                                                                        
k=6   455461    435980    437656                                                                                      
k=7   474942    430952                                                                                                    
k=8   518932           

à γJJJJ 	= (437 ± 1) × 105	a.u. 
 

 

 
m=0 m=1 m=2 m=3 m=4 m=5 m=6 m=7 m=8 

k=0 106387 104281 103101 102467 102138 101970 101885 101842 101821 
k=1 108492 107823 107538 107408 107348 107320 107306 107299  
k=2 109161 108679 108443 108306 108232 108193 108173   
k=3 109643 109387 109404 109416 109423 109427    
k=4 109900 109333 109322 109310 109304     
k=5 110467 109367 109402 109399      
k=6 111567 109263 109421       
k=7 113872 108788        
k=8 118955         

à γJJJJ 	= (108 ± 1) × 105	a.u. 
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TABLE S4. Romberg table of the static 𝛾(((( (a.u.) of trans-stilbene calculated from the finite 
differentiation of ℰ (top), 𝛼 (middle) and 𝛽 (bottom). The calculations were performed at the 
CAM-B3LYP/6-311+G(d) level using the superfine integration grid. 
------------------------------------------------------------------------------------------------ 
               m=0          m=1      m=2          m=3       m=4            m=5       
------------------------------------------------------------------------------------------------ 
k=0       441105    443711    444446    444634    444681       444692  
k=1       433286    432686    432636    432622    432619                
k=2       435087    433442    433464    433463                              
k=3       440023    433111    433549                                            
k=4       460757    426546                                                         
k=5       563391                                                                       

à γJJJJ 	= (433 ± 1) × 105	a.u. 
 
------------------------------------------------------------------------------------------------ 
             m=0          m=1         m=2        m=3          m=4         m=5       
------------------------------------------------------------------------------------------------ 
k=0       433511    433460    433460    433460    433460    433460 
k=1       433664    433461    433462    433462    433462                
k=2       434272    433456    433461    433461                              
k=3       436718    433385    433465                                            
k=4       446717    432178                                                          
k=5       490335           

à γJJJJ 	= (433 ± 1) × 105	a.u. 
 
------------------------------------------------------------------------------------------------ 
            m=0            m=1        m=2         m=3         m=4        m=5       
------------------------------------------------------------------------------------------------ 
k=0       433562    433460    433460    433460    433460    433460  
k=1       433865    433460    433460    433460    433460                
k=2       435083    433446    433461    433460                              
k=3       439994    433232    433480                                            
k=4       460280    429511                                                          
k=5       552584                      

à γJJJJ 	= (433 ± 1) × 105	a.u. 
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TABLE S5. Romberg table of the static 𝛾(((( (a.u.) of cis-stilbene calculated from the finite 
differentiation of ℰ (top), 𝛼 (middle) and 𝛽 (bottom). The calculations were performed at the 
CAM-B3LYP/6-311+G(d) level using the superfine integration grid. 
------------------------------------------------------------------------------------------------ 
                m=0          m=1       m=2         m=3          m=4       m=5       
------------------------------------------------------------------------------------------------ 
k=0       110613    114705    115818    116102     116174    116191 
k=1         98337      98007      97933      97915      97910                
k=2         99329      99109      99111      99111                              
k=3         99988      99072      99134                                            
k=4       102738      98141                                                          
k=5       116527         

à γJJJJ 	= (99 ± 1) × 105	a.u. 
 
------------------------------------------------------------------------------------------------ 
                m=0        m=1       m=2      m=3       m=4      m=5       
------------------------------------------------------------------------------------------------ 
k=0       991334    99129    99129    99129    99130    99130  
k=1         99147    99120    99120    99120    99120                
k=2         99229    99120    99121    99121                              
k=3         99554    99111    99121                                            
k=4         10088    98959                                                          
k=5       106656                                                                        

à γJJJJ 	= (99 ± 1) × 105	a.u. 
 
------------------------------------------------------------------------------------------------ 
            m=0        m=1        m=2        m=3     m=4       m=5       
------------------------------------------------------------------------------------------------ 
k=0       99136      99123    99123    99123    99123    99123   
k=1       99177      99122    99123    99123    99123   
k=2       99339      99121    99123    99123                                
k=3       99993      99095    99127                                            
k=4       102686    98617                                                          
k=5       114895         

à γJJJJ 	= (99 ± 1) × 105	a.u. 
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TABLE S6. Second hyperpolarizability (a.u.) of the trans-stilbene and cis-stilbene molecule calculated from the finite differentiation of ℰ, 𝛼 and 
𝛽 with various DFT levels using superfine integration grid. The relative errors calculated with respect to the 𝜷 differentiation are in parenthesis. 
 

 From energy (ℰ) From alpha 𝜶(𝟎; 𝟎) From beta 𝜷(𝟎; 𝟎, 𝟎) 

trans-stilbene 

  𝛾// 𝛾THS DRTHS  𝛾// 𝛾THS DRTHS  𝛾// 𝛾THS DRTHS 

B3LYP  149040 (-0.01) 228120 (-0.010) 8.7  149054 (-0.003) 228124 (-0.003) 8.7  149059 228132 8.7 

M06  136462 (-0.01) 211414 (-0.050) 8.5  136461 (-0.010) 211491 (-0.013) 8.5  136469 211520 8.5 

M06-2X  107348 (-0.08) 162521 (-0.110) 8.8  107429 (0.001) 162687 (-0.002) 8.8  107429 162690 8.8 

CAM-B3LYP  109161 (0.008) 162765 (0.005) 9.1  109151 (-0.001) 162756 (-0.001) 9.1  109152 162757 9.1 

cis-stilbene 

B3LYP  64826 (-0.03) 73453 (-0.090) 25.2  64843 (-0.001) 73517 (-0.001) 25.2  64844 73518 25.2 

M06  57108 (-0.16) 65278 (-0.360) 24.0  57212 (0.021) 65507 (-0.006) 24.0  57200 65511 24.0 

M06-2X  47173 (-0.01) 52635 (-0.170) 28.6  47195 (0.010) 52723 (-0.002) 28.3  47190 52724 28.3 

CAM-B3LYP  49929 (-0.02) 55070 (-0.010) 31.5  49936 (-0.004) 55075 (-0.001) 31.5  49938 55076 31.5 
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4. Basis set effects on the second hyperpolarizabilities 
 

TABLE S7. Basis set effect on the static second hyperpolarizability (105	 a.u.) of the trans-stilbene 
molecule. All calculations were performed with the CAM-B3LYP XCF and the superfine grid, using 
hybrid differentiation schemes with field-dependent polarizabilities evaluated analytically. The 
values in the squared brackets in the first column correspond to the number of contracted GTOs. 
Values in parentheses are differences (%) with respect to the reference d-aug-cc-pVTZ results.   

Basis sets 𝛾(((( 𝛾// 𝛾<=> DR<=> 

6-31G(d) [234] 347 (-21) 69 (-37) 123 (-26) 7.0 (-24) 

6-311G(d) [288] 373 (-15) 77 (-31) 133 (-20) 7.4 (-20) 

6-311G(d,p) [324] 375 (-15) 77 (-30) 134 (-19) 7.2 (-22) 

cc-pVDZ [256] 364 (-17) 74 (-33) 130 (-22) 7.1 (-23) 

cc-pVTZ [588] 382 (-13) 80 (-28) 137 (-18) 7.3 (-21) 

cc-pVQZ [1130] 394 (-10) 85 (-23) 143 (-14) 7.6 (-17) 

6-31+G(d) [290] 443 (1) 112 (1) 167 (0.2) 9.1 (-1) 

6-311+G(d) [344] 433 (-1) 109 (-2) 163 (-2) 9.1 (-1) 

6-311+G(d,p) [380] 436 (-1) 109 (-2) 163 (-2) 9.0 (-2) 

aug-cc-pVDZ [430] 435 (-1) 110 (-2) 163 (-2) 9.1 (-1) 

aug-cc-pVTZ [920] 437 -1) 111 (-1) 165 (-1) 9.2 (0) 

aug-cc-pVQZ [1672] 439 (-0.2) 112 (0.2) 165 (-0.6) 9.2 (0) 

d-aug-cc-pVDZ [604] 440 (0.1) 113 (0.9) 166 (-0.2) 9.3 (1) 

d-aug-cc-pVTZ [1252] 440 112 166 9.2 
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TABLE S8. Basis set effect on the static second hyperpolarizability (105	 a.u.) of the cis-stilbene 
molecule. All calculations were performed with the CAM-B3LYP XCF and the superfine grid, using 
hybrid differentiation schemes with field-dependent polarizabilities evaluated analytically. The 
values in the squared brackets in the first column correspond to the number of contracted GTOs. 
Values in parentheses are differences (%) with respect to the reference d-aug-cc-pVTZ results.   

Basis sets 𝛾(((( 𝛾// 𝛾<=> DR<=> 

6-31G(d) [234] 59 (-43) 20 (-61) 27 (-52) 11.5 (-63) 

6-311G(d) [288] 66 (-36) 24 (-52) 32 (-44) 13.7 (-56) 

6-311G(d,p) [324] 66 (-36) 24 (-52) 32 (-44) 13.6 (-56) 

cc-pVDZ [256] 64 (-39) 23 (-56) 30 (-47) 12.9 (-58) 

cc-pVTZ [588] 69 (-33) 26 (-49) 33 (-42) 14.6 (-53) 

cc-pVQZ [1130] 75 (-28) 31 (-41) 37 (-34) 17.3 (-44) 

6-31+G(d) [290] 102 (-1) 52 (2) 57 (1) 32.8 (6) 

6-311+G(d) [344] 99 (-5) 50 (-3) 55 (-3) 31.5 (2) 

6-311+G(d,p) [380] 99 (-4) 50 (-3) 55 (-3) 31.3 (1) 

aug-cc-pVDZ [430] 102 (-2) 51 (-1) 56 (-2) 31.4 (1) 

aug-cc-pVTZ [920] 103 (-1) 51 (0.1) 57 (-0.4) 31.2 (0.6) 

aug-cc-pVQZ [1672] 103 (-1) 52 (1) 57 (0.4) 32.8 (6) 

d-aug-cc-pVDZ [604] 104 (1) 53 (3) 58 (2) 33.3 (7) 

d-aug-cc-pVTZ [1252] 104 51 57 31.0 
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TABLE S9. Basis set effect on the 𝛾(trans)/𝛾(cis) ratio of stilbene molecules. All calculations were 
performed with the CAM-B3LYP XCF and the superfine grid, using hybrid differentiation schemes 
with field-dependent polarizabilities evaluated analytically. The values in the squared brackets in the 
first column correspond to the number of contracted GTOs.  

Basis sets 𝛾(((( 𝛾// 𝛾<=> DR<=> 

6-31G(d) [234] 5.85 3.50 4.52 0.61 

6-311G(d) [288] 5.60 3.16 4.22 0.54 

6-311G(d,p) [324] 5.64 3.17 4.24 0.53 

cc-pVDZ [256] 5.71 3.28 4.33 0.55 

cc-pVTZ [588] 5.52 3.07 4.13 0.50 

cc-pVQZ [1130] 5.24 2.81 3.84 0.44 

6-31+G(d) [290] 4.33 2.15 2.90 0.28 

6-311+G(d) [344] 4.37 2.19 2.96 0.29 

6-311+G(d,p) [380] 4.39 2.19 2.96 0.29 

aug-cc-pVDZ [430] 4.26 2.16 2.92 0.29 

aug-cc-pVTZ [920] 4.25 2.16 2.90 0.29 

aug-cc-pVQZ [1672] 4.26 2.15 2.90 0.28 

d-aug-cc-pVDZ [604] 4.21 2.13 2.87 0.28 

d-aug-cc-pVTZ [1252] 4.24 2.17 2.93 0.29 
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5. Electron correlation effects on the second hyperpolarizabilities 
 
TABLE S10. The 𝛾(trans)/𝛾(cis) ratio of stilbene molecules as obtained with wavefunction methods 
using the 4HI-order numerical derivative approach and the 6-311+G(d) basis set. The values in the 
parentheses show the relative error with respect to the CCSD(T) reference values. 

Methods 𝛾// 𝛾<=> DR<=> 

HF 1.96 (-2) 2.59 (-2) 0.21 (-22) 

MP2 2.08 (4) 2.76 (4) 0.28 (4) 

MP3 2.03 (1) 2.67 (1) 0.28 (4) 

MP4D 2.05 (2) 2.66 (0) 0.30 (11) 

MP4DQ 2.00 (0) 2.61 (-2) 0.28 (4) 

MP4SDQ 2.04 (2) 2.70 (2) 0.27 (0) 

MP4 2.11 (5) 2.80 (6) 0.28 (4) 

CCSD 1.98 (-1) 2.61 (-2) 0.26 (-4) 

CCSD(T) 2.00 2.65 0.27 
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6. Selecting an XCF for computing the second hyperpolarizabilities 
 
6.1. Conventional XCFs 

 
TABLE S11. 𝛾(trans)/𝛾(cis) ratios of the static second hyperpolarizability of the stilbene molecule, 
as obtained using various DFT XCFs and the 2nd order numerical derivative approach. All calculations 
were performed using the 6-311+G(d) basis set and the superfine grid. The values in parentheses 
show the relative error with respect to the CCSD(T)/6-311+G(d) reference values (last line), obtained 
using the 4HI order numerical derivative approach. 
 

XCFs 𝜸// 𝜸𝑻𝑯𝑺 DR<=> 

SVWN 2.37 (19) 3.15 (19) 0.41 (52) 

BLYP 2.31 (16) 3.09 (17) 0.38 (41) 

PBE 2.33 (17) 3.12 (18) 0.39 (44) 

B97-D 2.33 (17) 3.12 (18) 0.39 (44) 

M06-L 2.62 (31) 3.51 (32) 0.43 (59) 

B3LYP 2.30 (15) 3.10 (17) 0.35 (30) 

PBE0 2.31 (16) 3.13 (18) 0.34 (26) 

M06 2.39 (20) 3.23 (22) 0.36 (33) 

M06-2X 2.28 (14) 3.09 (17) 0.31 (15) 

M06-HF 2.03 (1) 2.72 (3) 0.25 (-7) 

M11 2.24 (12) 3.05 (15) 0.30 (11) 

MN15 2.24 (12) 3.02 (14) 0.31 (15) 

ωB97 2.12 (6) 2.85 (8) 0.26 (-4) 

ωB97X 2.08 (4) 2.78 (5) 0.26 (-4) 

ωB97X-D 2.11 (5) 2.82 (6) 0.29 (7) 

LC-ωPBE 2.18 (9) 2.95 (11) 0.27 (0) 

CAM-B3LYP 2.19 (10) 2.95 (11) 0.29 (7) 

LC-BLYP 2.12 (6) 2.87 (8) 0.25 (-7) 

PBE0DH 2.49 (25) 3.45 (30) 0.25 (-7) 

mPW2PLYP 2.24 (12) 3.03 (14) 0.31 (15) 

B2-PLYP 2.24 (12) 3.03 (14) 0.31 (15) 

CCSD(T) 2.00  2.65 0.27 
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TABLE S12. Isotropic (J = 0) , quadrupolar (J = 2), and hexadecapolar (J = 4) components to the 
second hyperpolarizability calculated at different levels of approximation using the superfine 
integration grid.  
 

Methods (J = 0) (a.u.) (J = 2) (a.u.) (J = 4) (a.u.) 

trans-stilbene 

SVWN 407750 564620 342270 

B3LYP 333302 444805 268449 

M06-2X 240215 314572 190429 

CAM-B3LYP 241346 306332 185226 

LC-BLYP 181940 224305 136972 

HF 166961 191249 117870 

MP2 

CCSD(T) 

258697 

241259 

312586 

287852 

177672 

163316 

cis-stilbene 

SVWN 172474 124236 55492 

B3LYP 144992 91130 42088 

M06-2X 105531 61810 28635 

CAM-B3LYP 111660 60935 29408 

LC-BLYP 85814 42294 21539 

HF 85355 34644 21254 

MP2 

CCSD(T) 

123706 

120151 

64259 

60864 

29660 

26467 
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6.2. Optimal tuning of the range-separating parameter  

The range-separating parameters 𝜇 were optimized by imposing that the Koopmans theorem for the 

first ionization energy is satisfied. In that case, the following function, ∆NO(𝜇) must be as close as 

possible to zero: 

 ∆NO(µ) = εPQRQS (µ) − [(ℰ(µ, N) − ℰ(µ, N − 1)] (S16) 

with εPQRQS , the energy of the HOMO of the N-electron system and ℰ(N) and ℰ(N − 1) the total 

ground state energies of the systems with N and N-1 electrons. In this work, µ was varied in the gas 

phase for the LC-BLYP, CAM-B3LYP and ωB97 XCFs to monitor the ∆NO(µ) function (Table S13). 

Since it is known that functionals that are tuned in this manner also tend to lead to a smaller Kohn-

Sham delocalization error (DE) or self-interaction error (with more reliable predictions of properties 

that are sensitive to the DE), the performance of DFT functionals were also rationalized by analyzing 

their DE. Note that the DE manifests in a curvature of ℰ(N)	versus N between integer NS20 as defined 

through the following expression: S21 

 ∆ℰ(δ) = ∆ℰδ + `a-εTURQS − ∆ℰ0(1 − δ) + (∆ℰ − εPQRQSV4 )δbδ(1 − δ)c
= ∆ℰδ + ∆∆ℰ(δ) (S17) 

where δ ∈ [0, 1] defines the number of electrons that is added or removed from the system and ∆ℰ =

ℰ(N + 1) − ℰ(N). εTURQS  (εPQRQSV4 ) is the energy of the LUMO (HOMO) of the N (N+1)-electron 

system and ∆∆ℰ(δ) related to the expression in the curly brackets, defines the deviation with respect 

to the linear behavior in δ, as described by ∆ℰδ. Eq. (S17) has already been employed to quantify the 

localization and delocalization errors at the HF and DFT levels. S20,22–24 While the 𝜇-tuning scheme 

of eq. S16 has been demonstrated to offer the possibility to describe accurately the molecular 

responses to electric fields, S25,26 some controversial conclusions were also reported S27,28 leading to a 

new tuning procedure definition proposed by Besalú-Sala et al. S29, TW −LC-BLYP dedicated 

specifically to the calculation of second hyperpolarizabilities. The details of the procedure can be 

found in Ref. S29  
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TABLE S13. Ionization energy calculated for trans-stilbene and cis-stilbene molecules by tuning 
the range-separated parameter µ in view of satisfying Koopmans’ theorem. 

𝝁 (bohr–1) 𝛆𝐇𝐎𝐌𝐎𝐍  (eV) 𝓔(𝛍, 𝐍) (a.u.) 𝓔(𝛍, 𝐍 − 𝟏)	(a.u.) ∆𝐈𝐏(𝛍) (eV) 

trans-stilbene 

  LC-BLYP   

0.48 -8.589 -539.1096551 -538.8167815 -0.620 

0.47 -8.573 -539.1206672 -538.8278971 -0.606 

0.40 -8.424 -539.2011886 -538.9098811 -0.497 

0.33 -8.193 -539.2904914 -539.0022598 -0.350 

0.26 -7.846 -539.3975261 -539.1144043 -0.142 

0.19 -7.338 -539.5422019 -539.2665425 0.163 

0.12 -6.652 -539.7645902 -539.4971650 0.625 

0.10 -6.419 -539.8518517 -539.5866113 0.798 

0.05 -5.754 -540.1331380 -539.8704300 1.395 

  𝛚B97   

0.48 -8.541 -540.6346695 -540.3447030 -0.651 

0.40 -8.359 -540.6990360 -540.4112344 -0.528 

0.33 -8.108 -540.7570917 -540.4730569 -0.379 

0.30 -7.965 -540.7841221 -540.5023903 -0.299 

0.28 -7.856 -540.8035719 -540.5236374 -0.239 

0.19 -7.186 -540.9205530 -540.6515587 0.134 

0.12 -6.417 -541.0841752 -540.8264683 0.595 

0.10 -6.153 -541.1527521 -540.8983407 0.770 

0.05 -5.420 -541.3912695 -541.1435947 1.319 

  CAM-B3LYP   

0.48 -7.363 -540.4159933 -540.1331998 0.332 

0.40 -7.291 -540.4579546 -540.1759664 0.382 

0.33 -7.188 -540.4988590 -540.2183291 0.445 

0.26 -7.031 -540.5479484 -540.2698202 0.537 

0.19 -6.787 -540.6143830 -540.3401798 0.674 

0.12 -6.477 -540.7167578 -540.4460470 0.889 

0.10 -6.368 -540.7569300 -540.4872097 0.971 

0.05 -6.056 -540.8902370 -540.6224590 1.231 
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cis-stilbene 

  LC-BLYP   

0.48 -8.826 -539.1050985 -538.8017925 -0.573 

0.47 -8.809 -539.1161162 -538.8130085 -0.561 

0.40 -8.650 -539.1966645 -538.8957214 -0.461 

0.33 -8.409 -539.2859614 -538.9888446 -0.324 

0.26 -8.051 -539.3929212 -539.1016471 -0.125 

0.19 -7.534 -539.5373450 -539.2540084 0.176 

0.12 -6.813 -539.7590784 -539.4849147 0.647 

0.10 -6.566 -539.8460407 -539.5743355 0.827 

0.05 -5.873 -540.1347072 -539.8675105 1.398 

  𝛚B97   

0.48 -8.761 -540.6310765 -540.3311398 -0.599 

0.40 -8.569 -540.6953944 -540.3983756 -0.487 

0.33 -8.309 -540.7533397 -540.4608224 -0.349 

0.30 -8.161 -540.7802895 -540.4904003 -0.273 

0.26 -7.923 -540.8206749 -540.5350242 -0.150 

0.19 -7.367 -540.9160729 -540.6399213 0.147 

0.12 -6.584 -541.0787228 -540.8139725 0.620 

0.05 -5.588 -541.3844798 -541.1288047 1.369 

  CAM-B3LYP   

0.48 -7.607 -540.4101832 -540.1169602 0.372 

0.40 -7.528 -540.4521503 -540.1600982 0.419 

0.33 -7.419 -540.4930316 -540.2028040 0.478 

0.30 -7.356 -540.5126578 -540.2234928 0.512 

0.26 -7.255 -540.5420498 -540.2545914 0.567 

0.19 -7.016 -540.6083692 -540.3246811 0.703 

0.12 -6.679 -540.7103776 -540.4310186 0.923 

0.05 -6.243 -540.8833412 -540.6071157 1.273 
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TABLE S14. Static second hyperpolarizability (105 a.u.) as a function of the range-separating 
parameter (µ) for the trans-stilbene molecule. 

𝝁 (bohr-1) 𝜸// 𝜸𝑻𝑯𝑺 DR<=> 
𝛚B97 

0.05 169.2 (57) 264.0 (70) 8.4 (-15) 
0.12 144.4 (34) 217.9 (40) 8.8 (-11) 
0.19 120.7 (12) 178.1 (14) 9.3 (-6) 
0.22 112.7 (4) 165.4 (7) 9.3 (-6) 
0.28 100.1 (-7) 146.2 (-6) 9.4 (-5) 
0.30 96.8 (-10) 141.3 (-9) 9.4 (-5) 
0.33 92.5 (-14) 135.0 (-13) 9.4 (-5) 
0.40 84.8 (-21) 123.7 (-20) 9.4 (-5) 
0.48 78.9 (-27) 115.2 (-26) 9.4 (-5) 

CAM-B3LYP 
0.05 149.5 (38) 228.0 (47) 8.7 (-12) 
0.12 138.0 (28) 208.2 (34) 8.9 (-10) 
0.19 125.2 (16) 187.4 (21) 9.0 (-9) 
0.28 113.5 (5) 169.4 (9) 9.1 (-8) 
0.33 109.1 (1) 162.7 (5) 9.1 (-8) 
0.40 104.6 (-3) 155.9 (0.6) 9.1 (-8) 
0.48 100.9 (-6) 150.5 (-3) 9.1 (-8)   

LC-BLYP 
0.47 81.4 (-25) 119.3 (-23) 9.3 (-6) 
0.40 86.9 (-19) 127.3 (-18) 9.3 (-6) 
0.33 96.0 (-12) 139.4 (-10) 9.4 (-5) 
0.30 99.7 (-8) 146.3 (-6) 9.3 (-6) 
0.26 107.5 (-0.5) 157.8 (2) 9.3 (-6) 
0.23 115.0 (6) 169.0 (9) 9.3 (-6) 
0.19 126.5 (17) 187.0 (21) 9.2 (-7) 
0.12 154.9 (43) 232.5 (50) 9.0 (-9) 
0.10 164.6 (52) 248.6 (60) 8.9 (-10) 
0.05 185.8 (72) 285.6 (84) 8.6 (-13) 

CCSD(T) 108.0 155.0 9.9 
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TABLE S15. Static second hyperpolarizability (105 a.u.) as a function of the range-separating 
parameter (µ) for the cis-stilbene molecule. 

XCFs 𝛾// 𝛾THS DRTHS 
𝛚B97 

0.05 70.4 (30) 82.3 (41) 21.0 (-43) 
0.12 65.7 (22) 74.3 (27) 25.9 (-30) 
0.19 57.0 (6) 63.0 (8) 31.3 (-15) 
0.22 56.4 (4) 61.9 (6) 33.0 (-10) 
0.26 49.4 (-8) 54.0 (-8) 35.5 (-3) 
0.30 46.0 (-15) 50.2 (-14) 35.5 (-3) 
0.33 43.9 (-19) 47.7 (-18) 36.0 (-2) 
0.40 40.0 (-26) 43.4 (-26) 36.7 (-0.3) 
0.48 37.0 (-31) 40.2 (-31) 37.2 (1) 

CAM-B3LYP 
0.05 65.9 (22) 74.5 (27) 25.6 (-30) 
0.12 62.7 (16) 70.3 (20) 27.6 (-25) 
0.19 57.6 (7) 64.0 (9) 29.6 (-19) 
0.26 53.2 (-1) 58.8 (0.5) 30.8 (-16) 
0.30 51.2 (-5) 56.5 (-3) 31.3 (-15) 
0.33 49.9 (-8) 55.1 (-6) 31.5 (-14) 
0.40 47.7 (-11) 52.5 (-10) 31.9 (-13) 
0.48 45.9 (-15) 50.5 (-14) 32.2 (-12) 

LC-BLYP 
0.47 38.4 (-29) 41.6 (-29) 36.9 (0.3) 
0.40 41.1 (-24) 44.7 (-24) 36.4 (-1) 
0.33 45.2 (-16) 49.3 (-16) 35.6 (-3) 
0.30 47.6 (-12) 51.9 (-11) 35.1 (-5) 
0.26 51.5 (-5) 56.3 (-4) 34.2 (-7) 
0.23 55.0 (2) 60.4 (3) 33.3 (-9) 
0.19 60.8 (13) 67.1 (15) 31.5 (-14) 
0.12 73.4 (36) 82.4 (41) 27.1 (-26) 
0.10 77.0 (43) 87.1 (49) 25.7 (-30) 
0.05 82.8 (53) 95.3 (63) 22.9 (-38) 

CCSD(T) 54.0 58.5 36.8 
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6.3. Tuning the HF exchange and the PT2 correlation in B2-BLYP 

 

TABLE S16. B2-PLYP/6-311+G(d) static second hyperpolarizabilities (105 a.u.) of trans-stilbene 
as a function of the percentage of PT2 correlation (for a percentage of HF exchange fixed at 53%) 
and as a function of the percentage of HF exchange (for a percentage of PT2 correlation fixed at 
27%). The values in parentheses are the relative errors in % with respect to the reference CCSD(T) 
values. 

% PT2 𝜸// 𝜸𝑻𝑯𝑺 DR<=> 

0 105.0 (-3) 156.0 (1) 9.1 (-8) 

5 110.6 (2) 165.1 (7) 9.0 (-9)  

10 116.1 (7) 173.8 (12) 9.0 (-9) 

15 121.7 (13) 182.4 (18) 9.0 (-9) 

20 127.2 (18) 191.1 (23) 9.0 (-9) 

25 132.9 (23) 200.0 (29) 9.0 (-9) 

35 144.2 (34) 217.5 (40) 8.9 (-10) 

45 155.8 (44) 235.3 (52) 8.9 (-10) 

55 167.4 (55) 253.3 (63)  8.9 (-10) 

65 179.3 (66) 271.5 (75) 8.9 (-10) 

75 191.3 (77) 290.0 (87) 8.9 (-10) 

85 203.5 (88) 308.5 (99) 8.9 (-10) 

90 209.7 (94) 317.8 (105) 8.9 (-10) 

100 222.2 (106) 336.7 (117) 8.9 (-10) 

% HF 𝜸// 𝜸𝑻𝑯𝑺 DR<=> 

0 324.3 (200) 512.3 (231) 8.3 (-16)   
10 264.1 (145) 413.3 (167) 8.4 (-15)   
15 240.7 (123) 374.8 (142) 8.5 (-14) 

20 220.4 (104) 341.7 (120) 8.5 (-14) 

27 196.3 (82) 302.4 (95) 8.6 (-13) 

37 168.4 (56) 257.1 (66) 8.7 (-12) 

47 146.3 (35) 221.4 (43) 8.9 (-10) 

55 131.7 (22) 198.0 (28) 9.0 (-9) 

60 123.7 (15) 185.1 (19) 9.0 (-9) 

70 110.0 (2) 163.1 (5) 9.2 (-7) 

80 98.5 (-9) 144.9 (-7) 9.3 (-6- 

100 80.7 (-25) 117.0 (-25) 9.6 (-3) 
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TABLE S17. B2-PLYP/6-311+G(d) static second hyperpolarizabilities (105 a.u.) of cis-stilbene as a 
function of the percentage of PT2 correlation (for a percentage of HF exchange fixed at 53%) and as 
a function of the percentage of HF exchange (for a percentage of PT2 correlation fixed at 27%). The 
values in parentheses are the relative errors in % with respect to the reference CCSD(T) values.  

% PT2 𝜸// 𝜸𝑻𝑯𝑺 DR<=> 

0 48.0 (-11) 52.8 (-10) 32.1 (-13) 

10 52.4 (-3) 58.0 (-1) 30.6 (-17) 

15 54.7 (1) 60.6 (4) 30.1 (-18) 

20 57.0 (6) 63.3 (8) 29.5 (-20) 

25 59.3 (10) 66.0 (13) 29.1 (-21) 

35 64.0 (19) 71.5 (22) 28.3 (-23) 

45 68.8 (27) 77.1 (32) 27.5 (-26) 

55 73.8 (37) 82.8 (42) 27.3 (-27) 

65 78.9 (46) 88.7 (52) 26.9 (-27) 

75 84.1 (56) 94.7 (62) 26.7 (-28) 

85 89.5 (66) 100.9 (72) 26.5 (-28) 

90 92.2 (71) 104.0 (78) 26.4 (-29) 

100 97.8 (81) 110.4 (89) 26.3 

% HF 𝜸// 𝜸𝑻𝑯𝑺 DR<=> 

0 132.8 (146) 158.5 (171) 18.7 (-49)   
10 109.6 (103) 128.5 (120) 20.5 (-44)   
15 100.6 (86) 117.0 (100)  21.4 (-42) 

20 92.8 (72) 107.2 (83) 22.4 (-39) 

27 83.6 (55) 95.7 (64) 23.7 (-36) 

37 72.9 (35) 82.5 (41) 25.7 (-30) 

47 64.5 (19) 72.2 (23) 27.7 (-25) 

53 60.2 (11) 67.1 (15) 28.9 (-21) 

60 55.8 (3) 61.8 (6) 30.4 (-17) 

70 50.5 (-6) 55.5 (-5) 32.5 (-12) 

80 46.0 (-15) 50.2 (-14) 34.6 (-6) 

90 42.1 (-22) 45.8 (-22) 36.8 (0) 

100 31.8 (-41) 42.0 (-28) 39.0 (6) 
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6.4. Delocalization errors with exchange correlation functionals  
 

      
FIG. S3. For different values of 𝜇 in the LC-BLYP XC functional, (a) electronic energy of trans-
stilbene (left) and cis-stilbene (right) as a function of the fractional electron number (δ) where δ = 0 
corresponds to the neutral system having ∆ℇ = 0; and (b) ∆∆ℇ(δ) deviation from the linear 
interpolation as a function of δ for trans-stilbene (left) and cis-stilbene (right). The quantities in 
parentheses are the coefficients of the δ3 term (eV), describing the curvature of the deviation, for the 
−1 ≤ δ ≤ 0 and 0 ≤ δ ≤ 1 intervals. All calculations were carried out using the 6-311+G(d) basis 
set.  
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TABLE S18. Relative error on the second hyperpolarizabilities of trans-stilbene as a function of the 
average curvature coefficient (eV) as obtained at different levels of approximation. All DFT 
calculations were performed with the superfine integration grid. 

Methods Coefficients 
Relative 

error on 𝛾// 
Relative error 

on 𝛾<=> 
Relative error 

on DR<=> 
HF -1.00 -31 -32 2 

SVWN 2.17 69 84 -15 

BLYP 1.98 77 91 -14 

PBE 2.02 71 85 -14 

B97-D 2.00 71 85 -14 

M06-L 1.97 42 58 -19 

B3LYP 1.50 38 47 -12 

PBE0 1.36 27 35 -12 

M06 1.36 26 36 -14 

M06-2X 0.70 -1 5 -11 

M06-HF -0.42 -24 -23 -3 

M11 -0.31 -19 -15 -10 

MN15 0.94 11 16 -9 

ωB97 -0.51 -21 -20 -5 

ωB97X -0.38 -15 -13 -4 

ωB97X-D -0.11 -4 -2 -6 

LC-ωPBE -0.53 -24 -22 -7 

CAM-B3LYP 0.44 1 5 -8 

LC-BLYP  -0.58 -25 -23 -6 

LC-BLYP040 -0.48 -19 -18 -6 

LC-BLYP033 -0.34 -12 -10 -5 

LC-BLYP030 -0.28 -8 -6 -6 

LC-BLYP026 -0.16 -0.5 2 -6 

LC-BLYP023 -0.05 6 9 -6 

LC-BLYP019 0.13 17 21 -7 

LC-BLYP012 0.58 43 50 -9 

LC-BLYP010 0.75 52 60 -10 

LC-BLYP005 1.30 72 84 -13 
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TABLE S19. Relative error on the second hyperpolarizabilities of cis-stilbene as a function of the 
average curvature coefficient (eV) as obtained at different levels of approximation. All DFT 
calculations were performed with the superfine integration grid. 

Methods  Coefficients 
Relative 

error on 𝛾// 
Relative error 

on 𝛾<=> 
Relative error 

on DR<=> 
HF -0.80 -29 -31 33 

SVWN 2.12 43 55 -44 

BLYP 1.98 54 64 -40 

PBE 2.02 47 58 -41 

B97-D 2.55 47 57 -41 

M06-L 2.03 8 19 -49 

B3LYP 1.54 20 26 -32 

PBE0 1.39 9 14 -31 

M06 1.36 6 12 -36 

M06-2X 0.73 -13 -10 -23 

M06-HF -0.29 -25 -25 4 

M11 -0.17 -28 -26 -18 

MN15 0.97 -1 2 -21 

ωB97 -0.47 -26 -26 0 

ωB97X -0.35 -18 -18 0 

ωB97X-D -0.09 -9 -8 -11 

LC-ωPBE -0.49 -30 -30 -6 

CAM-B3LYP 0.47 -8 -6 -14 

LC-BLYP  -0.53 -29 -29 0.3 

LC-BLYP040 -0.44 -24 -14 -1 

LC-BLYP033 -0.32 -16 -16 -3 

LC-BLYP030 -0.25 -12 -11 -5 

LC-BLYP026 -0.14 -5 -4 -7 

LC-BLYP023 0.10 2 3 -9 

LC-BLYP019 0.15 13 15 -14 

LC-BLYP012 0.60 36 41 -26 

LC-BLYP010 0.77 43 49 -30 

LC-BLYP005 1.34 53 63 -38 
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7. Solvent effects and frequency dispersion  
7.1. Geometries and thermodynamic data 
 
TABLE S20. Torsional angle (C2–C1–C3–C5, see Figure S2) and energies of trans- and cis-stilbene 
as calculated at the SMD//MP2/6-311G(d) level in different solvents. Enthalpy and free enthalpy 
were evaluated at 298.15 K. The values in parenthesis are the relative energies between the liquid and 
gas phases.  
 

1,2-DCE  

 trans-stilbene cis-stilbene ∆E = E(c) - E(t) 
(kcal/mol) 

Equilibrium torsional angle (°) 24.6 43.6 / 

Electronic energy (a.u.) -539.099740 -539.096646 1.94 (1.07) 

Enthalpy (H°, a.u.) -538.874999 -538.871686 2.08 (1.07) 

Free enthalpy (G°, a.u.) -538.926706 -538.923253 2.17 (0.79) 

THF 

Equilibrium torsional angle (°) 25.0 43.6 / 

Electronic energy (a.u.) -539.0970961 -539.094237 1.79 (0.92) 

Enthalpy (H°, a.u.) -538.872290 -538.869239 1.91 (0.90) 

Free enthalpy (G°, a.u.) -538.923950 -538.920797 1.98 (0.60) 

Chloroform 

Equilibrium torsional angle (°) 25.5 43.5 / 

Electronic energy (a.u.) -539.099419 -539.096583 1.78 (0.91) 

Enthalpy (H°, a.u.) -538.874572 -538.871556 1.89 (0.88) 

Free enthalpy (G°, a.u.) -538.926216 -538.923099 1.96 (0.58) 

Benzene 

Equilibrium torsional angle (°) 25.5 43.3 / 

Electronic energy (a.u.) -539.096795 -539.094304 1.56 (0.69) 

Enthalpy (H°, a.u.) -538.871824 -538.869155 1.67 (0.66) 

Free enthalpy (G°, a.u.) -538.923564 -538.920639 1.84 (0.46) 
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TABLE S21. Optimized key geometrical parameters [bond lengths (Å), bond angles (°)] for trans- 
and cis-stilbene calculated at the SMD(1,2-DCE)//MP2/6-311G(d) level. The values in parenthesis 
are the differences between the geometrical parameter in 1,2-dichloroethane and the ones in gas 
phase. 

 

 trans cis 
bond length 
difference, 
D = d(t) -d(c) 

C1—C2 1.355 (0.001) 1.354 (0.001) 0.001 
C2—C4 1.469 (0.001) 1.477 (0.001) -0.008 
C1—C3 1.469 (0.001) 1.477 (0.001) -0.008 
C3—C5 1.410 (0.001) 1.407 (0.001) 0.003 
C5—C6 1.397 (0.001) 1.399 (0.001) -0.002 
C6—C7 1.401 (0.001) 1.400 (0.001) 0.001 
C7—C8 1.400 (0.001) 1.401 (0.001) -0.001 
C8—C9 1.398 (0.001) 1.398 (0.002) 0.000 
C9—C3 1.409 (0.001) 1.409 (0.001) 0.000 
C4—C10 1.409 (0.001) 1.407 (0.001) 0.002 
C10—C11 1.398 (0.001) 1.399 (0.001) -0.001 
C11—C12 1.400 (0.001) 1.400 (0.001) 0.000 
C12—C13 1.401 (0.001) 1.401 (0.001) 0.000 
C13—C14 1.397 (0.001) 1.398 (0.002) -0.001 
C14—C4 1.410 (0.001) 1.409 (0.001) 0.001 
C3—C5—C6  120.6 (-0.300) 120.7 (0.00) / 
C1—C3—C5 122.5 (3.00) 119.8 (-0.1) / 
C2—C1—C3 124.8 (0.00) 126.2 (0.20) / 
C2—C1—C3—C5 24.6 (-3.80) 43.6 (0.2) / 
C4—C2—C1—C3 179.4 (0.20) 5.4 (-0.1) / 

 

 
  



 S32 

TABLE S22. Optimized key geometrical parameters [bond lengths (Å), bond angles (°)] for trans- 
and cis-stilbene calculated at the SMD(THF)//MP2/6-311G(d) level. The values in parenthesis are 
the differences between the geometrical parameter in THF and the ones in gas phase. 

 

 trans cis 
bond length 
difference, 
D = d(t) -d(c) 

C1—C2 1.355 (0.001) 1.354 (0.001) 0.001 
C2—C4 1.469 (0.001) 1.476 (0.000) -0.007 
C1—C3 1.469 (0.001) 1.476 (0.000) -0.007 
C3—C5 1.410 (0.001) 1.407 (0.001) 0.003 
C5—C6 1.397 (0.001) 1.399 (0.001) -0.002 
C6—C7 1.401 (0.001) 1.400 (0.001) 0.001 
C7—C8 1.400 (0.001) 1.401 (0.001) -0.001 
C8—C9 1.398 (0.001) 1.398 (0.002) 0.000 
C9—C3 1.409 (0.001) 1.408 (0.000) 0.001 
C4—C10 1.409 (0.001) 1.407 (0.001) 0.002 
C10—C11 1.398 (0.001) 1.399 (0.001) -0.001 
C11—C12 1.400 (0.001) 1.400 (0.001) 0.000 
C12—C13 1.401 (0.001) 1.401 (0.001) 0.000 
C13—C14 1.397 (0.001) 1.398 (0.002) -0.001 
C14—C4 1.410 (0.001) 1.408 (0.000) 0.002 
C3—C5—C6  120.6 (-0.300) 120.7 (0.00) / 
C1—C3—C5 122.4 (2.90) 119.8 (-0.1) / 
C2—C1—C3 124.8 (0.00) 126.2 (0.20) / 
C2—C1—C3—C5 25.0 (-3.40) 43.6 (0.2) / 
C4—C2—C1—C3 179.3 (0.10) 5.4 (-0.1) / 
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TABLE S23. Optimized key geometrical parameters [bond lengths (Å), bond angles (°)] for trans- 
and cis-stilbene calculated at the SMD(chloroform)//MP2/6-311G(d) level. The values in parenthesis 
are the differences between the geometrical parameter in chloroform and the ones in gas phase. 

 

 trans cis 
bond length 
difference, 
D = d(t) -d(c) 

C1—C2 1.355 (0.001) 1.354 (0.001) 0.001 
C2—C4 1.469 (0.001) 1.476 (0.000) -0.007 
C1—C3 1.469 (0.001) 1.476 (0.000) -0.007 
C3—C5 1.410 (0.001) 1.407 (0.001) 0.003 
C5—C6 1.397 (0.001) 1.399 (0.001) -0.002 
C6—C7 1.401 (0.001) 1.400 (0.001) 0.001 
C7—C8 1.400 (0.001) 1.401 (0.001) -0.001 
C8—C9 1.398 (0.001) 1.397 (0.001) 0.001 
C9—C3 1.409 (0.001) 1.408 (0.000) 0.001 
C4—C10 1.409 (0.001) 1.407 (0.001) 0.002 
C10—C11 1.398 (0.001) 1.399 (0.001) -0.001 
C11—C12 1.400 (0.001) 1.400 (0.001) 0.000 
C12—C13 1.401 (0.001) 1.401 (0.001) 0.000 
C13—C14 1.397 (0.001) 1.397 (0.001) 0.000 
C14—C4 1.410 (0.001) 1.408 (0.000) 0.002 
C3—C5—C6  120.9 (-0.600) 120.7 (0.00) / 
C1—C3—C5 122.2 (2.80) 119.8 (-0.1) / 
C2—C1—C3 124.9 (0.10) 126.2 (0.20) / 
C2—C1—C3—C5 25.5 (-2.90) 43.6 (0.2) / 
C4—C2—C1—C3 179.3 (0.10) 5.4 (-0.1) / 
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TABLE S24. Optimized key geometrical parameters [bond lengths (Å), bond angles (°)] for trans- 
and cis-stilbene calculated at the SMD(benzene)//MP2/6-311G(d) level. The values in parenthesis are 
the differences between the geometrical parameter in benzene and the ones in gas phase. 

 trans cis 
bond length 
difference, 
D = d(t) -d(c) 

C1—C2 1.354 (0.000) 1.353 (0.000) 0.001 
C2—C4 1.468 (0.000) 1.476 (0.000) -0.008 
C1—C3 1.468 (0.000) 1.476 (0.000) -0.008 
C3—C5 1.409 (0.000) 1.407 (0.001) 0.002 
C5—C6 1.397 (0.001) 1.398 (0.000) -0.002 
C6—C7 1.400 (0.000) 1.399 (0.000) 0.001 
C7—C8 1.399 (0.000) 1.401 (0.001) -0.002 
C8—C9 1.397 (0.000) 1.397 (0.001) 0.000 
C9—C3 1.409 (0.001) 1.408 (0.000) 0.001 
C4—C10 1.409 (0.001) 1.407 (0.001) 0.002 
C10—C11 1.397 (0.000) 1.398 (0.000) -0.001 
C11—C12 1.399 (0.000) 1.399 (0.000) 0.000 
C12—C13 1.400 (0.000) 1.401 (0.001) -0.001 
C13—C14 1.397 (0.001) 1.397 (0.001) 0.000 
C14—C4 1.409 (0.000) 1.408 (0.000) 0.001 
C3—C5—C6  120.9 (-0.600) 120.7 (0.00) / 
C1—C3—C5 122.3 (2.70) 119.8 (-0.1) / 
C2—C1—C3 124.9 (0.10) 126.3 (0.10) / 
C2—C1—C3—C5 26.6 (-1.80) 43.3 (-0.1) / 
C4—C2—C1—C3 179.2 (0.00) 5.4 (-0.1) / 
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7.2. Second hyperpolarizabilities 
 
Eq. (14) was widely-used to study the frequency dispersion of the 𝛾// and 𝛾/ tensors.28,30–36 Here, in 

addition to these quantities (Tables S26-S31 or FIGS. 8&9 and S4&S5), it was also applied to 𝛾<=> 

whose expression is given by Eq. (S6). To do so, the rotational average 〈γAAAA3 〉	and	〈γABBB3 〉 quantities 

[Eqs. (S7) and (S8)] were estimated from the frequency-dependent dc-Kerr [γ&'CD(−𝜔;𝜔, 0, 0)] and 

EFISHG [γ&'CD(−	2𝜔;𝜔,𝜔, 0)] second hyperpolarizability tensor components. Then, the dynamic 

𝛾<=> was estimated (Table S32) and expressed as a power series in 𝜔^3 [FIG. S6]. 

 

TABLE S25: Static second hyperpolarizability (105 a.u.) and DR values as calculated at the 
SMD//CAM-B3LYP/6-311+G(d) level for trans and cis isomers, using the static (𝝐𝟎) and the optical 
(𝝐`) relative dielectric constants for each solvent. In vacuo values are provided for comparison.   

Medium 
  𝝐𝟎 𝝐` 

𝝐𝟎 𝝐` 𝜸// 𝜸𝑻𝑯𝑺 DR!"# 𝜸// 𝜸𝑻𝑯𝑺 DR!"# 

   trans-stilbene 

in vacuo 1.000 1.000 109.1 162.7 9.1 109.1 162.7 9.1 

Benzene 2.271 2.253 188.0 290.8 8.4 187.2 290.0 8.4 

Chloroform 4.711 2.091 252.6 393.7 8.3 183.9 284.9 8.4 

THF 7.426 1.974 283.6 442.0 8.3 179.9 278.6 8.4 

1,2-DCE 10.125 2.087 301.1 469.1 8.3 186.5 289.5 8.4 

   cis-stilbene 

in vacuo 1.000 1.000 49.9 55.1 31.5 49.9 55.1 31.5 

Benzene 2.271 2.253 79.9 89.8 27.0 79.6 89.4 27.0 

Chloroform 4.711 2.091 106.5 119.5 26.5 76.7 86.1 27.0 

THF 7.426 1.974 120.1 134.3 27.1 74.3 83.3 27.1 

1,2-DCE 10.125 2.087 128.0 142.9 27.3 76.5 85.8 27.0 
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TABLE S26. Gas phase dc-Kerr and EFISHG second hyperpolarizabilities (γ//) as a of function of 
the frequency 𝜔 (and of 𝜔^3). The calculations were performed at the CAM-B3LYP/6-311+G(d) level 
using the superfine integration grid. 

𝝎	(a.u.) 𝝎𝑳
𝟐	(𝒆𝑽𝟐) 𝛄//(−𝝎; 	𝝎, 𝟎, 𝟎) (a.u.) 𝝎𝑳

𝟐	(𝒆𝑽𝟐) 𝛄//(−𝟐	𝝎; 	𝝎,𝝎, 𝟎) (a.u.) 

trans-stilbene 

0.00 0.00 109151 0.00 109151 

0.01 0.15 109935 0.44 111535 

0.02 0.58 112347 1.75 119230 

0.03 1.31 116566 3.94 134199 

0.04 2.33 122934 7.00 161172 

0.05 3.65 132006 10.94 212133 

0.06 5.25 144684 15.75 325103 

0.07 7.14 162441 21.43 703334 

0.08 9.33 187758 27.99 -13284100 

0.09 11.81 225057 35.43 -597571 

0.10 14.58 282825 43.74 -735514 

cis-stilbene 

0.00 0.00 49936 0.00 49936 

0.01 0.15 50177 0.44 50666 

0.02 0.58 50913 1.75 52979 

0.03 1.31 52184 3.94 57316 

0.04 2.33 54070 7.00 64685 

0.05 3.65 56695 10.94 77413 

0.06 5.25 60253 15.75 101922 

0.07 7.14 65043 21.43 164512 

0.08 9.33 71560 27.99 697666 

0.09 11.81 80623 35.43 -98741 

0.10 14.58 93708 43.74 14854 
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TABLE S27. dc-Kerr and EFISHG second hyperpolarizabilities (γ//) as a function of the frequency 
𝜔 (and of 𝜔^3). The calculations were performed at the SMD (1,2-dichloroethane)//CAM-B3LYP/6-
311+G(d) level using the superfine integration grid. 

𝝎	(a.u.) 𝝎𝑳
𝟐	(𝒆𝑽𝟐) 𝛄//(−𝝎; 	𝝎, 𝟎, 𝟎) (a.u.) 𝝎𝑳

𝟐	(𝒆𝑽𝟐) 𝛄//(−𝟐	𝝎; 	𝝎,𝝎, 𝟎) (a.u.) 

trans-stilbene 

0.00 0.00 186514 0.00 186514 

0.01 0.15 188060 0.44 191222 

0.02 0.58 192826 1.75 206548 

0.03 1.31 201219 3.94 236966 

0.04 2.33 213997 7.00 293750 

0.05 3.65 232447 10.94 407948 

0.06 5.25 258698 15.75 695291 

0.07 7.14 296344 21.43 2158200 

0.08 9.33 351731 27.99 -2767400 

0.09 11.81 436843 35.43 373837 

0.10 14.58 576556 43.74 -1130790 

cis-stilbene 

0.00 0.00 76492 0.00 76492 

0.01 0.15 76904 0.44 77745 

0.02 0.58 78170 1.75 81736 

0.03 1.31 80361 3.94 89303 

0.04 2.33 83628 7.00 102385 

0.05 3.65 88212 10.94 125613 

0.06 5.25 94475 15.75 172437 

0.07 7.14 103015 21.43 303977 

0.08 9.33 114808 27.99 2938510 

0.09 11.81 131513 35.43 -30245 

0.10 14.58 156206 43.74 141165 
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TABLE S28. dc-Kerr and EFISHG second hyperpolarizabilities (γ//) as a function of the frequency 
𝜔 (and of 𝜔^3). The calculations were performed at the SMD(Tetrahydrofuran)//CAM-B3LYP/6-
311+G(d) level using the superfine integration grid. 

𝝎	(a.u.) 𝝎𝑳
𝟐	(𝒆𝑽𝟐) 𝛄//(−𝝎; 	𝝎, 𝟎, 𝟎) (a.u.) 𝝎𝑳

𝟐	(𝒆𝑽𝟐) 𝛄//(−𝟐	𝝎; 	𝝎,𝝎, 𝟎) (a.u.) 

trans-stilbene 

0.00 0.00 179854 0.00 179854 

0.01 0.15 181332 0.44 184352 

0.02 0.58 185884 1.75 198983 

0.03 1.31 193896 3.94 227976 

0.04 2.33 206084 7.00 281952 

0.05 3.65 223671 10.94 389965 

0.06 5.25 248656 15.75 658824 

0.07 7.14 284421 21.43 1969360 

0.08 9.33 336912 27.99 -2857390 

0.09 11.81 417309 35.43 100971 

0.10 14.58 548647 43.74 -1109140 

cis-stilbene 

0.00 0.00 74290 0.00 74290 

0.01 0.15 74688 0.44 75498 

0.02 0.58 75909 1.75 79345 

0.03 1.31 78020 3.94 86634 

0.04 2.33 81171 7.00 99221 

0.05 3.65 85582 10.94 121528 

0.06 5.25 91617 15.75 166356 

0.07 7.14 99829 21.43 291437 

0.08 9.33 111157 27.99 2577070 

0.09 11.81 127190 35.43 -46934 

0.10 14.58 150858 43.74 122321 
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TABLE S29. dc-Kerr and EFISHG second hyperpolarizabilities (γ//) as a function of the frequency 
𝜔 (and of 𝜔^3). The calculations were performed at the SMD (Chloroform)//CAM-B3LYP/6-
311+G(d) level using the superfine integration grid. 

𝝎	(a.u.) 𝝎𝑳
𝟐	(𝒆𝑽𝟐) 𝛄//(−𝝎; 	𝝎, 𝟎, 𝟎) (a.u.) 𝝎𝑳

𝟐	(𝒆𝑽𝟐) 𝛄//(−𝟐	𝝎; 	𝝎,𝝎, 𝟎) (a.u.) 

trans-stilbene 

0.00 0.00 183937 0.00 183937 

0.01 0.15 185453 0.44 188550 

0.02 0.58 190120 1.75 203552 

0.03 1.31 198333 3.94 233289 

0.04 2.33 210837 7.00 288672 

0.05 3.65 228872 10.94 399559 

0.06 5.25 254505 15.75 675781 

0.07 7.14 291208 21.43 2023880 

0.08 9.33 345088 27.99 -2939800 

0.09 11.81 427645 35.43 -84292 

0.10 14.58 562576 43.74 -1154370 

cis-stilbene 

0.00 0.00 76670 0.00 76670 

0.01 0.15 77088 0.44 77930 

0.02 0.58 78353 1.75 81936 

0.03 1.31 80556 3.94 89535 

0.04 2.33 83839 7.00 102676 

0.05 3.65 88438 10.94 126018 

0.06 5.25 94729 15.75 173107 

0.07 7.14 103312 21.43 305606 

0.08 9.33 115157 27.99 3024220 

0.09 11.81 131948 35.43 -526555 

0.10 14.58 156779 43.74 135869 

 

 

  



 S40 

TABLE S30. dc-Kerr and EFISHG second hyperpolarizabilities (γ//) as a function of the frequency 
𝜔 (and of 𝜔^3). The calculations were performed at the SMD (Benzene)//CAM-B3LYP/6-311+G(d) 
level using the superfine integration grid. 

𝝎	(a.u.) 𝝎𝑳
𝟐	(𝒆𝑽𝟐) 𝛄//(−𝝎; 	𝝎, 𝟎, 𝟎) (a.u.) 𝝎𝑳

𝟐	(𝒆𝑽𝟐) 𝛄//(−𝟐	𝝎; 	𝝎,𝝎, 𝟎) (a.u.) 

trans-stilbene 

0.00 0.00 187226 0.00 187226 

0.01 0.15 188761 0.44 191909 

0.02 0.58 193504 1.75 207147 

0.03 1.31 201849 3.94 237335 

0.04 2.33 214542 7.00 293497 

0.05 3.65 232854 10.94 405688 

0.06 5.25 258863 15.75 683602 

0.07 7.14 296073 21.43 2006940 

0.08 9.33 350648 27.99 -3167350 

0.09 11.81 434137 35.43 -433310 

0.10 14.58 570286 43.74 -1220950 

cis-stilbene 

0.00 0.00 79609 0.00 79609 

0.01 0.15 80042 0.44 80928 

0.02 0.58 81372 1.75 85127 

0.03 1.31 83680 3.94 93096 

0.04 2.33 87120 7.00 106897 

0.05 3.65 91945 10.94 131469 

0.06 5.25 98552 15.75 181243 

0.07 7.14 107564 21.43 322702 

0.08 9.33 120025 27.99 3808980 

0.09 11.81 137713 35.43 -46205 

0.10 14.58 163926 43.74 157867 
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FIG S4. Gas phase TDDFT/CAM-B3LYP/6-311+G(d) dc-Kerr and EFISHG second 
hyperpolarizabilities (γ//) as a function of the frequency (left) and 𝜔^3 (right) for trans-stilbene and 
cis-stilbene.  
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TABLE S31. dc-Kerr and EFISHG second hyperpolarizabilities (γ/) as a function of the frequency 
𝜔 (and of 𝜔^3). The calculations were performed at the SMD (1,2-DCE)//CAM-B3LYP/6-311+G(d) 
level using the superfine integration grid. 

𝝎	(a.u.) 𝝎𝑳
𝟐	(𝒆𝑽𝟐) 𝛄/(−𝝎; 	𝝎, 𝟎, 𝟎) (a.u.) 𝝎𝑳

𝟐	(𝒆𝑽𝟐) 𝛄/(−𝟐	𝝎; 	𝝎,𝝎, 𝟎) (a.u.) 

trans-stilbene 

0.00 0.00 62172 0.00 62172 

0.01 0.15 62698 0.44 63748 

0.02 0.58 64322 1.75 68880 

0.03 1.31 67184 3.94 79069 

0.04 2.33 71544 7.00 98099 

0.05 3.65 77845 10.94 136387 

0.06 5.25 86823 15.75 232759 

0.07 7.14 99718 21.43 723285 

0.08 9.33 118719 27.99 -926057 

0.09 11.81 147964 35.43 213835 

0.10 14.58 196057 43.74 -398071 

 
 

γ/(−𝜔c; 	𝜔4, 𝜔3, 𝜔5) = 62.2 × [1 + (5.90 ± 0.01) × 1083 	× 	𝜔^3(eV3) + ⋯ ]	 (S18) 
 
 

 
 
FIG S5. TDDFT/CAM-B3LYP/6-311+G(d) dc-Kerr and EFISHG second hyperpolarizabilities (γ/) 
as a function of the frequency (left) and 𝜔^3 (right) for trans-stilbene in 1,2-DCE solvent medium. 
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TABLE S32. THS responses (a.u.) as obtained from the dynamic dc-Kerr and EFISHG second 
hyperpolarizability tensor components as a function of the frequency 𝜔 (and of 𝜔^3). The calculations 
were performed at the SMD (chloroform)//CAM-B3LYP/6-311+G(d) level using the superfine 
integration grid. 

𝝎	(a.u.) 𝝎𝑳
𝟐	(𝒆𝑽𝟐) 𝛄𝑻𝑯𝑺 from 

𝛄𝒊𝒋𝒌𝒍(−𝝎;𝝎, 𝟎, 𝟎) 
𝝎𝑳
𝟐	(𝒆𝑽𝟐) 𝛄𝑻𝑯𝑺 from 

𝜸𝒊𝒋𝒌𝒍(−𝟐	𝝎; 	𝝎,𝝎, 𝟎) 

trans-stilbene 

0.00 0.00 284932 0.00 284932 

0.01 0.15 287493 0.44 292713 

0.02 0.58 295383 1.75 318086 

0.03 1.31 309291 3.94 368625 

0.04 2.33 330515 7.00 463424 

0.05 3.65 361230 10.94 654957 

0.06 5.25 405057 15.75 1137106 

0.07 7.14 468095 21.43 3516412 

0.08 9.33 561096 27.99 5325607 

0.09 11.81 704354 35.43 2055419 

0.10 14.58 939765 43.74 2239906 

 

 
 
FIG S6. TDDFT/CAM-B3LYP/6-311+G(d) dc-Kerr and EFISHG second hyperpolarizabilities 
(γ<=>) as a function of the frequency (left) and 𝜔^3 (right) for trans-stilbene in chloroform solvent 
medium. The superposition of the dc-Kerr and EFISHG curves on the right-hand side figure 
demonstrates that the the Bishop-like polynomial expressions can also be applied to 𝛾<=>.  
 

γ<=>(−𝜔c; 	𝜔4, 𝜔3, 𝜔5) = 284.9 × 105 × [1 + (6.27 ± 0.02) × 1083 	× 	𝜔^3(eV3) + ⋯ ] (S19) 
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7.3. Theoretical and computational aspects on the vibrational second hyperpolarizabilities 

When invoking the clamped nucleus (CN) approximation,S39 adopting Bishop and Kirtman 

perturbation theory method,S40,41 and employing the double (electrical and mechanical) harmonic 

approximation (the zero-point vibrational average contribution is therefore neglected), the vibrational 

second hyperpolarizability reads 

𝛾h&i = [𝛼3]2 + [𝜇𝛽]2 (S20) 

where the tensor components of both quantities are: 

[𝛼3]&'CD2 =
1
8,P8c,4,3,5,

|
𝜕𝛼&'
𝜕Qj

�
2
|𝜕𝛼CD𝜕Qj

�
2

𝜔j3 − (𝜔33 + 𝜔53)j

(S21) 

[𝜇𝛽]&'CD2 =
1
6,P8c,4,3,5,

|𝜕𝜇&𝜕Qj
�
2
|
𝜕𝛽'CD
𝜕Qj

�
2

(𝜔j3 − 𝜔c3)j

(S22) 

P8k,4,3,5 is a summation over the 24 permutations of the pairs (𝜔c , 𝑖), (𝜔4, 𝑗), (𝜔3, 𝑘) and (𝜔5, 𝑙), Qj 

is the normal coordinate of the vibrational mode having circular frequency ωj (the 𝑎 index runs over 

all the 3N-6 vibrational normal coordinates), the subscript 0 indicates that the derivatives are 

evaluated at nuclear configuration equilibrium, and the subscripts 𝑖, 𝑗, 𝑘… stand for the Cartesian 

molecular axes x, y, z. Then, by applying the infinite optical frequency approximation,S42,43 the 

dynamic vibrational second hyperpolarizabilities become frequency-independent and they can be 

written as simple multiple of their static counterparts: 

𝛾h&i(−𝜔; 	𝜔,−𝜔,𝜔) =
2
3
[𝛼3]lF22 (S23) 

𝛾h&i(−2𝜔; 	𝜔, 𝜔, 0) =
1
4
[𝜇𝛽]lF22 (S24) 

𝛾h&i(−3𝜔; 	𝜔, 𝜔, 𝜔) = 0 (S25) 

In this work, the geometrical derivatives of the static polarizability/first hyperpolarizability 

with respect to the atomic Cartesian coordinates were calculated by employing the finite distortion 

method in combination with Romberg's quadrature (distortion amplitude = 0.01 and 0.002 a.u. and 

one Romberg’s iteration). In order to obtain the derivatives with respect to the vibrational normal 

mode coordinates, the derivatives with respect to the atomic Cartesian coordinates were projected 

over the normal coordinates. The Hessian required to compute the vibrational normal modes and 

frequencies were calculated analytically at the DFT level by using the coupled-perturbed Kohn–Sham 

(CPKS) scheme. The static polarizability/first hyperpolarizability calculations were performed with 

the CPKS//CAM-B3LYP XC functional. Solvent (1,2-dichloroethane, chloroform and 

tetrahydrofuran) effects were included by using IEFPCM.  
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7.4. Linear optical properties 

TABLE S33. Vertical absorption wavelength (λ24, nm), excitation energy (ΔE01, eV), and oscillator 
strength (f01, dimensionless) of the dominant lowest-energy state of trans-stilbene as computed at the 
TDDFT//CAM-B3LYP/6-311+G(d) level in vacuo and in different solvents. The values in 
parentheses in the third and fourth column corresponds to the experimental maximum absorption 
values. These demonstrate very small solvatochromic effects. Note that the maximum absorption 
band in benzene corresponds to the so-called 0-1 vibronic transition whereas it is the 0-2 one in 
chloroform and in ethanol.   

 Transition [character (%)] 𝝀𝟎𝟏  ΔE01 f01 

In vacuo S0→S1 [H→L (0.96)] 286  4.32 0.870 

Benzene S0→S1 [H→L (0.97)] 301 (311S37) 4.12 (3.99) 1.060 

Chloroform S0→S1 [H→L (0.97)] 309 (298S37) 4.02 (4.16) 1.159 

THF S0→S1 [H→L (0.97)] 312 3.97 1.196 

1,2-DCE S0→S1 [H→L (0.97)] 314 (298S38) 3.95 (4.16) 1.216 

Ethanol (95%)  (295 S38) (4.20)  
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TABLE S34. Vertical absorption wavelengths (λ2n, nm), excitation energies (ΔE0i, eV), and oscillator 
strengths (f0i, dimensionless) of the two dominant lowest-energy states of the cis-stilbene as computed 
at the TDDFT//CAM-B3LYP/6-311+G(d) level in vacuo and different solvents. The last line reports 
experimental values of the absorption maximum, for comparison purpose. 

 Transistion [character (%)] 𝝀𝟎𝒊  ΔE0i f0i 

In vacuo 
S0→S1 [H→L (0.96)] 

S0→S5 [H-1→L (0.50)] 

276 

216 

4.49 

5.74 

0.316 

0.310 

Benzene 
S0→S1 [H→L (0.96)] 

S0→S5 [H-1→L (0.54)] 

282 

219 

4.40 

5.66 

0.439 

0.506 

Chloroform 
S0→S1 [H→L (0.96)] 

S0→S5 [H-1→L (0.57)] 

285 

222 

4.35 

5.60 

0.512 

0.644 

THF 
S0→S1 [H→L (0.97)] 

S0→S5 [H-1→L (0.57)] 

28 

223 

4.33 

5.57 

0.541 

0.709 

1,2-DCE 
S0→S1 [H→L (0.96)] 

S0→S5 [H-1→L (0.57)] 

287 

223 

4.32 

5.55 

0.558 

0.743 

ethanol  
280 S38 

224 S38 

4.43 

5.54 
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