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Appendices

A. Derivation of the Fourier coefficients of the Effective Hamiltonian for SE
and NOVEL

This section provides a step-by-step derivation for the calculation of the Fourier Coef-
ficients of the effective Hamiltonian for the SE and NOVEL experiments mentioned at
the end of section 2.1 in the main text.

In the special case, where the pulse amplitude w; g and phase offset ¢ in Eq. (2)
in the main text are time-independent, we can calculate the Fourier coefficients of the
Hamiltonian of Eq. (7) in the main text analytically. If we irradiate sufficiently long
such that the condition 7, — 0o is reached, the modulation period approaches zero i.e.

21

wm = 7= = 0. Thus, the Fourier coefficients of the Hamiltonian only depend on index ¢

and are given by
YA 1 S —il
A(X) - / a(X) (t) e eff,St ]f (S])

Compare this equation with Eq. (6) in the main text. The time-dependent elements of

(5)

the rotation matrix a;,’ (t) can be calculated as
S A A
o) () = 2T {8 () Sy }. (S.2)
According to Eq. (3) in the main text we only need to compute agi) (t) with x € {x,y,z}.
Therefore, we need to find an analytical expression for S, (¢). First we need to transform
the operator S, from the laboratory frame to the tilted frame, where the direction of

the effective field is aligned with the +z-axis (see Fig. S1) and afterwards we need to
transform to an interaction frame with respect to weg,st5,.
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Figure S1: Nlustration of the effective field direction and the angle 8 during sufficiently
long irradiation such that the condition 7, — oo is reached. The angle 6 in
good DNP sequences is usually very small and exaggerated in the figure for
clarity.

The effective field can be computed according to Fig. S1

wets = /wig + Qs (S.3)

and the angle 6 by

6 = arctan (M,S) . (S.4)
Qo3



Transformation into the tilted frame leads to
S’; = U{P];S’ZUTF

. . (S.5)
= S, cos (0) + Sxsin (0)

with Upp = e~ Sy Transformation of Eq. (S.5) into the interaction frame with weH,StS’;
gives

S, (t) = Ug ' S,0s S0
= 5, cos () + sin (0) (S’X cos (wefr st) — Sy sin (weﬁ"st)) , '

where Ug = eweitstS,  To evaluate Eq. (S.2) we can use the following rule

A Loife=
T{5e8 =42 §=X (S.7)
0, if&#x

Therefore, we get for the desired elements of the rotation matrix

1, . .
al¥) (t) = sin (6) cos (we 5t) = sin (6) 5 (e“"eff’st + e_““effvst) (S.8)

1, . ‘
(S) — Qi 3 oo o Weff, st __ ,—iWefr st

) (t) = —sin (0) sin (wegr st) = — sin (0) 5 (e .57 — g7 ell,S ) (S.9)
a¥) (t) = cos (6) (S.10)

Because the elements of the rotation matrix are real, the Fourier coefficients obey the
following symmetry rules

1= (o) (s11)

where (aéj))* denotes the complex-conjugate of the input (aé;g)) Evaluation of Eq.

(S.1) using L’Hopital’s rule and Eq. (S.11) leads to the following Fourier coefficients

al D = Snzfe) (5.12)
al® =0 (S.13)
agy) = Sinz(e) (S.14)

a;;1>::__i5h;<9> (S.15)
ald) =0 (S.16)
alh) = is“; () (S.17)

al-l) = (S.18)
a9 = cos (6) (S.19)
all) = 0. (S.20)



Expressing the effective Hamiltonian relevant for DNP in terms of the ladder operators

as in Egs. (10)-(11) of the main text by using agf) = alf F ia%) leads to

B A A AL A AL A A&
- sin (6) (S=1+ 8t =8 - $707) (S.21)
which is the same as Eq. (15) in the main text.

B. Complete Derivation for Diagonalization of the Infinite-dimensional
Floquet Matrix

This section provides a step-by-step derivation of the results summarized in section 2.4
in the main text. The aim is to diagonalize the diagonal block of the infinite-dimensional
Floquet matrix 7 as given in Eq. (26) or Eq. (34) in the main text

7‘2(0) = QO,SSZ + Azzngz + Bngx + (JJO’IIAZ + wirj]g)()%gx. (822)

The same unitary transformation that is required to diagonalize this diagonal block in
Eq. (S.22) is then applied to the side-diagonal parts of the Floquet Hamiltonian H )
as given in Eq. (27) in the main text. As already outlined in section 2.4 in the main
text this Hamiltonian cannot easily be diagonalized directly. In principle, analytical
diagonalization is feasible, but leads to results that are too involved for interpretation.
Therefore, we diagonalize in a first step the reduced Hamiltonian containing all spin
terms (Eq. (35) in main text)

7‘21 = QO,SSZ + Azzngz + Bngx + wo’IIAZ. (S.23)

Afterwards, the same unitary transformation that is used to diagonalize A, is applied to
(max) aqg

the remaining term w;"¢" 5 S, in BEq. (S.22) compared to Eq. (S.23). In a second unitary
transformation, part of the remaining off-diagonal terms resulting from w(l'fsax)%ogx are
removed by transformation to the eigenbasis of a Hamiltonian that results from their
combination with the already diagonal part Hamiltonain #, obtained in the first step.

Let’s start with the first diagonalization that takes place in the I-spin space. Without
loss of generality we restrict our discussion here to negative Larmor frequencies wy 1 (see
Fig. S2). The unitary rotation in the eigenbasis of 7, can be described by a unitary
matrix

0, = exp(_z» (~ne8%dy +n8°1,) ) , (S.24)

where S = 15/2+ S, and SP = 1,/2— S,. The definitions of 7o and 7 can be obtained
from Fig. S2 and are given as

—-B
o = t _ S.25
Yl arctan <2w0,1 T Azz) ( )
—-B
?76 = arctan (%M—A> . (826)



The angles are chosen so that 0° < 7,,7m3 < 90°. The Hamiltonian #, in Eq. (S.23)
after rotation to the eigenbasis can be calculated as

. . o a (S.27)
= 0,55, + wo il + A'S,1,
with
wo = (w12 + w34) /2 (S.28)
A = wiy — wa (S.29)
and the nuclear frequencies
A, B
wig = (wOI + 2) cos (1a) — B sin (1) (S.30)
A, B .
Wy = <OJ01 - 2) cos (ng) — - sin (ng) - (S.31)

The total Hamiltonian in Eq. (S.22) in the basis of this first transformation is thus given
as

RO — 07RO,

r— 2 maxa O >
= Ul ! <H]_ +W:(ls )2OSX> U]_

= U7 YO + w0 200 SUr8:0, (S.32)
H (max) OUl IS []1

5 20 @0 [ 4 A on
=085, + wOJIZ + A'S,I, + w(f:'gx)g (SX cos (1) + 25y I sin (77))

In going from the first to the second line on the right-hand side, we inserted Eq. (S.22)
and Eq. (S.23). For the transformation of the third to the fourth line, we have used Eq.
(S.27). In Eq. (S.32), n = %(77& + 1) and the angle 27 is shown in Fig. S2. 27 can
take values from 0° to 180°. The case 21 = 0° is obtained for spin systems in the weak
coupling regime, where |A,|, |B| < |wo1|. 2n ~ 180° is attained in the regime of very
strong secular hyperfine coupling, meaning that |A4,,| > |wo1|. The spin operator Sy in
this first eigenframe transforms to (compare Eq. (44) in main text)

ﬁfIS'XUl = S, cos (n) + 2,§yfy sin (n)
pas 1 A ~ A A~ A A A A (8.33)
= Sycos () + 5 (8714871 =871 — 571 ) sin ()

Note that this is the transformation used in Eq. (S.32) when going from the second
last to the last line on the right-hand side. Using Eq. (S.33), the off-diagonal blocks



in the TOP and XiX sequence containing the Fourier components H) = HED) =

%w(l':‘gfx) (a|q/| F ib|q/|) S, after the first diagonalization step can be written as

YPvAN] ~ / A_ 1N A 1max R A1 A A
H@>:Mﬂ>:mwwwm:§q$(%¢m%ﬁuf&m

1 max . A O 7 .
= §w(1,s ) (a|q/| F zb|q/|) (SX cos (1) + 25y 1y sin (n))

- lw(m“) (a | Fib /) S, cos (1) + L <g+f_ + 51T - STt — g_f_) sin (n)
5ws % lg'| ) \ Px COS ) T 5 nmj-
(S.34)

To obtain this result, we first inserted the definition of the off-diagonal blocks containing
the Fourier components #H(*9 and then applied Eq. (S.33). For the XiX DNP sequence
we achieved already the desired result because the Fourier coefficient ag is 0 in this
case and therefore H(© = 7. Up to this point, we did not apply any approximation
and the result in Eq. (S.27) is still exact. However, each of the diagonal blocks of the
infinite-dimensional Floquet matrix after this first unitary transformation HO as given
in Eq. (S.32) still contains non-zero off-diagonal elements, unless ay = 0. For the TOP
and TPPM DNP sequence ag # 0 and therefore, we need to apply a second unitary
transformation. As outlined above, for spin systems in the weak coupling regime the
angle 7 is very small. Unless w!"s” < wp s the term QwSmSax)S”yfy sin (n) in Eq. (S.32)
is much smaller than the diagonzﬂ clements that it connects. Therefore, for the second
diagonalization step we neglect this term in Eq. (S.32) and diagonalize the truncated
Hamiltonian

7:153) = QosS, + wfufz + A'S,I, + w’l,SS’x (S.35)

(max)

with w) g = wy'g” % cos (n). Diagonalization of Eq. (S.35) takes place in the subspace
of the S-spin. Thus, we need to take into account the sign of g (see Fig. S2). The
upper binary operator in the following equations corresponds to the +£) g case and the
lower one to the —{) g case, respectively. The unitary matrix that rotates Eq. (S.35) in
its eigenbasis can be written as

Ufwmc%@%%ﬁi%%ﬁn (S.36)

with [® = 1,/2+ I, and I° = 1,/2 — I,. The angles 0, and g are shown in Fig. S2 for
the two cases and can be calculated as

+uwi g
0, = arctan | ———=— (S.37)
A
0.8+t %
+w) g
63 = arctan [ —5 ). (S.38)
0SS~ o

The angles 0, and 63 can take any values from 0° to 90°. In the doubly tilted frame the
(0)

truncated Hamiltonian ﬁtr. in Eq. (S.35) can be expressed as

A" = 0770 Oy = Q4 S, + w1 L, + A"S,1, (S.39)



with

Qs = (Wi +waa) /2 (S.40)
A" = wiz — wa (S.41)
and the electron-spin transition frequencies
A/
wig = (Qo,s + 2) cos (fa) £ w) g sin (0a) (S.42)
A’ ;.
was = | Qo — - ) cos (0p) £ wi gsin(6p) . (S.43)

The angle 20 = (6, — 03) is depicted in Fig. S2 and can take values from 0° to 180°.
Note that Eq. (S.39) is the same equation as Eq. (51) in the main text. The spin
operator Sy in the doubly tilted frame can be expressed as

U{lﬁflgxﬁlfb = U{l (SX cos (1) + 2§yfy sin (7])) U,
= cos (n) {cos (0a) SiI® + cos (05) Sy I? 4 sin (8,) S, 1% (S.44)

+ sin (6p) ngﬁ}—i— sin (n) (2,§yfy cos (0) =+ I sin (0)) ,

where we used Eq. (S.33) to obtain the final line. The side-diagonal parts of the Floquet
Hamiltonian #(¥%) containing the spin operator Sy in the doubly tilted frame can thus
be calculated as

A~ A~ A A A~ A~ A

RO = E0" = GO HED0, 0, = Uy ' HED 'O,

1 PO PR A a
= —w(lf‘sax) (a|q/| F ib‘qq) lcos (n) {cos (00) SxI® 4 cos (05) SxIP + sin (0,) S, 1°

[\)

+ sin (05) 5,17 }+ sin (1) (28 Iy cos (0) + Lcsin (9))1

(S.45)

as already presented in the main text by Eq. (56). First we inserted Eq. (S.34) and
then we used Eq. (S.44). In the doubly tilted frame, the total Hamiltonian as given in
Eq. (S.32) including also the term QSyfy sin (1) can be expressed as
HO" = U, (7:4?) "+ 25’ny sin (17)) U, = ngsgz + w('nfz + A”S, 1,
1, . o o o R (S.46)
+ wy g sin (n) [2 (SJFI* + 871t - STt — S*I*) cos (0) £ I sin (9)

We can now use the pre-factors in front of the ZQ- and DQ-operators in Eq. (S.46) to
derive the Fourier coefficients of the Hamiltonian in operator-based Floquet theory for
SE DNP and NOVEL. We can identify for the said operators a pre-factor of

1 1 e B
5(»’178 sin () cos (0) ~ Ew(l’:‘g") 2ot cos (0) . (S.47)



By restricting our discussion to weakly coupled spin systems, i.e. |A,,|,|B| < |wo |, we
can invoke the small angle approximation for the angle n. This results in cos(n) ~ 1
and sin (1) ~ 52—, which was used in the second step of Eq. (S.47). We also used the

2(;,10’1 ’
(max)

relation w] g = wy"g” %4 cos (n) and ap = 2 in that step.

For the SE experiment we irradiate on the electron spin with a microwave offset of
Qo s = fwp1. Usually Qo5 > w(l’f‘é”‘), so that 6 ~ 0 and cos (f) ~ 1. Please note that this
approximation was also used in operator-based Floquet treatment to derive the scaling
factor of the SE experiment at the end of section 2.1 in the main text. Thus, according

(max)

to Eq. (S.47) we obtain %wbsl , which is the same as the Fourier coeflicients of the

Hamiltonian in operator-based ’Floquet treatment.
In case of the NOVEL experiment we irradiate on-resonance i.e. {9 g = 0. According

to Fig. S2 this results in

wis
0, = arctan < oy ) (S.48)
g
g = arctan ( — ) (S.49)
2

and consequently to 20 = (0, —6g) = 0 and cos(f) = 1. Combined with the well
known resonance condition for the NOVEL experiment w(lms‘"’x) = wp,1, we obtain % from
Eq. (S.47) as the Fourier coefficients of the Hamiltonian in operator-based Floquet

treatment.



- First unitary transformation for negative wy;:
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Figure S2: Semi-classical magnetization vector picture for the two unitary transforma-
tions. In the first step the diagonalization is done in the I-spin space, whereas
the second transformation takes place in the S-spin space.



C. EPR Pulse Optimization
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Figure S3: Optimization of pulse amplitudes (digital scale) for electron spin in the trityl

radical using a two-pulse sequence (§) — 7 — (7) — 7 — det. with a two-step

phase cycle for the first pulse resp. the detection e.g. (£z,z,+1). 7 = 600
ns and a number of shots of 100 was used. The digital scale of 0.14 was
found to be the optimal scale for a 5 pulse of length 16 ns (red dashed line).
The experiment was conducted at the center of the resonator. The somewhat
strange shape of the amplitude optimization with a saddle point around a
digital scale of ~ 0.27 can be explained by instantaneous diffusion (we use
a rather high electron concentration of 5 mM trityl.) However, both digital
amplitudes (0.14 and 0.27) lead to similair results for the EPR experiments
like field sweep and resonator profile. No effect is expected for the experiments
relevant for DNP as discussed in the main text.
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D. Field-swept Echo-detected EPR
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Figure S4: Field-swept echo-detected EPR spectrum of the trityl radical (black circles)

obtained with a two-pulse sequence (§) — 7 — (7) — 7 — det. with a two-
step phase cycle for the first pulse resp. the detection e.g. (£x,z,+£1). The
optimal scale of 0.14 was used for all pulses and 7 = 600 ns. The number of
shots was 100. The center of the profile was estimated to be v, = 9.78 GHz
corresponding to B, = 3427.2 G. The magnetic field was swept in the range
B: £ 40 G in steps of 0.1 G, while the mw frequency was kept constant at
9.78 GHz. The experimental data points (black circles) were fitted by three

Gaussian lines. The central peak has a FWHM of 6.23 MHz.
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E. Resonator Profile

The experiment to record a resonator profile as shown in Fig. S5 is a three-pulse exper-
iment. The first pulse serves as a nutation pulse and is incremented from 0 to 128 ns in
steps of 2 ns at maximum power (digital scale = 1). Electron spin magnetization after
delay T ~ 575, is observed with a two-pulse Hahn echo experiment. The experiment
is measured for different offsets {1y g with respect to the center of the resonator. The
resulting resonator profile indicates the largest B field (or strongest Rabi frequency
wi,g) that can be obtained at a certain offset Qg .
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Figure S5: Measured resonator profile for the trityl radical using an echo-detected nu-

tation pulse sequence (Baip) — T — (5) — 7 — (7) — 7 — det. with a two-step

phase cycle for the second pulse resp. the detection e.g. (+x,z,+1). The
optimal scale of 0.14 was used for the second and third pulse. T' = 5000 ns
and 7 = 600 ns were used as delays. The number of shots was 50. The mw
frequencies of all pulses are swept from 8.5 to 10.06 GHz in 0.01 GHz steps.
The external magnetic field is swept in similar fashion, so that the magnetic
field is on-resonance with the mw frequency. The length of the first pulse was
increased from 0 to 128 ns in steps of 2 ns at every field/frequency step with a
fixed scale of 1. The nutation frequency was determined by taking the maxi-
mal frequency of the Fourier transformation of the nutation curve. The center
of the resonator corresponds to the point (v = 9.78 GHz, w217s = 42.97 GHz).
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F. Non-linearity of the Travelling Wave Tube (TWT) Amplifier

The experiment to record the non-linearity of the TWT amplifier as shown in Fig. S6 is
a three-pulse experiment. The first pulse serves as a nutation pulse and is incremented
from 0 to 128 ns in steps of 2 ns at various digital scale. Electron spin magnetization after
delay T ~ 575 is observed with a two-pulse Hahn echo experiment. The experiment is
measured at the center of the resonator ~ 9.78 GHz. Fitting for both the dependence
of Rabi frequency on digital scale and the dependence of digital scale on required Rabi
frequency of the TWT non-linearity curve by polynomials of fourth order allows the
mapping between the digital scale and the Rabi frequency. The TWT non-linearity
curve together with the resonator profile is used to compensate the limited width of
the microwave resonator mode and differences in non-linearity of the TWT during the
acquisition of a DNP profile.
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Figure S6: TW'T non-linearity measured with the trityl radical using an echo-detected

nutation pulse sequence (Bgip) —T — (5) —7 — (7) —7 —det.. The phases of all
pulses was set to +x. The optimal scale of 0.14 was used for the second and
third pulse. T = 5000 ns and 7 = 600 ns were used as delays. The number
of shots was 50. The scale of the first pulse was changed from 0 to 1 in 0.02
steps. The length of the first pulse was increased from 0 to 512 ns in steps
of 2 ns at every scale. The nutation frequency was determined by taking the
maximal frequency of the Fourier transformation of the nutation curve. The
experiment was measured at the center of the resonator. The experimental
data were fitted to a fourth degree polynomial in a forward fashion (mapping
digital scale to nutation frequency) and later in a backward fashion (mapping
nutation frequency to digital scale). The parameters of the backward fit were
later used to calculate the digital scale for a desired nutation frequency.
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G. NMR Pulse Optimization

18
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Figure S7: Optimization of pulse amplitudes for bulk proton spins in the DNP sample.
The pulses on the proton channel were optimized by varying the amplitude
of the first pulse of the solid echo in the pulse sequence as shown in Fig.
10. The solid effect at % = 14.83 MHz was used as DNP mechanism to
optimize the pulse amplitude on the OpenCore spectrometer.
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H. Relaxation Measurements on Electron spins
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Figure S8: Inversion recovery experiment to determine Tj . for the electron spin (black
circles) with mono-exponential fit (red) resulting in 77, = 2.468 ms. The
m-pulse for inversion was a chirp pulse of 400 ns length with digital scale of 1.
10 shots were used and the interpulse delay for the Hahn echo was 7 = 600
ns. A J-pulse of 16 ns resp. m-pulse of 32 ns with a scale of 0.14 were used
for the Hahn echo pulses.
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Figure S9: Two-pulse ESEEM data (black circle) with stretched exponential fit (red)
resulting in a phase memory time 7, = 3.437 us. A F-pulse of 16 ns resp.
m-pulse of 32 ns with a scale of 0.14 were used for the Hahn echo. Signals
from 10 shots were added.
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I. Relaxation Measurements on Nuclear Spins
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Figure S10: Proton saturation recovery experiment (black circles) with mono-
exponential fit (red) resulting in 77 ,, = 32.58 s.
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J. Comparison of FS-XiX to XiX for Various Pulse Lengths
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Figure S11:

1
-200 -100 0 100 200 300
Q().S/27T / MHz

DNP profile for XiX (blue line) and FS-XiX (red line) recorded at X-band
(0.35 T) with a Rabi frequency of %> = 4 MHz and a pulse length 7, = 5
ns. Further experimental parameters are given in section 5 of the main
text. The dots and asterisks represent the estimated enhancement ezq/pq
as given in Eq. (13) in the main text. Note that for the FS-XiX we divided
the Fourier coefficient b1 by %, so that the sine wave has the same amplitude
as for the rectangular pulses in the XiX case.
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Figure S12:

Qos/2m / MHz

DNP profile for XiX (blue line) and FS-XiX (red line) recorded at X-band
(0.35 T) with a Rabi frequency of %:> = 4 MHz and a pulse length 7, = 9
ns. Further experimental parameters are given in section 5 of the main
text. The dots and asterisks represent the estimated enhancement ezq/pq
as given in Eq. (13) in the main text. Note that for the FS-XiX we divied
the Fourier coefficient by by % so that the sine wave has the same amplitude
as the rectangular pulses in the XiX case.
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Figure S13:
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DNP profile for XiX (blue line) and FS-XiX (red line) recorded at X-band
(0.35 T) with a Rabi frequency of %5 = 4 MHz and a pulse length 7, = 45
ns. Further experimental parameters are given in section 5. The dots and
asterisks represent the estimated enhancement ez /pq as given in Eq. (13)
in the main text. Note that for the FS-XiX we divided the Fourier coefficient
b1 by %, so that the sine wave has the same amplitude as the rectangular
pulses in the XiX case.
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K. Relation Between Operator-based Floquet Theory and Matrix-based
Floquet Theory in the Weak Irradiation Regime

A connection between the Fourier indices ¢; and co connecting degenerate Floquet states
with the indices from triple-mode Floquet theory e.g. kg and £y can be obtained by using
quaternions.

Lets start with Eq. (9) in section 2.1 of the main text

n0|w071| + kowm + foweﬂS =0, (S.50)
which can be rewritten as
TLOM + EO@ = —kyo. (S.51)
m wm

The effective field after a time 7, for the TOP DNP, XiX DNP and the TPPM DNP
experiments can be calculated using quaternions as already described in Ref. [1], Ref.
[2] and [3], respectively. We first discuss the case for the XiX DNP sequence. Here we
get as an analytical expression for the effective field

1 a
Weff,§ = — arccos (1 — 2cos? (#) sin® (M)>

o 2
1

= — arccos (cos2 (0) cos (wqTp) + sin? (0)) (S.52)
Tp

= M arccos <0052 (0) cos (waTp) + sin? (0))
T

with cos (0) = % and w, = (/w? g + Q2 4. In the weak irradiation regime, i.e. wyg <

wm we can invoke the small-angle approximation for 6 e.g. (s > w; g) so that cos (0) ~
1 and sin (6) ~ 0. Note that this approximation was already used at the end of section
2.1 of the main text to derive the Fourier coefficient of the Hamiltonian for the SE
experiment. Thus, the trigonometric expression in Eq. (S.52) simplifies to

arccos (cos2 (0) cos (waTp) + sin? (9)) ~ arccos (cos (20,57p))

= arccos (cos (7r QO’S)> S.53
o (8.53)
Q
25 = F Qo8 wm) -

m

In the first step of Eq. (S.53) we used the approximation cos(f) ~ 1 and w, =
,/wis +Q(2),S ~ (s as outlined above. At this point we have to think about the
range of values in which we calculate the effective field wegs. For our numerical im-
plementation of operator-based Floquet theory (see appendix L) we restricted the value
of wefrs to the range {weps € Z | — 42 < weps < “2}, resulting in the restriction
{F(Qos,wm) €Z| =5 < F(Qs,wm) < 5} for the range of the function F (0,5, wm)
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(see last line of Eq. (S.52)). Therefore, we need a shifting parameter f,; that shifts the

output of F (Q,s,wm) as defined in Eq. (S.53) within the interval [—7, 7] resulting in

F (QO,S7 Wm) =

(S.54)

m

where fs € Ng . At this point it seems artificial that the shift parameter fs; needs to be
an integer. This fact will be more clear later (see Eq. (S.58)). Insertion of Eq. (S.54)
into Eq. (S.53) resp. Eq. (S.52) gives

1/ Qs
Weff S = — <7T7 + fsﬂ')
Tp \ Wm
~an(GEe)
A Wi
Wm
where we used % = “=m in the last step. Eq. (S.55) can now be inserted into Eq. (S.51)
to yield

(S.55)

no o] + 0 (QOS +fs) = —kg. (S.56)
w W

m m

This equation can be rearranged to

k n
Qos = — (0 + fs) wm + 2 |wo1l- (S.57)
% A

We can now compare this result to Eq. (66) and Eq. (67) in the main text. First, we
can confirm that for the DQ case we have opposite signs for £y and ng and for the ZQ
case we have the same signs for £y and ng. This was already outlined in section 2.1 of
the main text. A more important result is the relation

d=co—c1=— <];0 + f5> , (S.58)
which connects the Fourier indices ¢; and ¢y of the Floquet space in matrix-based Flo-
quet theory with the indices kg and £y from triple-mode Floquet theory. This relation
between indices depends on the definition of the range of allowed values for weg s, which
is manifested by the shift parameter f5 in Eq. (S.58). Let’s consider a concrete example
by focusing on the ZQ resonance at QO S ~ 48 MHz for the XiX DNP sequence. We use
7p = 15 ns resulting in §2 = 33.333 MHZ co —c1 = ¢ =1 for this case and kg = 0,

lp = £1 and ng = £1. The fraction % m = 1.43737 results in fs = —1 in order to be
within the interval [—% L 2] The exact same result for fs would be obtained by inserting
co—c1=¢ =1, kg =0and {y = +1 into Eq. (S.58).

For TOP DNP the effective field is given as [1]

_ 1 Q0,574 WaTp 2 oy o (08T o (WaTp
Weff,§ = — arccos | cos 5 cos { —5— | —cos (#) sin 5 sin { —5
p

(S.59)
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with cos (0) = % and w, = ,/wis + Qas. With the same approximations for the

w

trigonometric part of Eq. (S.59) e.g. cos(f) = 1 and w, = \/wiq+ Qs ~ Qs as
already used in the XiX case, we obtain

Q Q Q Q
arccos (cos (O’QSTd) Ccos <0’287—p) —sin <0’287—d> sin <028Tp>) (S.60)

Using trigonometric relations, this can further be simplified to

1 1
arccos (cos (2(2075 (ta + Tp)>> = arccos (cos (2Qo,sTm>>

(S.61)
Q
= arccos (cos (Tro’s)>.
Wm
This is the same result as obtained in Eq. (S.53) for the XiX DNP sequence.
In the case of TPPM DNP the effective field has the form [3]
1 a : a
Weff,§ = — arccos <cos2 <W7—p> - {sin2 (0) cos (¢) + cos? (9)} sin? <W7—p>> (S5.62)
; ™ 2 2
with cos (f) = 2(1):, W = ,/wis +Q%,s and ¢ is the phase with which the TPPM

sequence is modulated. Again invoking the approximations for the weak irradiation
regime, e.g. cos(f) ~ 1, sin(f) ~ 0 and w, = ,/w%s +Q%S ~ (o5, we obtain for the

trigonometric part
Q Q
arccos (0052 (0’57—})) — sin? (02871))) (S.63)

Eq. (S.63) can be further simplified to

arccos (COS (7r SZ)O’S ) > (S.64)

using 7, = - and cos? (z) — sin? (x) = cos (2z). Eq. (S.64) is again the same result as
obtained for the XiX DNP as well as the TOP DNP (see Eq. (S.53) and Eq. (S.61)).

Our analysis shows that in the weak irradiation regime, which is most likely the range
of operating at high magnetic fields (By > 3.5 T), the resonance offsets {2y g of the three
DNP sequences (TOP, XiX and TPPM) occur at the same spectral position using the
same modulation period wy, and Rabi frequency w s.

L. Numerical Calculation of Effective Fields and Fourier Coefficients of the
Hamiltonian

Numerical calculations of the effective field was performed using time-slicing over one
modulation period 7, of the pulse scheme. The propagator of the whole pulse sequence

A

U (7m) is split into J equally sized time steps of equal length At

J J
0 (r) = [J exp (—if;at) = [ 0; (S.65)
j=1 Jj=1
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with

Hj = wis (jAL) Sy 4+ wis (AL Sy 4 Qos (jAL) S, (S.66)
The evolution of a spin operator SB(CJ ) at time step j under a given pulse scheme is then
calculated as

A

A)((j) = Ul_l . UZ_I 'Uj__ll . Uj_IgXUj . ﬁj_l 'UQ . Ul , (8.67)
where x = x,y,z. The rotation matrix at time step j is then defined as

@ G _0)

axx Qxy Oxz

Ri=| o o) o) |, (5.68)

Qyy
@ G )

Azx  Qzy  Qgzgz
where an element agg is calculated with the aid of Eq. (S.67) as
() _ &) &
o) =21e{S8,}. (S.69)

In this section £ and y will always represent one of the three Cartesian directions
x, y or z if not stated otherwise. The factor 2 in Eq. (S.69) arises due to nor-

malization e.g. Tr{gxgx} = Tr{gygy} = Tr{S'ZS'Z} = % Afterwards each vector
o= (a0

new +z-axis is along the direction of the effective field. The newly obtained vector }ﬁ?’x’eg
is rotated around the new z-axis by —weg 5jAt to remove the explicit time-dependence
of the elements in the rotation matrix due to the effective field frequency wegs. The
elements of vector in this newly frame are denoted as agi . because it is a cyclic frame
with respect to the modulation period and the only time dependence is now due to wy,.
The Fourier coefficients of the Hamiltonian are now calculated in a similar fashion as
given in Eq. (6) in the main text

Z

T
)> in Eq. (S.68) is rotated first along the effective field such that the

ey _ 1% ) — ikt
Wy e = j/o ag, o (t) e omide. (S.70)
In Matlab, the function fftshift(fft()) is used to calculate Eq. (S.70) numerically. The
- . ) N \T

vector ag ) _ (agi o aéjy{ o agz? C) is then rotated by weg gjAt around the direction of
the effective field to obtain the Fourier coefficients al*"") as given in Eq. (6) of the main
text. The rotation angle B.¢ g around the effective field and the rotation axis 7oy =
(Tx,rots Tyrots Tzrot) are obtained by using an extended version of Rodrigues’ formula
and using the rotation matrix in Eq. (S.68) for the last step e.g. j = J. First the
eigenvalue equation

RJFrot = 17:»rot (871)
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needs to be solved. This gives the eigenvector 7. corresponding to eigenvalue 1. From
the vector entries of 7ot one can construct a matrix of the following form

0 —Tzrot Ty,rot
N = rz,rot 0 _rx,rot (872)
—Tyrot  Txyrot 0

The rotation angle fef s can then be determined by using the two equations

Tr{R;} -1
cos (Burs) = ) (5.73)
) Tr{NR
sin (Begr,s) = —{2‘]} (S.74)
together with the relation tan (fegs) = % The use of the extended Rodrigues’

formula is necessary to determine the sign of the rotation angle and therefore the sign
of wer,s (see Eq. (5) in the main text). This way, zero- and double-quantum resonance
conditions can be distinguished. The polar angle 6 and vy to flip the coordinate sys-
tem along the direction of the effective field are determined from the vector 7o in the
following way

0 = arccos (74 rot) (S.75)
1) = arctan <W> . (S.76)
T'x,rot
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M. Comparison of Eigenvalues of ZQ Transitions in the XiX DNP Sequence

- --numerical result
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Figure S14: Comparison between the eigenvalues of a specific diagonal block in the

infinite-dimensional Floquet Hamiltonian as given in Eq. (60) (red color
code) and Eq. (61) (blue color code) in the main text with the numerical
simulation using operator-based Floquet theory (dashed lines) for the XiX
DNP sequence at 0.35 T and a pulse length 7, of 15 ns. Shown here are
resonance conditions for ZQ transitions. A resonance condition occurs at a

mw offset €29 s, where the eigenvalues are equal i.e. €

(e2) _ (e1)

af = 3o The Fourier

components (@) with Fourier index q = co — cq are indicated above the

dashed lines. In the weak

irradiation regime (w;g < wm), each resonance

condition can be assigned to a Fourier index of the infinite Floquet Hamilto-
nian and therefore to a mode in the Fourier expansion of the mw irradiation.
The color code for the dashed lines indicates the strength of the resonance
condition (see main text above for more details). For the analytical calcula-
tions of the eigenvalues according to Eq. (60) and Eq. (61) in the main text

the following parameters were used: 4= = 33.333 MHz,

wo,1
2T

= —14.83 MHz,

A,, = B =1 MHz. Please note that the hyperfine constants are expressed

as linear frequencies.
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N. Three-spin Effects

On closer inspection of the DNP profiles in Fig. 4 of the main text, one recognizes certain
small peaks that do not belong to any resonance condition found by solving Eq. (9) in
the main text. These small peaks can be explained by a three-spin system consisting
of one electron and two nuclei of the same kind as already mentioned in Ref. [4] and
Ref. [5]. Therefore, we need to extend Eq. (1) in the main text to a Hamiltonian that
contains an additional nuclear spin coupled to the electron

7‘7( ) Qo SS + H Z (A( S Ilz + B( )S’ f + w((]l}fhz) . (877)

In case of two protons, the Hilbert space now has a dimension 8 x 8 within the basis set
|k,m, &), where k € {ag,fBs}, n € {a11, 011} and € € {aa1, P21} The basis set can be
written out as

1) = |as, a1, a21) (S.78)
12) = |as, 11, B2,1) (S.79)
13) = las, B11, az1) (S.80)
4) = |as, B11, B2,1) (S.81)
15) = [Bs, a1, a2,1) (S.82)
6) = |Bs, o1, B21) (S.83)
7) = |Bs, B1,1, 02,1) (S.84)
18) = 18s, B B2,1) (S.85)

We can now again diagonalize the Hamiltonian in Eq. (S.77) in a similar way as outlined
in section 2.3 of the main text. Here we discuss the XiX case and therefore only need
to perform the first frame transformation (see section 2.4 in the main text). This frame
transformation needs to be performed for each nuclear spin (spin 1 and spin 2) separately.
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The eight eigenvalues of Eq. (S.77) are thus given as

) = ¢ iZj:( 0 4 248 ) (Aglz f(z) ) Q;’S (S.86)

( 1 B}, )

& = ern + ¢ ; () (45 + 26) |1 (A;lz +(;) 9’ ;. (887

e = crom + % 121 (1) (AD + 2w()) J 0 ]j(z) (l)> Q;’S (S.88)

= cion = 152 (a0 2]) 14 7 f%2w<l>)2 Ut 550
= 2z 0,

el = ey — ‘11;2:1 (4D = 20)) |1+ 0 B(Q;)w(l))Q - Q;’S (S.90)
= ZE N

) = et + 4 Z D (A = 2hy) (14 (4 B(z)w(z))2 ) Q;’S (5.91)

o — 2u(]
o) = e + 5 Z D (AD — 2057) |1+ (42 1_3(2;) o)’ ngs (5:92)
e = crom + ~ Z( —2%l]) |1+ 5 _ fos (S.93)

(49 - <>> 2

In Egs. (S.86)-(S.93) the subscript index in e.g. egcl) refers to the basis functions given
in Egs. (S.78)-(S.85). Three-spin transitions are only possible between the following
states: |1) <> [8), |2) <> |7), |3) <> |6) and |4) <> |5). For the following discussion we
make the assumption: Ag;) = A2 , BN = B® and wéll) = w((]21) and invoke the weak
coupling regime. Therefore, we obtain for the mw offsets at resonance between Fourier
states |c1) and |cg) the expressions:

1) ¢ 18) : Q0% = (2 — e1) wm — 2wox (S.94)
2) < |7): Q) = (2 — 1) wom (8.95)
3) > 16) : O = (c2 — e1) wm (5.96)
[4) & 15) : QS = (e — 1) wm + 2wt (8.97)
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The transition amplitudes are calculated in in similar fashion as for the two-spin case
and are given as
1@ w(fjgx)%b‘q/‘ sin (n1) sin (n2), for odd ¢’ (5.98)
0, for even ¢’

The angles 77 and 7, can be calculated using Eqs. (37)-(38) of the main text and
n = % (Na + npg) for nuclear spin 1 and 2, respectively. Please not that the sign of Eq.
(S.98) changes for the transitions |2) <> |7) and [3) <> |6). As already explained for the
two-spin case, the Fourier states |c1) and |cg) are connected by the off-diagonal block
H(9) with ¢’ = (c2 — ¢1) and this block is only an non-zero matrix if ¢ = ¢y — ¢1 is odd
(see Eq. (S.98)). However, the three-spin effect is "doubly-forbidden" in the sense that
it contains two times the sin (n) term, namely for spin 1 and 2. This term simplifies
in the weak coupling regime and by assuming the same coupling between the electron

B
2&)(),[

2
and the two nuclei to ( ) . This is the reason for the reduced intensity observed

experimentally compared to the two-spin case (see Fig. S15). In Tab. S1 the expected
mw offsets as predicted by Eqgs. (S.94)-(S.97) are listed for different values of ¢' = co —¢;
for a normal XiX sequence with 7, = 15 ns and w217$ = 4 MHz measured at Bg = 0.35 T.
First off all we notice that none of the estimated mw offsets for the transitions |2) <> |7)
and |3) <> |6) are visible (compare to Egs. (S.95)-(S.96)). The reason for this lies in
the assumption that we made by using the same coupling between the electron and the
two nuclei. In the transitions |2) <> |7) and |3) <> [6) the two nuclei flip the opposite
way i.e. |ai1, B21) < [Bi1, a21) or |Bi1,a21) < |oa, B21). This leads to gain of zero
in polarization in the nuclear spin bath. In the transitions |1) <> |8) and |4) < |5)
both spins flip the same way ie. |ai1,a21) <> |81, 2,1), resulting in a gain for the
polarization in the nuclear spin bath. Surprisingly, there are more three-spin effects
visible with positive enhancement than with negative one as can be seen from Fig. S15.
However, there are also some resonance offsets that should not be visible at all e.g.
QQLT’FS = —103.673 MHz resulting from ¢’ = ¢3 — ¢; = —4 or all red entries with an even
¢’ = c2 — ¢1 in Tab. S1. As outlined above and manifested by Eq. (S.98) the transition
amplitude of two Fourier states connected by an even ¢’ = ¢ — ¢; are 0. The occurrence
of those can in principle be also higher spin effects e.g. four-spin effects that by accident
coincide with the three-spin solid effect discussed here.
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qd = (c2 —c1) vm — 2101 (c2 — 1) v [MHZ] (c2 —c1) vm + 210

oy —c1 [MHz] [MHz|
-9 -270.340 -300.000 -329.660
-8 -237.007 -266.667 -296.327
-7 -203.673 -233.333 -262.993
-6 -170.340 -200.000 -229.660
-5 -137.007 -166.667 -196.327
-4 -103.673 -133.333 -162.993
-3 -70.340 -100.000 -129.660
-2 -37.007 -66.667 -96.327
-1 -3.673 -33.333 -62.993
0 29.660 0.000 -29.660
1 62.993 33.333 3.673
2 96.327 66.667 37.007
3 129.660 100.000 70.340
4 162.993 133.333 103.673
) 196.327 166.667 137.007
6 229.660 200.000 170.340
7 262.993 233.333 203.673
8 296.327 266.667 237.007
9 329.660 300.000 270.340

Table S1: Expected resonance offsets according to Eqgs. (S.94)-(S.97) for three-spin tran-

sitions in the normal XiX DNP scheme with 7, = 15 ns and w2173 = 4 MHz

calculated for different ¢ = co — ¢1. The external magnetic field was set to
0.35 T corresponding to vg1 = —14.83 MHz. The red colored entries are
those resonances which were observed experimentally in the DNP profile (see
Fig. S15). Please note that this DNP profile was recorded over a range of

275-21(\)/’[% €eZ| —280< 275-21(\)/[%2 < 280}, which is the reason for the absence off

all values listed here that exceed this range.
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Figure S15: Experimental manifestation of the three-spin effect in the DNP profile using

a XiX scheme with 7, = 15 ns and w;TS = 4 MHz measured at 0.35 T.
The black asterisks represent the observed three-spin transitions according
to Egs. (S.94)-(S.97). Please note that this data is already shown in Fig. 4
of the main text.
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0. Additional Plots for the field dependence
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Figure S16: Calculated values for acg, {295 and ko at resonance for different magnetic
fields (0.1, 0.35, 1.3, 3.5, 7, 14, 28) T for ZQ peaks with ¢ = co — ¢; = 1.
The red circles represent a XiX DNP sequence with a fixed Rabi frequency
“)21—%5 = 4 MHz and pulse length 7, = 15 ns. XiX DNP sequences with 7, = 5
ns and Rabi frequencies that increase linearly with the external By-field e.g.
(0.1 MHz, 0.1 T), (0.35 MHz, 0.35 T), (1.3 MHz, 1.3 T), (3.5 MHz, 3.5 T),
(7 MHz, 7 'T), (14 MHz, 14 T) and (28 MHz, 28 T) for the Rabi frequency
and the external magnetic field, respectively, are shown in blue diamonds.
The linear behaviour of {29 g with respect to the external magnetic field can
be explained by the approximation in Eq. (67) in the main text. Due to
Eq. (9) of the main text also ko shows a similar linear behaviour. For the
red circles, a fraction of aeg for two different magnetic fields scale with the
inverse fraction of the corresponding magnetic fields, respectively (see text
for more details). In contrast, ae.g is constant over the different magnetic
fields for a Rabi frequency that scales linearly with the magnetic field (blue
diamonds). This is indicated by the dashed blue line. Please note the
logarithmic scale in the y axis in the plot for aeg-.
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Figure S17: Calculated values for weg s and <p0|5’Z> at resonance for different magnetic
fields (0.1, 0.35, 1.3, 3.5, 7, 14, 28) T for DQ peaks with ¢ = co —¢; = 1.
The red circles represent a XiX DNP sequence with a fixed Rabi frequency

2

“LS — 4 MHz and pulse length Tp = 15 ns. XiX DNP sequences with 7, = 5

ns and Rabi frequencies that increase linearly with the external By-field e.g.
(0.1 MHz, 0.1 T), (0.35 MHz, 0.35 T), (1.3 MHz, 1.3 T), (3.5 MHz, 3.5 T),
(7 MHz, 7 T), (14 MHz, 14 T) and (28 MHz, 28 T) for the Rabi frequency
and the external magnetic field, respectively, are shown in blue diamonds.

34



Oconst. v g

O vis x By
o6 o o 3 )
)
0.9}
D
0.8 = 1 1 1 1 1
1.3 3.5 7 14 28
g 40 - 0
= 20 °
& o0®
a o ° 0 o
5-20F
k5
3-40p 03 I I I I
1.3 35 7 14 28
By /T
Figure S18: Calculated values for weg s and (p.]S,) at resonance for different magnetic

fields (0.1, 0.35, 1.3, 3.5, 7, 14, 28) T for ZQ peaks with ¢ = ¢3 — ¢; = 1.
The red circles represent a XiX DNP sequence with a fixed Rabi frequency
w;—f = 4 MHz and pulse length 7, = 15 ns. XiX DNP sequences with 7, = 5
ns and Rabi frequencies that increase linearly with the external By-field e.g.
(0.1 MHz, 0.1 T), (0.35 MHz, 0.35 T), (1.3 MHz, 1.3 T), (3.5 MHz, 3.5 T),
(7 MHz, 7 'T), (14 MHz, 14 T) and (28 MHz, 28 T) for the Rabi frequency

and the external magnetic field, respectively, are shown in blue diamonds.
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P. DNP Gaussian Fit to Experimental Data
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Figure S19: Gaussian fit of DNP profile of Fig. 4 in the main text. Each peak was fitted

to a Gaussian line shape.
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28 MHz] | FWHM [MHz]
-248.128 5.631
-218.471 4.959
-181.446 5.650
~151.793 5.339
~114.745 5.793

-85.104 5.370
-47.909 6.354
-18.663 5.756
18.663 5.880
47.909 5.985
85.104 5.531
114.745 5.535
151.793 5.601
181.446 5.092
218.471 5.548
248.128 5.392

Table S2: FWHM for each peak present in the DNP profile of Fig. S19. Each peak in
the DNP profile was fitted to a Gaussian line shape. The microwave offsets
reported in this table represent the values obtained from numerical simulations
using operator-based Floquet theory as outlined in section 2.1 in the main text.

Q. Numerical Calculation of the DNP Field Profile

The numerical simulation of the DNP profile as shown in Fig. 9 in section 3.2.4 in
the main text was performed with the package GAMMA [6] at a temperature of 80
K and Byg-fields of 0.35 and 3.5 T. A two-spin electron-proton system was used with
an electron-proton distance re, = 4.5 A. An axial g-tensor with a slight g-anisotropy
of guz = gyy = 2.00319 and g.. = 2.00258 was used corresponding to g;s, = 2.00299
[7]. For the relativ orientation of HFI tensor the following Euler angles were used
(o, B,y) = (275°,47°,0°). Relaxation was modelled in Liouville space using the random-
field approach. The relaxation superoperator in this case for a spin (5) is given as

B[S [Sure]] + o ([ [S 0]+ [31: [31:9]))
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with Tis = 5i— and Tp,s = . Tie = 2468 ms, Toe = 3437 ps, Tip = 325

kxy +k,

and 75, = 1 ms were used for the electron spin and the proton spin, respectively. The
rate constants k, and kyy, describe randomly fluctuating fields along the given directions.
Powder averaging was performed according to the ZCW scheme [8] with a total of 1000
crystallite orientations.
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