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TRANSVERSE DW ENERGY

For our calculations, we parametrize the magnetization
distribution using a Frenet-Serret basis as follows,

m = m1 ê1 +m2 ê2 +m3 ê3 , (1)

where ê1, ê2, and ê3 are unitary vectors representing the
tangential, normal and binormal directions, respectively.
To obtain the exchange energy, it is convenient to define
the derivatives of the unitary vectors as

ê′1ê′2
ê′3

 = Fαβ ·

ê1ê2
ê3

 , (2)

where

Fαβ =

 0 κ 0
−κ 0 0
0 0 0

 , (3)

being κ the curvature of a torsionless nanowire (NW).
Here, the prime represents the derivative with respect to
the natural parameter, s.

The exchange energy can be obtained as Eex =
SA

∫
Eex ds, whose energy density, written in the Frenet-

Serret referential frame reads Eex = (mαeα)
′(mβeβ)

′.
Here, we use the Einstein convention, where a sum is
associated with repeated indices. Under this framework,
we can write the energy density as

Eex = E(0)
ex + E(DM)

ex + E(A)
ex , (4a)

where E(0)
ex = |m′|2, relates to the standard ex-

change energy in the Cartesian basis and E(DM)
ex =
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Fαβ

(
mαm

′
β −m′

αmβ

)
and E(A)

ex = Kαβmαmβ are

the exchange-driven curvature-induced Dzyaloshinskii-
Moriya and anisotropy, respectively. Here,

Kαβ = FαγFβγ =

κ2 0 0
0 κ2 0
0 0 0

 . (5)

Now, we describe the magnetization components in a
spherical coordinate system lying in the curvilinear basis
as m = cosΩ ê1 + sinΩ cosΦ ê2 + sinΩ sinΦ ê3 . Then,
the exchange energy density is evaluated as

Eex = A2 + B2 , (6)

where A = Ω′ + κ cosΦ and B = Φ′ sinΩ− κ cosΩ sinΦ.
As explained in the main text, the dipolar interaction

can be obtained from the shape anisotropy approxima-
tion and can be written as

Ed =
µ0

2
M2

s sin2 Ω
(
N2 cos

2 Φ+N3 sin
2 Φ

)
, (7)

where Nα is the demagnetizing factor related to the α-
direction.

Figure 1. DW profile obtained by the adopted ansatz (black
line) and micromagnetic simulations (red squares) for a NW
with curvature κ0 = 5π × 10−3 nm−1.
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Now, we have represented the DW profile by the ansatz

Ω(s) = 2 arctan
[
e

p(s−q)
λ

]
, (8)

where p = ±1, q is the DW center position, and λ is the
DW width parameter. Finally, by assuming Φ = ϕ, with
ϕ′ = 0, and integrating along the NW length, we obtain
the exchange and dipolar energies given by Eqs. 4a and
4b in the main manuscript. We highlight that the DW
profile obtained from the adopted ansatz agrees very well
with micromagnetic simulations, as shown in Fig. 1.

CHIRAL TERM OF THE SPIN TRANSFER
TORQUE ON THE TRANSVERSE DW

We start with the LLG equation to describe the mag-
netization, given by Eq. (1) in the main manuscript and
presented here for clarity

ṁ =
γ

Ms
m× δE

δm
+ αm× ṁ+ Γu , (9)

where

Γu = m× [m× (u ·∇)m] + βm× (u ·∇)m . (10)

By assuming u = u ê1, we have that (u · ∇)m =
um′(s). For the adopted parametrization, we obtain

Γu = −u (A+ β B) Ω̂ + u (βA− B) Φ̂ , (11)

where A and B are given in Eq. (6). Therefore, using
the inner space basis (Ω,Φ), we can rewrite (9) as

− sinΩ (Ω̇ + uΩ′) =
γ

Ms

δE

δΦ
+ α Φ̇ sin2 Ω

+uκ sinΩ cosΦ + uβ B sinΩ , (12a)

sinΩ (Φ̇ + uΦ′) =
γ

Ms

δE

δΩ
+ α Ω̇ + uβA

+uκ cosΩ sinΦ . (12b)

This pair of equations can also be obtained by solving
the Euler-Lagrange formalism given by Eqs. (2) and (3)
in the main manuscript.

Finally, to clarify the origin of the CSTT, it is in-
structive to write Γu = −γm × (µ0Hu), where Hu is
the effective-like field associated with the spin-transfer
torque. To analyze the DW motion, we focus on the
component of Hu tangent to the NW axis, given by

Hu · ê1 =
u

µ0γ

[
β sinΩ (Ω′ + κ cosΦ)− Φ′ sin2 Ω

+
κ

2
sin 2Ω sinΦ

]
. (13)

The third term in this expression corresponds to a
curvature-dependent term that does not vanish for Φ =
±π/2, and has been presented in Eq. 7 in the main text.

To complete our description of the dynamical DW be-
havior, Fig. 2 shows sinϕ as a function of t for distinct
DW initial orientations. It is worth noticing that the cor-
respondent position (q as a function of t) is depicted in
Fig. 3 of the main text. Fig. 2 evidences that the DW
oscillations represent small deviations around ϕ ≈ ±π/2.
Therefore, since the DW does not perform a complete
rotation around the NW axis, the dynamical regime ob-
served occurs below the Walker limit.

Figure 2. sinϕ as a function of time for different electric
current values. Panels (a) and (b) show the results of a DW
initially pointing along the +ẑ and −ẑ direction, respectively.
In both cases, ϕ(t) ≈ ±π/2 + δϕ(t), being δϕ(t) a decaying
oscillatory contribution with small amplitude.
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Figure 3. DW position as a function of time for different values of electric current for a NW with curvature κ0 = 5π × 10−3

nm−1. (a) and (c) show the results for DW pointing along the +ẑ direction, while (b) and (d) show the position when the
DW center points along the −ẑ direction, respectively. Orange, black, purple, green, red, and blue lines show the results for
j = −1.6 × 1012 A/m2, j = −0.8 × 1012 A/m2, j = −0.4 × 1012 A/m2, j = 0.4 × 1012 A/m2, j = 0.8 × 1012 A/m2, and
j = 1.6× 1012 A/m2, respectively.

RESULTS FOR OTHER VALUES OF NW
CURVATURE

We have also obtained the transverse DW propagation
for hyperbolic NWs with κ0 = 5π × 10−3 nm−1. Fig.
(3) presents the obtained results for the DW position
as a function of time for four different values of current
density. Lines represent the analytical results, and sym-
bols depict the DW position obtained from micromag-
netic simulations. One notices that, for positive values of
electric current, the CSTT is responsible for the DW pin-
ning for j = 0.8× 1012 A/m2 when ϕ = +π/2, while the
DW crosses the region with maximum curvature when

ϕ = −π/2. By replacing the electric current direction,
we observe the inverse behavior, where the CSTT is re-
sponsible for the DW pinning for j = −0.8× 1012 A/m2

when ϕ = −π/2, and crosses the NW when ϕ = +π/2.
Additionally, the analysis of the results for κ0 = 5π ×

10−3 nm−1 and κ0 = 6π × 10−3 nm−1 (presented in the
main manuscript), allows to conclude that the threshold
values of the electric current for which the DW crosses
the curved region decrease with the NW curvature. The
smaller the κ0, the smaller the j value for DW pinning.
Finally, there are current values in which the DW can
be pinned or cross the region with maximum curvature
independent of its phase. As examples of this behavior,
we show the DW position as a function of time for |j| =
0.4× 1012 A/m2 and |j| = 1.6× 1012 A/m2, respectively.
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