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1. Pressure in a semi-dilute polymer/solvent system

connected to a solvent reservoir

We consider a semi-dilute polymer solution where the amount of the polymer within a

variable volume is fixed while the solvent can move in and out of a reservoir characterized by

some value of the solvent chemical potential which is eventually controlled by the pressure

in the reservoir. According to naive expectations, the full pressure of the polymer solution

must be the sum of two contributions: the osmotic pressure of the polymer and the pressure

of the solvent imposed by the reservoir. This hypothesis is tested below within a consistent

mean-field framework.

A common way to quantify the osmotic pressure of the polymer is based on the Flory-

Huggins expression for the free energy density (normalized by kBT where T is the tempera-

ture and kB is the Boltzmann constant):

AFH(φp) = χFHφp(1− φp) + (1− φp) ln(1− φp) (1)

where φp is the polymer volume fraction, χFH = q
2kBT

(2ϵps − ϵpp − ϵss), q is the coordination

number of the underlying lattice, and ϵps, ϵpp, ϵss are the energies of the polymer-solvent,

polymer-polymer and solvent-solvent pairwise contacts, respectively. This gives the osmotic

pressure as

Π(φp) = φp
∂AFH(φp)

∂φp

− AFH(φp) = −φp − ln(1− φp)− χFHφ
2
p (2)

However, within this approach the solvent pressure cannot be properly defined since the

polymer/solvent mixture is described as densely packed and the solvent itself is perfectly

incompressible.

To rectify this deficiency, we treat the solvent reservoir as a lattice fluid, i.e. a mixture

of solvent molecules and voids with the mean-field free energy density

2



AR(φ) = −χφ2 + (1− φ) ln(1− φ) + φ lnφ (3)

Here χ = q
2kBT

(2ϵsv − ϵss − ϵvv) = − qϵss
2kBT

since pairing with a void doesn’t carry energy.

The empty space was taken as the reference state to facilitate the connection to the triple

mixture introduced below. The chemical potential of the solvent and the pressure in the

reservoir as functions of the solvent volume fraction φ are:

µR(φ) =
∂AR(φ)

∂φ
= −2χφ+ lnφ− ln(1− φ) (4)

PR(φ) = φ
∂AR(φ)

∂φ
− AR(φ) = − ln(1− φ)− χφ2 (5)

defining the function µR(PR) parametrically. Explicit expressions are obtained in the case

χ ≫ 1 (approximately, neglecting terms of order e−χ):

µR = −χ+ PR (6)

and in the case of χ = 0 (exact):

µR = ln(ePR − 1) (7)

The first case corresponds to a properly condensed weakly compressible liquid, while the

second case is the entropy-dominated version of a supercritical fluid.

The semi-dilute polymer solution within the same approach is described as a triple mix-

ture (polymer/solvent/voids) with the mean-field free energy density:

A3(φs, φp) = −χ(φs + φp)
2 + (1− φs − φp) ln(1− φs − φp) + φs lnφs (8)

where φs, φp, and (1 − φs − φp) are the volume fractions of solvent, polymer and voids,
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correspondingly.

Throughout the paper we assume the athermal solvent conditions ϵss = ϵsp = ϵpp, so that

the Flory-Huggins parameter χFH , with the corresponding simplification for the polymer

osmotic pressure. As before, the empty space is taken as the reference state. The chemical

potential of the solvent and the total pressure in the triple mixture are given by:

µs(φp, φs) = −2χ(φp + φs) + lnφs − ln(1− φp − φs) (9)

P3(φp, φs) = φp
∂A3

∂φp

+ φs
∂A3

∂φs

− A3 = − ln(1− φp − φs)− φp − χ(φp + φs)
2 (10)

Imposing the chemical potential of the reservoir, µs(φp, φs) = µR(PR), defines the solvent

volume fraction as a function of the polymer volume fraction and the reservoir pressure,

φs(φp, PR). Finally, the pressure in the triple mixture, P3(φp, PR), under the conditions that

the total number of monomer units forming the polymer chains is fixed, while the solvent

molecules are exchanged with the reservoir, is obtained by substituting φs(φp, PR) into Eq.

(10). Our goal is to compare the result to the näıve additivity expectations. In the case

when the solvent is a simple entropy-dominated supercritical fluid with χ = 0, Eqs. (7), (9)

give

φs = (1− e−PR)(1− φp) (11)

ln(1− φs − φp) = ln(1− φp)− PR (12)

leading to exact additivity for arbitrary reservoir pressures and polymer volume fractions,

P3(φp, PR) = Π(φp) + PR (13)
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If the solvent is a dense weakly compressible liquid with χ ≫ 1, approximate pressure

additivity also follows analytically from Eqs. (6), (9), (10) combined with the observation

that the volume fraction of voids, (1 − φs − φp), is a decreasing function of the polymer

concentration, and is hence bounded from above by e−χ. This estimate follows from the fact

that e−χ is the volume fraction of voids in the liquid phase of the solvent coexisting with its

saturated vapor at zero polymer concentration, as follows from the standard analysis of the

lattice gas model with the free energy density (3).1

Analytical predictions for the pressure additivity are perfectly supported by numerical

calculations shown in Figure S1 for χ = 0 (panel a) and for χ = 5 (panel b).

Deviations from additivity are observed for supercritical solvents with χ = 0.3 and

χ = −0.3 as illustrated in Figure S2. Note that the same χ parameter characterizes the in-

teraction between monomer units in the polymer chain. At low reservoir pressures, PR ≪ 1,

the solvent is actually a low density gas, and the semidilute polymer solution contains a

significant volume fraction of voids leading to an effective change in the Flory-Huggins pa-

rameter. Hence, in the case of weak attraction between monomer units, χ = 0.3, the gauge

pressure falls below the osmotic pressure in the densely packed polymer/solvent mixture

with χFH = 0 as shown in panel (a). Conversely, in the case of additional repulsion between

solvent molecules (and between monomer units), χ− 0.3, the gauge pressure is higher than

Π(φp|χFH = 0), see panel (b). This situation is not to be expected under real experimental

conditions but may occur in grand canonical ensemble simulations. Note that at large reser-

voir pressures, PR ≳ 1, the volume fraction of voids is small and pressure additivity is fully

restored. On the other hand, approximate additivity is always guaranteed at high polymer

volume fractions.
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2. SCF model parameters

We study the effect of asymmetry on the interpenetration of two planar interacting polymer

brushes under athermal solvent conditions (χFH = 0).

Two types of asymmetric brush pairs were considered systematically:

1) both brushes have fixed and equal values of the grafting density σ1 = σ2 = 0.1; the

polymerization indices of the grafted chains were different and varied as follows: N1 = 40,

60, 80, and 100; N2 = 200−N1;

2) the brushes have fixed and equal values of the chain polymerization index N1 =

N2 = 100 and variable grafting density values: σ1 was taken as 0.03, 0.05, 0.07, and 0.1;

σ2 = 0.2 − σ1; A few other parameter values for asymmetric pairs were taken to further

verify the predictions of the scaling theory.

In some cases, other parameters were considered.

3. Symmetrical brushes

Analytical theory in the second virial approximation predicts the value of the midplane

density in the Helmholtz D ensemble:

φ(D) =
Nσ

H0

[
2H0

D
−

(
D

2H0

)2
]

(14)

Equation of state corresponding to the expression of the Flory-Huggins free energy density

under athermal solvent conditions χFH = 0:

Π(φ) = −φ− ln(1− φ) (15)

Analytical theory Ansatz for the partial brush density profiles and the resultant overlap

function:

φ1,2(z) =
φm

2

[
1∓ tanh

z −D/2

δ

]
, (16)
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φ1(z)φ2(z) =
φ2
m

4

[
cosh−2

(
z −D/2

δ

)]
(17)

The prediction of the scaling theory for the penetration length δ in symmetric brush

pairs; B is a numerical prefactor:

δ = B D−1/3N2/3 (18)
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4. Figures

Figure S1: Comparison of the gauge pressure in the semi-dilute polymer solution (triple
mixture), P3(φp, PR)−PR, with the polymer osmotic pressure, Π(φp|χFH = 0), as functions
of the volume fraction of the polymer, φp : (a) simple supercritical solvent with χ = 0; (b)
condensed weakly compressible solvent with χ = 5.

Figure S2: Comparison of the gauge pressure in the semi-dilute polymer solution (triple
mixture), P3(φp, PR)−PR, with the polymer osmotic pressure, Π(φp|χFH = 0), as functions
of the volume fraction of the polymer, φp : (a) weakly self-attractive supercritical solvent
with χ = 0.3 ; (b) supercritical solvent with extra repulsion, χ = −0.3 (Legend the same as
in Fig.S1).
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Figure S3: Numerical SCF density profiles of brushes compressed by a wall (red symbols)
and by an opposing brush (red solid line for left brush and blue dashed line for right brush).
Purple dash-dotted line corresponds to the total density φ1(z) + φ2(z).

Figure S4: Comparison of SCF data for the brush-wall and brush-brush compression(colored
symbols) with analytical theory predictions (black dashed lines): (a) the midplane density
as a function of the reduced interplanar separation: data points for a single brush (SB)
compressed by a wall and for two opposing brushes (TB) identified in the legend; analytical
theory curve represents Eq ( 14); (b) Osmotic (disjoining) pressure vs. the reduced separa-
tion; theoretical curves calculated according to the equation of state (15) at the midplane.
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Figure S5: Partial brush density profiles φ1(z) and φ2(z) for the symmetrical case. Left
panel illustrates φm(z) and zm parameters; purple dash-dotted curve gives the total density
φ1(z)+φ2(z); shaded area under solid curves represents twice the value of the Σ parameter.
Central panel: comparison of the SCF partial brush density profiles (solid curves) compared
to the Ansatz of Eq (16) (symbols and dashed curves). Right panel: overlap function
φ1(z)φ2(z) obtained by SCF calculations (unfilled symbols) in comparison to Eq (17) (dashed
line); the shaded area under the dashed line is the overlap integral Γ.

Figure S6: Short brushes in the strong interpenetration limit. The same as in panels (b)
and (c) of Figure S5 for short brushes under strong compression. Note that interpenetration
zone extends to the opposing grafting surfaces. The Ansatz of Eqs. (16,17) is still valid.
The shaded area under the dashed curve is the overlap integral Γ.
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Figure S7: Scaling of the penetration length δ for the symmetric case in the Helmholtz
D-ensemble: scaling prediction (black dashed line) compared to the numerical SCF results
(symbols). The fitting prefactor in eq 18 is taken asB = 0.38; δ = 1

2
(δleft+δright). Parameters

of brushes are indicated in the legend.
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