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1. Details for Atomistic Simulations 

We begin with the notation for stacking type of various materials. For twisted bilayer graphene, AA stacking 

possesses the highest energy (Figure S1(a)), and AB stacking possesses the lowest energy (Figure S1(b)). The interlayer 

distance is greatest in AA stacking, whereas it is minimized in AB stacking 1-3. 

 

Figure S1. Illustration of stacking types for three materials. (a-b) Top view of AA and AB stacking of TBG. The covalent bonds 

among the top layer atom (green) and bottom layer atom (purple) are in yellow. (c-d) Side view of AA and 3R stacking of bilayer 

MoS2 (yellow for S and white for Mo). (e-g) AA, BA and AB stacking of graphene on h-BN. The gray denotes carbon atoms, while 

pink denotes boron and blue denotes nitrogen. 

For bilayer MoS2, AA stacking domain is still high energy (Figure S1(c)) while 3R stacking (Figure S1(d)) 

corresponds to a low-energy configuration 4. For graphene/h-BN structure, the situation becomes slightly more 

complicated. Three main stacking configurations are labeled. Following the notation of labeling stacking patterns from 

Ref 5, 6, the first one is labeled AA stacking (Figure S1(e)), meaning that all atoms sit on top of others. The second is 

labeled BA stacking (Figure S1(f)), meaning that a boron atom sits in the center of a graphene hexagon. The third is 

labeled AB stacking (Figure S1(g)), meaning that a nitrogen atom sits in the center of a graphene hexagon. It is reported 

that AB configuration is energetically most favorable with lowest interlayer distance 6, 7. AA stacking and BA stacking 

have similar energies, and their interlayer distance is larger than that of AB stacking. In our calculation, we neglect the 

small energy difference between AA stacking and BA stacking 6 and treat them as the same. 

To determine stable angle with initially imposed twist, the rotational axis is set to pass through the symmetric center 

of the triangular or hexagonal flake, where the initial stacking can be either AA stacking or AB(3R) stacking. We find 

that the preferred twisted state from either AA stacking or AB(3R) stacking is an objective physical state of both local 

rotational and translational energy minimum (See Sec.2, meaning that the flake will not undergo lateral translation 

during minimization), in agreement with earlier report 3. For TBG and graphene/h-BN structures, we perform energy 

minimization using conjugate gradient (CG) algorithm. For the MoS2 system, to acquire a more refined structure, we 

additionally employ the Hessian-free truncated Newton algorithm. Noted that for the center AB stacking, it is 



challenging to achieve the local minimum energy states using static energy minimization methods. Thus, we adopt 

canonical (NVT) ensemble with Nose-Hoover thermostat, and calculate time-averaged twisted angle after stabilization. 

The dynamic simulation is performed at 1K. The final stable twist angle 𝜃′ is thus obtained after structural relaxation. 

For forcefields, we have adopted Kolmogorov-Crespi interaction potential 8 to simulate interlayer interaction of 

graphene layers. The reactive empirical bond order (REBO) 9 potential is utilized to simulate intralayer carbon-carbon 

interaction. For graphene/h-BN heterostructure, we choose registry-dependent interlayer potential (ILP) 10 to simulate 

interlayer interaction between graphene and hexagonal boron nitride, while using REBO and tersoff 11 for intralayer 

interactions. As for twisted bilayer MoS2 structures, the simulation is carried out with ReaxFF reactive force field 12.  

 

2. Stability of Preferred Twisted States Against Translation 

 In this section, we demonstrate stability for preferred twisted states against lateral shifts using twisted bilayer 

graphene at 𝑟 = 30√3  as an example. For initial AA stacking and AB stacking configuration of triangular and 

hexagonal shape, the translational energy landscapes of preferred twisted states, extracted from MD simulations, are 

presented at three stable angles, as a function of infinitesimal sliding in all directions [Figure S2]. The state at (𝑥, 𝑦) =

(0,0) denotes the stable angle before any translation occurs. In each direction, the infinitesimal displacement is set as 

0.001Å, then the energy minimization is performed at current translational state. The interlayer interaction energy 

(simulated by Kolmogorov-Crespi potential) is extracted at each lateral states. In the end, the obtained minimized energy 

values are gathered and plotted as translational energy landscape. It can be observed that translations in all directions 

result in increased energy, with the equilibrium twist angle already corresponding to the “valley” of energy.  



 

Figure S2. Translational energy landscape at three preferred twisted states for triangle and hexagon flakes for initial AA stacking 

and AB stacking. The calculation is performed for TBG with 𝑟 = 30√3. It demonstrates that the preferred twisted states are at the 

local translational energy minimum. 

 



3. More Details on Dimensionless Rotational Energy Landscape 

3.1. Energy formula for identical bilayers considering moiré rotation  

In the main text of Eqs.(1-4), the angle between the moiré vector and the lattice vector of the substrate is considered 

as 𝜋/2, in order to simplify the energy function results. Here, we present results considering moiré rotation (i.e., the 

angle is (𝜋 + 𝜃)/2).  

For triangular flake with initial AA stacking,  
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For triangle flake with initial AB stacking,  
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For hexagon flake with initial AA stacking, 
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For hexagon flake with initial AB stacking, 
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Figure S3 depict the three-dimensional plot of the total energy function Eqs. (1-4) for triangular and hexagonal 

flake with initial AA and AB stacking. Some troughs can be observed on the surface, indicating the presence of local 

energy minima. Therefore, the energy function can be used to determine stable twist angles for a given flake size 𝑟, as 

illustrated in Figure 3. Noted that the 3-D plot of Eqs. S(1-4) are almost identical with Eqs. (1-4). 

 

Figure S3. Surface plot of total energy function 𝑆(𝜃, 𝑟, 𝑝 = 1) for (a) Eq.1 (b) Eq.2 (c) Eq.3 (d) Eq.4, as labeled in main text. 

 



We also tested the local energy minimum twist angles for Eqs. S(1-4), which closely align with the simplified form 

of Eqs. (1-4). This dedicates that the simplification of moiré rotation will not affect our results. 

 

3.2. Energy formula for graphene/h-BN 

 For hexagonal graphene/h-BN heterostructures, the total energy function with initial AA stacking is (based on 𝜌′ =

−∑ cos�⃗� (�⃗� · 𝑟) and substituting 𝑝 = 0.98 13) 
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The definitions of the symbols in above equations are listed as follows. 
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 The total energy function of hexagonal graphene/h-BN flakes with initial AB stacking is (based on 𝜌′ =

−∑ cos�⃗� (�⃗� · 𝑟) and substituting 𝑝 = 0.98), 
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The definitions of the symbols in above equations are listed as follows, 
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 Substitute the corresponding variables into the equation yields the full expression for the formula. 

In Fig. S4 we demonstrate the three-dimensional plot of the total energy function for graphene/h-BN, similar 

troughs can be observed on the surface. 



 

Figure S4. Surface plot of total energy function 𝑆(𝜃, 𝑟, 𝑝 = 1) for graphene/h-BN system. 

 

3.3. Energy formula for 𝜌 = ∑ 𝑐𝑜𝑠�⃗� (�⃗� · 𝑟)  

 Here we present total energy function for heterostructures based on 𝜌 = ∑ 𝑐𝑜𝑠�⃗� (�⃗� · 𝑟), which could be resulted 

by strain engineering of TBG 14. The mismatch parameter 𝑝 tunes the strain-engineering amplitude. 

 Energy function of triangular flake with initial AA stacking is, 
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3
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The definitions of the symbols in above equations are listed as follows. 

𝐴 = 𝜃 + arcsin(
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𝐷 = 4𝜋2𝑟2(1 + 𝑝2 − 2𝑝 cos𝜃)(1 − 2 cos(2𝐴)). 

 Energy function of triangular flake with initial AB stacking is, 
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The definitions of the symbols in above equations are listed as follows. 
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 Energy function of hexagonal flake with initial AA stacking is, 
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The definitions of the symbols in above equations are listed as follows, 
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𝐺 = 2𝜋𝑟√1 + 𝑝2 − 2𝑝 cos 𝜃 ∙ sin𝐴−. 

H = 4√3𝜋2𝑟2(1 + 𝑝2 − 2𝑝 cos 𝜃)(−1 + 2 cos2𝐴−) (1 + 2 cos 2𝐵+) (−1 + 3(tan𝐴−)2) 

  

Energy function of hexagonal flake with initial AB stacking is, 

𝑆(𝜃, 𝑟, 𝑝) =
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(1 + 2𝐶 cos 𝐴− − 2√3𝐶 sin𝐴−)]

−√3 sin [
𝜋

6
(1 + 2𝐶 cos 𝐴− + 2√3𝐶 sin 𝐴−)] − cos [

𝜋

3
(1 + 𝐶 cos 𝐴− + √3𝐶 sin𝐴−)] tan𝐴−

−4cos (
𝜋

6
+

𝜋𝐶

√3
sin 𝐴−) sin (

𝜋𝐶 cos 𝐴− 

3
) tan𝐴− + sin [

𝜋

6
(1 + 2𝐶 cos 𝐴− − 2√3𝐶 sin𝐴−)] tan𝐴−

+4 sin (
𝜋 𝐶 cos𝐴−

3
) sin [

𝜋

3
(1 + √3𝐶 sin 𝐴−)] tan𝐴− − sin [

𝜋

6
(1 + 2𝐶 cos𝐴− + 2√3𝐶 sin𝐴−)] tan𝐴−

+cos [
𝜋

3
(1 + 𝐶 cos𝐴− − √3𝐶 sin𝐴−)] (−√3 + tan 𝐴−)}.                                                        (𝑆10)

 

The definitions of the symbols in above equations are listed as follows. 

𝐴− = 𝜃 − arccos (
−𝑝 + cos 𝜃

√1 + 𝑝2 − 2𝑝 cos 𝜃
), 

𝐴+ = 𝜃 + arccos (
−𝑝 + cos 𝜃

√1 + 𝑝2 − 2𝑝 cos 𝜃
), 

𝐵− = 𝜃 − arcsin (
−𝑝 + cos 𝜃

√1 + 𝑝2 − 2𝑝 cos 𝜃
) 

𝐵+ = 𝜃 + arcsin (
−𝑝 + cos 𝜃

√1 + 𝑝2 − 2𝑝 cos 𝜃
) 

𝐶 = 2√3𝑟√1 + 𝑝2 − 2𝑝 cos 𝜃. 

 

3.4. Energy formula for zero-twist bilayers with varying lattice mismatch  

Moiré pattern purely caused by lattice mismatch strain can be commonly observed where different 2D materials 

are stacked with crystal axis aligned 15, or identical bilayers imposed by biaxial strain engineering 16. In this case, the 

rotation angle 𝜃 = 0°. These energy formulas based on 𝜌 = ∑ 𝑐𝑜𝑠�⃗� (�⃗� · 𝑟) are presented as follows. 

The total energy function for triangle flake with initial AA stacking is  



𝑆(𝜃 = 0, 𝑟, 𝑝) =

sin [
(−1 + 𝑝)𝜋𝑟

√3
] {6(−1 + 𝑝)𝜋𝑟 cos [

(−1 + 𝑝)𝜋𝑟

√3
] + √3 sin[√3(−1 + 𝑝)𝜋𝑟]}

√3(−1 + 𝑝)2𝜋2𝑟2
. (S11) 

The total energy function for triangle flake with initial AB stacking is 

𝑆(𝜃 = 0, 𝑟, 𝑝) =
1

4√3(−1 + 𝑝)2𝜋2𝑟2
∙

(√3[−1 + 6(−1 + 𝑝)𝜋𝑟] cos [
2(−1 + 𝑝)𝜋𝑟

√3
] + √3 cos [

4(−1 + 𝑝)𝜋𝑟

√3
]

−3 {1 + 2(−1 + 𝑝)𝜋𝑟 + 2cos [
2(−1 + 𝑝)𝜋𝑟

√3
]}  sin [

2(−1 + 𝑝)𝜋𝑟

√3
]). (S12)

 

The total energy function for hexagon flake with initial AA stacking is 

𝑆(𝜃 = 0, 𝑟, 𝑝) =

3 {1 + 2 cos [
2(−1 + 𝑝)𝜋𝑟

√3
]} sin2 [

(−1 + 𝑝)𝜋𝑟

√3
]

(−1 + 𝑝)2𝜋2𝑟2
. (S13)

 

The total energy function for hexagon flake with initial AB stacking is 

𝑆(𝜃 = 0, 𝑟, 𝑝) =

3 {−cos [
2(−1 + 𝑝)𝜋𝑟

√3
] + cos [

4(−1 + 𝑝)𝜋𝑟

√3
]}

4(−1 + 𝑝)2𝜋2𝑟2
.    (S14)

 

 

3.5. Energy formula considering local relaxation  

In this section, we will discuss the effect of varying degree of local relaxation (i.e., the on-site shrinkage of high-

energy domain relaxation). For small rotation angle, AB regions tend to expand and AA regions shrink to become 

solitons 17. The relaxed pattern displays a network of SP regions connecting AA regions, forming domain walls 

surrounding AB regions 18, 19. In relatively large twist angles, the appearance of SP region is suppressed. 

We propose a general form of energy density function 𝜌 = ∑ 𝑎𝑛 ∑ cos(𝑛�⃗� · 𝑟)�⃗�
∞
𝑛=1 . For initial AA stacking, we 

can use 𝜌 = ∑ 𝑎𝑛 [cos (
4𝜋𝑛𝑥

√3𝜆
) + 2 cos (

2𝜋𝑥

√3𝜆
) cos (

2𝜋𝑦

𝜆
)]∞

𝑛=1  . For initial AB stacking, we can use 𝜌 =

∑ 𝑎𝑛 {cos [
4𝜋𝑛(𝑥−

𝜆

√3
)

√3𝜆
] + 2 cos [

2𝜋𝑛(𝑥−
𝜆

√3
)

√3𝜆
] cos (

2𝜋𝑛𝑦

𝜆
)}∞

𝑛=1 . By choosing appropriate parameter 𝑎𝑛, the density function 

can capture moiré patterns under varying degrees of structural relaxation. The previous discussion without consideration 



of relaxation corresponds to 𝑎1  =  1 and 𝑎𝑛 = 0 (𝑛 > 2), taking the form of only the first item as ∑ cos�⃗� (�⃗� · 𝑟). 

To apply the density function in practice, a finite number of terms can be utilized. The undetermined coefficients, 

𝑎𝑛, can be determined by imposing constraints on the relative flatness of AB and the peak width of AA. A wide range 

of coefficients can be theoretically employed provided that the fundamental moiré geometric criteria are adequately 

satisfied. We use a few for demonstration in Fig. S5(a). 

In Fig. S5, we present moiré patterns using the general form of energy density function using different number of 

terms. It is observable that as the number of terms increases, the degree of local relaxation progressively intensifies. 

Initial AA stacking flake with 𝑟 = 30√3, 𝜃 = 2° is adopted for illustration, and refer to legends in Fig. S5 for specific 

coefficients 𝑎𝑛. The calculation follows similar approach in Eqs. (1-4). 

The total energy function considering local relaxation for triangle flake with initial AA stacking is 

𝑆(𝜃, 𝑟, 𝑝 = 1) = ∑ 𝑎𝑛

−3sin2(𝑛𝜋𝑟√2 − 2 cos𝜃)

2𝑛2𝜋2𝑟2(−1 + cos 𝜃)𝑛
. (𝑆15) 

The total energy function considering local relaxation for triangle flake with initial AB stacking is 

𝑆(𝜃, 𝑟, 𝑝 = 1) = ∑ 𝑎𝑛

−(2 cos
2𝑛𝜋
3 + cos

4𝑛𝜋
3 ) sin2(𝑛𝜋𝑟√2 − 2 cos 𝜃)

2𝑛2𝜋2𝑟2(−1 + cos 𝜃)𝑛
. (𝑆16) 

The total energy function considering local relaxation for hexagon flake with initial AA stacking is 

𝑆(𝜃, 𝑟, 𝑝 = 1) = ∑ 𝑎𝑛

√1 − cos𝜃 sin2(𝑛𝜋𝑟√2 − 2 cos 𝜃) + 2√2𝑛𝜋𝑟 sin2 𝜃
2 sin(2𝑛𝜋𝑟√2 − 2 cos 𝜃)

2𝑛2𝜋2𝑟2(1 − cos 𝜃)
3
2 𝑛

. (𝑆17) 

The total energy function considering local relaxation for hexagon flake with initial AB stacking is 

𝑆(𝜃, 𝑟, 𝑝 = 1) = ∑
𝑎𝑛

−6𝑛2𝜋2𝑟2(−1 + cos 𝜃)
 (2 cos

2𝑛𝜋

3
 

𝑛

+ cos
4𝑛𝜋

3
) sin(𝑛𝜋𝑟√2 − 2 cos 𝜃) [2𝑛𝜋𝑟√2 − 2 cos𝜃 cos(𝑛𝜋𝑟√2 − 2 cos 𝜃)

+ sin(𝑛𝜋𝑟√2 − 2 cos 𝜃)].                                                                                                               (𝑆18) 



 

FIG. S5. Application of general energy density function for structural relaxation. (a) Illustration on modeling varying degree of 

local relaxation using different number of terms and proper coefficients 𝑎𝑛. More terms intensify relaxation effects. (b-d) 

Comparison of the results for the first three angles of local minimum from multi-term energy density functions (see legends).  

Results are for triangular flake with initial AA stacking (a), AB stacking (b), and hexagonal flake with initial AA stacking (c), AB 

stacking (d). 

Using these multi-term energy density functions, we can compute the first three angels of local energy minima for 

each size r, and compare with those obtained from single-term energy density function (i.e., unrelaxed, Eqs. (1-4)). The 

comparisons for triangle flakes of different initial stackings show excellent agreement [Fig. S5(b-e)]. The conclusions 

are the same for hexagonal flakes. Therefore, our analytical theory shows that local relaxation does not practically affect 



angles of local energy extrema. This conclusion is consistent with earlier works where the SP region is modeled with 

even simpler rectangular stripes 20 mimicking dislocation lines with finite width. It is found that the width of the stripe 

does not change the angles of local energy extrema produced from unrelaxed pattern 20.  

 

3.6. Energy formula for square shapes 

 Using our analytical approach, integrations of certain polygon shapes can be explicitly evaluated. Here, we 

present the total energy functions for square flakes with diagonal length of √2𝑟. The results for identical bilayers are 

shown, still assuming moiré vector and the lattice vector are perpendicular. 

For squares with initial AA stacking, 

𝑆(𝜃, 𝑟, 𝑝 = 1) =

√3

[
 
 
 
 

csc2 (
𝜃
2) sin2𝜋𝑟√1 − cos𝜃 sin

2𝜋𝑟√1 − cos𝜃

√3
+

𝜋𝑟sin
4𝜋𝑟√1 − cos𝜃

√3
√1 − cos𝜃

]
 
 
 
 

2𝜋2𝑟2
                 (𝑆19)      

For squares with initial AB stacking, 

    𝑆(𝜃, 𝑟, 𝑝 = 1) = −

√3

[
 
 
 
 

csc2 (
𝜃
2) sin2𝜋𝑟√1 − cos𝜃 sin

2𝜋𝑟√1 − cos𝜃
√3

+
𝜋𝑟sin

4𝜋𝑟√1 − cos𝜃
√3

√1 − cos𝜃
]
 
 
 
 

4𝜋2𝑟2
                (𝑆20)             

 

 

 

 

 

 

 



4. Scaling Performance on Interlayer Rotational Torque 

 Here we demonstrate more results for the universal scaling laws on interlayer rotational torque. Main text Figure 4 

shows that there is excellent scaling agreement for both triangular and hexagonal TBG flakes with initial AA and AB 

stacking configuration with the fixed 𝑟. Here, we show that for the same flake shape with identical initial stacking 

configuration (e.g. TBG triangular shape with initial AA stacking), coefficient K exhibits negligible variation with 

varying 𝑟 for a particular simulation potential [Fig. S6]. Both Kolmogorov-Crespi interaction potential and registry-

dependent interlayer potential 10 (ILP) lead to the same observation regarding the constant of K. The dependence of 𝐾 

on simulation potential is reasonable. These results demonstrate the robustness of the scaling performance of our results. 



 

FIG. S6. For each flake shape and different size parameter 𝑟, the theoretically calculated interlayer torque and simulation results 

are shown. The simulation results using Kolmogorov-Crespi interaction potential and registry-dependent interlayer potential (ILP) 

are also compared. The rightmost figures exhibit negligible variation of 𝐾 with varying 𝑟. 
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