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I. Susceptibilities

The following expressions with scissor correction derived within the length-
gauge formalism are used to calculate the frequency-dependent SHG susceptibility in

an insulator or clean semiconductor at zero temperature! ',
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The calculation of the first-order susceptibility tensor adopts a well-known form,
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The real part n of the complex refractive index is calculated using the following

formula,

n(w) =—[(g () +&,(0))" +¢ (a))] . (S5)
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I1. Space partition methods in the AST scheme

1. Discrete atomic space analysis

There are two most representative methods here, Voronoit?! (cell-like) and “the
quantum theory of atoms in molecules”®] (AIM) partition, which were originally
proposed to analyze the charge density of molecules. Both methods are partition space
discretely, so any point in Bloch orbital can be attributed to only one atom,

w,(r)=1 reQ,
w,(r)=0,1¢Q,’

where Q4 is atomic space of atom A.
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Therefore, the sum of all atomic spaces in the unit cell is strictly equal to the unit

cell volume (for AIM partitioning, in the absence of pseudoatoms),
DO =0Q.

The AIM partition adopts a physically meaningful approach, dividing the entire
three-dimensional space into atomic basins through the zero-flux surface of electron
density, with no electron density gradient lines crossing the interface. These
independent spaces correspond to the atomic spaces defined by AIM theory. In
contrast, Voronoi atomic spaces rely solely on the crystal structure, forming closed
polyhedra through perpendicular bisectors with neighboring atoms. A characteristic of
Voronoi atomic spaces is that any point within a Voronoi atomic space is closer to the
atom in that space than to any other atom. In other words, any point in three-

dimensional space is assigned to the Voronoi atomic space of the nearest atom.

2. Fuzzy atomic space analysis

The Hirshfeld partition* is one of the widely used fuzzy space methods, and
subsequently, many other fuzzy space partition methods such as Beckel®! and
Hirshfeld-1'®) have been proposed. They continuously partition the three-dimensional
space, and the atomic spaces divided by these methods overlap with each other. From
a three-dimensional perspective, all atoms occupy exactly the same space, which is
the entire molecular or crystal space. Any point in the entire three-dimensional space
is attributed to any atom, but with different weights for different atoms. All atoms and
any point satisfy the following two conditions,

0<w,(r)<1, V4
2 W) =1

In order to ensure the determina::y of atomic space partitioning and the absence

of empirical parameters, Hirshfeld and Hirshfeld-I methods were chosen here.

Hirshfeld atomic space is defined as'*,
Winrshfeld (r) = ,OP/:O(I‘) ’
P (r)

is procrystal electron density, p, denotes spherically averaged atomic

pro

where p

electron density in free state.
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Given that the Hirshfeld atomic space does not respond to the actual chemical
environment around the atom, subsequent methods have been proposed to iteratively
adjust the atomic spaces in response to the surrounding environment. These methods
are considered more physically meaningful than the Hirshfeld ones. Among the
atomic iteration methods, a representative one is the Hirshfeld-I method, which is an
important extension of the Hirshfeld method. The atomic charges obtained through
this method are more in line with chemical intuition than those obtained by the
Hirshfeld method.

Hirshfeld-I atomic space is defined as!®),

WII:irshfeld—Ln (r) — @’
P (T)
(@)= PN @)+ [ P )= p Y (@) |[ N, —int(N ) ],
where, the notations int(NV4) to express the integer part of the atomic electronic

population was used.

II1. Numerical computation

Structural optimization and electronic structure calculations of f-BBO and CSFS
were carried out within the framework of density functional theory (DFT) by using
the CASTEP package!”. The generalized gradient approximation (GGA) within the
Perdew—Burke—Ermzerhof (PBE)-type exchange-correlation potentials were used
throughout this work!®. The employed OTFG norm-conserving pseudopotentials of
Ba, B, O, Cs, Sb, F, and S treat 5s 5p 6s, 2s 2p, 2s 2p, 5s 5p 6s, 4d 5s 5p, 2s 2p, and 3s
3p as the valence states, respectively. The plane-wave cutoff energy of 1000 eV and
the threshold of 5 x 1077 eV/atom were set for the self-consistent-field convergence of
the total electronic energy. The atomic positions were allowed to relax to minimize
the internal forces. An excellent convergence of the energy differences (5.0 x 107
eV/atom), maximum force (0.01 eV/A), and maximum displacement (5.0 x 107 A)
was implemented in the atomic position optimization (Table S1). A3 x3 X3 and a5
x 4 x 9 Monkhorst—Pack k-point grid in the Brillouin Zone of the primitive cell are
chosen and more than 480 and 545 empty bands were involved in the calculations for

S-BBO and CSFS, respectively, to ensure the convergence of SHG susceptibilities. As
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the scissors correction has a significant impact on the magnitude of the SHG tensor
elements, a scissor operator (1.604 and 0.111 eV for f-BBO and CSFS, respectively)
was also used to make the energy gap agree with the experimental values (6.57'°! and

4.76119 eV for f-BBO and CSFS, respectively) rigidly.

IV. Linear and nonlinear optical effects in f-BBO

To verify the accuracy of the calculation results, the optical properties of the
classical NLO crystal f-BBO were calculated.

Firstly, the linear optical properties of f-BBO were examined, and both the
frequency-dependent refractive index and birefringence showed good agreement with
experimental results (Figure S1 and Table S2). The AST scheme was employed to
investigate the contributions of different atoms and groups to the anisotropy of
polarizability (Table S3). The AST scheme can divide the contribution of atoms
inside the group, and the division results show that the contributions of bridge
oxygens (O1 and O2) to Ay are significantly smaller than that of terminal oxygens
(O3 and O4) in B3O¢ groups (Figure S2 and Table S3). For comparison with other
works, the contribution proportions of on-site transitions of Ba to the Ay{" were also
calculated (0.78% and 3.60% using the AIM and Hirshfeld partitioning, respectively).
These values are very small, consistent with conclusions drawn from previous
studies!'!,

Next, the SHG related calculation results will be validated. The calculation
results of the frequency-dependent SHG response showed that all four nonlinear
coefficients matched exceptionally well with the experimental values at different
incident wavelengths reported in various literature (Figure S3 and Table S4). The
largest SHG tensor element, i.e., ¥*”, was investigated using the AST scheme. The
SHG response contributions of f-BBO at zero-frequency and under 1064 nm incident
light were very close (Table S5), which is quite different from the case of CSFS.

Through the calculation of the dipole moment component matrix diagram (Figure S4),
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it was found that the on-site transitions of the B3Os groups contributed significantly to
X7 (57.19% and 46.10% using the AIM and Hirshfeld partitioning, respectively, at an
incident wavelength of 1064 nm), which is consistent with the findings of other

[11.12] "Similar to Ay", the contribution of bridge oxygens (O1 and 02) to y*”

literature
is significantly smaller than that of terminal oxygens (O3 and O4) in B3Os groups
(Figure S2 and Table S5), which is consistent with previous research findings!'2l,

In summary, this method has achieved highly consistent results with
experimental values in calculating both the macroscopic linear and nonlinear optical
properties of f-BBO. For microscopic effects, consistent conclusions can be obtained
qualitatively with other methods. In more detailed transition composition analysis,

there will be significant differences, such as the division of off-site transitions

between Ba and B3Os groups, due to differences in methods.

Table S1. Optimized atomic coordinates for f-BBO and CSEFS.

Crystals Atoms Wyckoff sites X y 4
Bal 0.30521 —0.33094 0.02399
Bl 0.28087 —0.79842 0.42739
B2 —0.54539 —0.5005 0.67309
S-BBO? 01 6b 0.18084 —0.67719 0.39823
02 —0.58039 —0.37159 0.58659
03 0.26319 —0.88226 0.55033
04 —0.62863 —0.54983 0.78726
Sbl 0.32757 0.41357 0.15195
Csl —0.01385 0.66127 0.13859
F1 0.13147 0.43736 0.11491
F2 0.31751 0.33821 —0.17754
CSFS? S1 4a 0.1915 0.12873 0.20157
0Ol 0.21458 0.55488 0.56345
02 0.26233 0.23442 0.2994
03 0.07219 0.16073 0.05002
04 0.13797 0.06995 0.44142

¢ Rhombohedral, R3c,a=b=c=8.3857 A, a=f=y=96.7015°113],
b Orthorhombic, Pna2i, a=9.9759 A, b= 11.6616 A, ¢ = 5.2968 All%,
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Table S2. Comparison of the calculated and experimental values of refractive indexes and

birefringence of f-BBO at several specific wavelengths.

Experimental!'4l Theoretical

2 (um)

no Re An no He An

0.40466 1.69267 1.56796 0.12471 1.73393 1.61679 0.11714
0.43583 1.68679 1.56376 0.12303 1.72824 1.61270 0.11554
0.46782 1.68198 1.56024 0.12174 1.72354 1.60932 0.11423
0.47999 1.68044 1.55914 0.12130 1.72209 1.60826 0.11383
0.50858 1.67722 1.55691 0.12031 1.71898 1.60602 0.11296
0.54607 1.67376 1.55465 0.11911 1.71572 1.60365 0.11207
0.57907 1.67131 1.55298 0.11833 1.71336 1.60194 0.11142
0.58930 1.67049 1.55247 0.11802 1.71272 1.60147 0.11125
0.64385 1.66736 1.55012 0.11724 1.70977 1.59931 0.11045
0.81890 1.66066 1.54589 0.11477 1.70414 1.59521 0.10893
0.85212 1.65969 1.54542 0.11427 1.70344 1.59468 0.10876
0.89435 1.65862 1.54469 0.11393 1.70267 1.59411 0.10856

1.01400 1.65608 1.54333 0.11275 1.70100 1.59292 0.10808

Table S3. The contribution percentage of each atom in f-BBO to the Ay") or An? obtained using
the AST scheme, at an incident wavelength of 1064 nm.

Atomic space partitioning of AyV or An? (%)

Atom
AIM Hirshfeld
Bal 17.45 24.88
B1 2.49 7.87
B2 1.86 6.05
01 12.04 9.14
02 7.68 5.81
03 30.78 24.40
04 27.70 21.85
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Table S4. Comparison of the calculated and experimental values of SHG susceptibilities of -

BBO (in pm/V), at different incident wavelengths.

A (um) |du3) |d222| |d311] |d333|
0.532 0.0790 2.9182 0.0560 0.1107
0.852 0.0441 2.2890 0.0375 0.0534
1.064 Cal. 0.0394 2.1778 0.0344 0.0420
1.313 0.0357 2.1022 0.0324 0.0331
1.319 0.0356 2.1011 0.0323 0.0330
0.532 - 2.6115) - -
0.852 - 2.3015] - -

2.20051; 2.1+0.1016; 2.2+0.20171;
1.064 Exp. 0.031131 2.2340.16018); 2.2340.18 19 0.04113] 0.04113]
1.313 — 1,903 — —
1.319 — 1.89+0.15M19 - _

Table SS5. The contribution percentage of each atom in S-BBO to the SHG tensor element
(—2w; w, w) obtained using the AIM and Hirshfeld partitioning in the AST scheme, at incident

photon energies of 0 and 1.17 eV, respectively.

Atomic space partitioning of y*' (—2w; 0, ®) (%)

Atom AIM Hirshfeld
0eV 1.17 eV 0eV 1.17 eV
Bal 24.29 24.28 31.71 31.71
Bl 2.70 2.71 8.81 8.82
B2 2.76 2.76 8.91 8.92
o1 13.06 13.07 8.99 8.99
02 13.83 13.82 9.63 9.62
03 21.74 21.76 16.02 16.04
04 21.62 21.61 15.92 15.91
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Table S6. The contribution percentage of each atom in CSFS to the SHG tensor element y™ (—2w;
®, ®) obtained using the AIM partitioning in the AST scheme, at incident light energies of 0 and

2.0 eV, respectively.

AIM partitioning of y* (—20; 0, ) (%)

Atom
0eV 2.00 eV
Csl —2.00 1.64
Sh1 91.54 33.36
S1 9.00 2.10
F1 4.09 6.90
F2 2.81 7.46
o1 —10.95 13.30
02 4.61 11.10
03 —2.96 12.18
04 3.87 11.97
1.85
Calculated n, Experimental n,
180 4 Calculated n, - - - Experimental n,
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Figure S1. Calculated and experimental dispersion curve of the refractive indexes of -BBO.
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Figure S2. The primitive cell of f-BBO.
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Figure S3. Frequency dependency of |y} (—2w; w, )| for f-BBO.
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Figure S4. Atomic space dipole moment component matrix diagram of S-BBO for " at incident
photon energies of 0 (a and ¢) and 1.17 (b and d) eV, obtained through two atomic space
partitioning methods, i.e., AIM (a and b), and Hirshfeld (¢ and d), respectively. All units are

atomic units.
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Figure S5. Frequency dependency of |y} (—2w; w, )| for CSFS.
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Figure S7. Coordination environment of Sb1 atom in CSFS.
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Figure S8. Calculated birefringence of CSFS. The value at 1064 nm is marked with a yellow dot.
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