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1. Electrostatic Calculations and Transmembrane Potential Mapping

In our model, it is located in a heterogeneous polarizable environment, characterized by the 

dielectric constant  of the surrounding water, the membrane and the protein itself. Taking 𝜀(𝑟)

the protein partial charges qi into account, it can be described by the Poisson equation,

∇.𝜀(𝑟)∇𝜑(𝑟) = 𝜌(𝑟) =∑
𝑖

𝑞𝑖

The numerical solution of this equation (and the related Poisson-Boltzmann equation) is based 

on the projection of the protein and its environment onto a lattice and the consecutive solution 

of the emerging sparse system of equations for the potential . This task has been implemented 𝜑

in program packages like Delphi, APBS or H++, a list by no means completes [1-5]. To the 

best of our knowledge, none of these packages permits the application of an external potential 

via boundary conditions. As charges average out on a sufficiently large length scale due to the 

requirement of local charge neutrality, and as our main focus is on the general behaviour of the 

potential along the system, we have made use of the corresponding Laplace equation: 

∇.𝜀(𝑟)∇𝜑(𝑟) = 0

It retains the dielectric heterogeneity, which reflects the subdivision of the system into protein, 

membrane, and the aqueous environment.

We write the discretized Nabla term as a Laplacian molecule, discretizing the partial derivatives 

on a cubic lattice with a spacing h and with indices i, j, k for the sites, we have: 
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∇𝜀 ≃ (𝜀𝑖+ 1,𝑗,𝑘+ 𝜀𝑖,𝑗+ 1,𝑘+ 𝜀𝑖,𝑗,𝑘+ 1 ‒ 3𝜀𝑖,𝑗,𝑘) ℎ

a similar expression for ∇  and 𝜑

∇2𝜑 ≃
(𝜑𝑖+ 1,𝑗,𝑘+ 𝜑𝑖,𝑗+ 1,𝑘+ 𝜑𝑖,𝑗,𝑘+ 1 ‒ 6𝜑𝑖,𝑗,𝑘+ 𝜑𝑖 ‒ 1,𝑗,𝑘+ 𝜑𝑖,𝑗 ‒ 1,𝑘+ 𝜑𝑖,𝑗,𝑘 ‒ 1)

6ℎ2

These combine into:

{𝜀𝑖+ 1,𝑗,𝑘𝜑𝑖+ 1,𝑗,𝑘+ 𝜀𝑖,𝑗+ 1,𝑘𝜑𝑖,𝑗+ 1,𝑘+ 𝜀𝑖,𝑗,𝑘+ 1𝜑𝑖,𝑗,𝑘+ 1 ‒ (3𝜀𝑖,𝑗,𝑘+ 𝜀𝑖+ 1,𝑗,𝑘+ 𝜀𝑖,𝑗+ 1,𝑘+ 𝜀𝑖,𝑗,𝑘+ 1)𝜑𝑖,𝑗,𝑘+ 𝜀𝑖,𝑗,𝑘(𝜑𝑖 ‒ 1,𝑗,𝑘+ 𝜑𝑖,𝑗 ‒ 1,𝑘+ 𝜑𝑖,𝑗,𝑘 ‒ 1)}
= 0

and an iteration scheme,

𝜑(𝑛𝑒𝑤)
𝑖,𝑗,𝑘 =

{𝜀𝑖,𝑗,𝑘(𝜑 (𝑜𝑙𝑑)
𝑖+ 1,𝑗,𝑘+ 𝜑 (𝑜𝑙𝑑)

𝑖,𝑗+ 1,𝑘+ 𝜑 (𝑜𝑙𝑑)
𝑖,𝑗,𝑘+ 1) + 𝜀𝑖+ 1,𝑗,𝑘𝜑

(𝑜𝑙𝑑)
𝑖+ 1,𝑗,𝑘

+ 𝜀𝑖,𝑗+ 1,𝑘𝜑
(𝑜𝑙𝑑)

𝑖,𝑗+ 1,𝑘+ 𝜀𝑖,𝑗,𝑘+ 1𝜑
(𝑜𝑙𝑑)

𝑖,𝑗+ 1,𝑘
}

(3𝜀𝑖,𝑗,𝑘+ 𝜀𝑖+ 1,𝑗,𝑘+ 𝜀𝑖,𝑗+ 1,𝑘+ 𝜀𝑖,𝑗,𝑘+ 1)

Boundary conditions in the z direction correspond to fixed potentials at z=0 and at zmax, the 

maximum extension of the system in that direction. Along the x and y directions, the minimum 

image convention is used, thus reducing the possible influence of surface effects. As the Laplace 

equation is a linear partial differential equation, the potentials  scale linearly with the applied 𝜑

external potential, and a single computation suffices for each system geometry.

Numerically, the discretized Laplace equations is solved by the successive overrelaxation 

(SOR) method, motivated by the approach used in the Delphi program package. Here, we 

switch between two types of sites on a bipartite lattice for each iteration. Typically, we use a 

grid of 64 sites along the z direction and at least as many sites into the x and y directions. 

Usually, a few hundred iterations are required to achieve relative accuracy in  of 10-10. To ∆𝜑 𝜑



project the potential back onto the positions of the protein atoms, a trilinear interpolation 

scheme is used. 
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