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Bayesian Model

The Bayesian age dating model was built using the Python package PyMC!. Figure 1 shows a schematic
graph view of the model with cartoon representations of the model prior and posterior distributions. Priors
are represented by unshaded ovals, log-likelihood models by shaded ovals, and deterministic or
intermediate calculation values by rectangles. The model has five required and two optional inputs for the
priors, plus constants for the total measurement times of 2*Th and 2**U. Required priors are the Th/U RSF
measured in standards, 2*U decay constant (1) from the literature, average detector background rate

(Mbked 230) With uncertainty, observed 2*°Th counts from the particle (total signal at m/z = 230), and
observed 2**U counts from the particle. The abundance sensitivity correction is shown but is optional. It
requires the relative abundance sensitivity (Wan 230) from 2*°U and its uncertainty, and the 233U/?**U ratio
measured in the particle.

The priors for the RSF, A, [pked 230, Habn 230, and 233U/23#U are all informative with well-defined
uncertainties and are set as Gaussian distributions, with some truncated to be greater than zero to remain
physical. The priors for the counts of 22°Th (pa301y) and 23*U (py34y) are set to be minimally informative
with centers aligned with the number of observed counts and the standard deviations set to be 10x the
counting statistical uncertainties. These are set to be broad Gaussian distributions truncated at 0 to
maintain physical realism and ensure smoothness at higher values.

The sum of Wa3orh + Hoked 230 T Habn 230 1S set as the parameter of a Poisson log-likelihood model sampled
against the observed number of m/z = 230 observations. An independent Poisson process is fit to the
observed 2**U counts. The model age is calculated deterministically in the Bayesian model from the
posterior distributions for the parameters:

(Ka307h/ Ct2307h) /(y34y/ Ctazay)
Model Age = D
RSFrny 2234

where cty3or, and ctyz4y are the count times for each isotope.
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For each model age we ran 10 MCMC chains of 2500 samples with a tuning/burn-in of 2000 samples and
“advit+adapt diag” or “jitter+adapt_diag” initialization of the No , which almost always resulted in no
sampling divergences.

WMy,

In order to more fully investigate the behavior of different averaging techniques when combining mid68
estimators, we constructed a larger simulation of 100 particles with the same 23°Th/?3*U target ratio of
1x10-° and randomly chosen sizes as with the simulations in the main paper. All simulated particles had
mid68 estimators calculated from their model age posterior distributions. The aggregated value of the
simulated particles was (9.88 + 0.42)x10-% (15), which was within statistical uncertainty of the target
value (Figure 2 left panel, black dashed line). The WM,,,, AVG, and WM values of the set were (9.89 +
0.46)x10 (1 ©), (10.08 £ 0.43)x10 (1 6), and (8.36 = 0.54)x10 (1 6), respectively. The WMy, showed
the best agreement with the aggregated value. We then ran bootstrapping simulations where we generated

3 ! L AL L L L L ! L I I I I !
: ¢ Mid6S+ 1o | Busengize WM"XP%
I == Aggregated+ 1o e = 38 -
2.5_ | w—10 .
5 i T4 1] ;
Tk ﬂ::1::.::.:: ::“‘:JL::H;'j iE :
R "
os FH—HH i I ’l :
0_ | ] +I | ] | _\: E

| I | L TR P |
10 20 30 40 50 60 70 80 90 04 06 08 1 12 14 16
Simulated Particle Number PITh/PMU (x107)

Figure 2: (Left) Simulation of large number of particles with 23°Th/?34U ratio of approximately 1x10-. (Right panels) aggregation of 200 random
subsets each of different numbers of particles by several arithmetical averaging methods. The WM., method, which rescales the typical WM
inverse-variance weights by raising them to the power of (1/e), was the most accurate since the underlying particle model age distributions were
usually asymmetric.
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800 random subsamples from the dataset: 200 each with subsample sizes of 10, 20, 30, and 50 particles.
From each of these subsamples we calculated each of the averages and generated kernel density estimates
(KDE). Each KDE was generated from the 200 subsample averages, with a variable kernel bandwidth
based on the SEM of each subsample?. The right panels of Figure 2 show the KDEs in comparison to the
aggregated value. For larger subsample sizes, the KDEs were narrower, as expected. For all subsample
sizes, WM.y, showed the best agreement with the aggregated value, whereas AVG was more likely to
overestimate the 2*Th/?34U ratio and WM tended to underestimate it. This over- and under-estimation
behavior of AVG and WM, respectively, was consistent for all sets of real and simulated data we tested.
However, all of these averaging methods converge in scenarios where the 23°Th counts were larger and
more approximately Gaussian.

As an additional example with real particle data, we reprocessed model ages of U00OS5a particles from
Szakal et al.? Figure 7. On the left panel of Figure 3 are the Bayesian mean = SD estimators for the
models ages and on the right are the mid68 + width/2 estimators. The weighted and unweighted averages
find better agreement with the aggregated value when using the mid68 estimators, as opposed to the mean
+ SD. Among the averaging techniques for the mid68 points, WM.y, finds the best agreement with the
aggregated value, particularly when the underlying posterior distributions are asymmetric, as in the
example. As before, we experimented with harmonic and geometric mean algorithms, but these were not
satisfactory.
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Figure 3: Comparison of aggregation methods using the Bayesian mean + SD and mid68 + half-width for CRM U005a particles measured by
Szakal et al. (2019).
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Coverage and Estimator Comparisons

Mid68 estimator uncertainty and coverage comparison plots for the Bayesian, Feldman-Cousins (FC), and
Roe-Woodroofe (RW) methods. The Bayesian method achieves the closest to nominal coverage with the

smallest relative and absolute uncertainties.
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Figure 4: Location, absolute uncertainty, and relative uncertainty comparison of the mid68
estimator calculated using Bayesian, Feldman-Cousins (FC), and Roe-Woodroofe (RW)

methods.
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Figure 5: Comparison of 68.3 % and 95 % coverage for Bayesian, Feldman-Cousins (FC), and Roe-Woodroofe (RW) methods.
Open symbols show the average coverage across the different Poisson parameter values.
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Detector Background Comparisons

Additional figures are shown with comparisons of the impact of detector background on model age
uncertainties for various U particle enrichments and masses.
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Figure 6: Effect of detector background rate on particles isotopically consistent with CRM
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Figure 7: Effect of detector background rate on particles isotopically consistent with CRM
U200 of difference masses and ages.
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Figure 8: Effect of detector background rate on particles isotopically consistent with CRM
UO030A of difference masses and ages.
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