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We aim to derive a discrete lattice Hamiltonian for a single charged particle moving in two
dimensions under a magnetic field. The continuous Hamiltonian in the presence of a vector
potential A(r) is:

~

H=—(p—qAl)*+V(r)
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o
m
where: m is the particle mass, ¢ is the electric charge of the particle, p = —ihV is the

momentum operator, A(r) is the vector potential, V(r) is an external scalar potential.

Our goal is to obtain a gauge-invariant lattice version of this Hamiltonian using the

Wilson prescription, in particular leading to a discrete Hamiltonian that matches Eq. (7) of
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the main manuscript. The space is discretized on a 2D square spatial lattice with uniform
spacing Ax along the z-axis and Ay along the y-axis. The grid points are labeled by integers

x,y € 7, corresponding to physical positions:

r = (zAx, yAy)

The wavefunction ¢ (x,y) is now defined on lattice sites (z,y).

The second derivative along x in the absence of a magnetic field is discretized as:

Py 1
12~ (Ax)?

[¢($ + 17y> - 2¢($,y) + 77/}(13 - 17y)]

This is the standard finite-difference discretization of the Laplacian. In the presence of a
magnetic field, however, this form is not gauge-invariant.

To maintain gauge invariance in a magnetic field, we replace ordinary finite differences
with gauge-covariant differences using Wilson line factors (also known as Peierls substitu-

tion):

iqAx

Ug(z,y) = exp { -
[iqﬁyz‘ly(l‘, y)]

Ay(z, y)}

Uy(% y) = €Xp

These link variables transport the wavefunction from neighboring sites with the phase accu-
mulated due to the vector potential.

The covariant second derivative along x-direction is:

D2y(z,y) =

(AZL’)Q [2¢($,y) - Ux(w,y)@b(m + lay) - Ul(l’ - 1,y)77/J(I' - 17?/)]



Likewise, the covariant second derivative along y-direction is:

Dyw(e.y) = g [20(0.9) = Uyl )iy + 1) = UGy = Dy = 1)

The full lattice Hamiltonian (Wilson Hamiltonian) is:
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(Hrwt) . 9) = 2 (D30, 9) + D3l ) + Ve, 9)i(,)

Substituting the discrete expressions of D? and Dz, we obtain:

(Hwit)(z,y) = Zh_m (Aic)2 (2¢(z,y) — Up(z,y)¥(z + Ly) — Ul(x — Ly)y(z — 1,y))
+ (Aly)z (2¢(z,y) — Uy(z,y)0(z,y + 1) = Ul(z,y — D)o(z,y — 1))

+ V(z,y)b(z,y)

This expression is Hermitian and gauge invariant.
We now compute the matrix elements of the Hamiltonian operator Hyy in the lattice

position basis. Let us denote:

Hm,yl;xz,yz = <x17 yl‘I{IWH‘-T% y2>

Using the discrete form from Section 6, we obtain nonzero contributions to Hy, y,.z,.4, Only

for sites that are the same or nearest neighbors:

h? 2 2
Hyy yiiwoys = [% ((A:L‘)z + (Ay)2) + V(l’l,yl)] 61‘1,x25y17y2
h2
_ —Qm(Ax)Q [Ux(xbyl)(sxl—i-l,:cg + U;(:UQ, y2)5x1—17x2:| 5y1,y2
h2
- Qm(Ay)Q [Uy(xlv y1)5y1+1,y2 + UJ(I% y2>5y171,y2] 5%%2



This matrix element clearly connects to the earlier expression of the action of Hyy on U(x,y),

and provides the link to the full Hamiltonian matrix used for diagonalization.

1 Wavefunctions of 2D Harmonic Oscillator system

The probability density, real and imaginary parts of the first six numerically obtained (on
a 240 nm x 240 nm grid, with 65 x 65 grid points) eigenfunctions of the system of a single
electron (charge ¢ = —e, where e is the elementary charge) in GaAs (effective mass m =
0.067m., where m, is the rest mass of the electron), in a confining potential of fuwy = 4 meV,

varying magnetic field strength (B (T) = 0, 1, 2, 3, 4, 5) is calculated.
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Figure 1: The (a) probability density, (b) real component and (c) phase of the analytical
wavefunctions calculated using the ITEM at 65 grid points, in the absence of a uniform
perpendicular magnetic field. The quantum numbers (n, M) of the eigenvectors are: 1. (0,

0), 2. (0, -1), 3. (0, 1).
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Figure 2: The (a) probability density, (b) real component and (c) phase of the analytical
wavefunctions calculated using the ITEM at 65 grid points, in the absence of a uniform
perpendicular magnetic field. The quantum numbers (n, M) of the eigenvectors are: 4. (0,

-2), 5. (1, 0), 6. (0, -2)
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Figure 3: The probability density contour plots of the 1st, 2nd and 3rd numerically obtained
eigenfunctions obtained using I'TP for magnetic field strength B = 0 T.
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Figure 4: The probability density contour plots of the 4th, 5th and 6th numerically obtained
eigenfunctions obtained using I'TP for magnetic field strength B = 0 T.
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Figure 5: The probability density contour plots of the 1st, 2nd and 3rd numerically obtained
eigenfunctions obtained using I'TP for magnetic field strength B =1 T.
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Figure 6: The probability density contour plots of the 4th, 5th and 6th numerically obtained
eigenfunctions obtained using I'TP for magnetic field strength B =1 T.
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Figure 7: The probability density contour plots of the 1st, 2nd and 3rd numerically obtained
eigenfunctions obtained using I'TP for magnetic field strength B = 2 T.
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Figure 8: The probability density contour plots of the 4th, 5th and 6th numerically obtained
eigenfunctions obtained using I'TP for magnetic field strength B = 2 T.
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Figure 9: The probability density contour plots of the 1st, 2nd and 3rd numerically obtained
eigenfunctions obtained using I'TP for magnetic field strength B = 3 T.
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Figure 10: The probability density contour plots of the 4th, 5th and 6th numerically obtained
eigenfunctions obtained using I'TP for magnetic field strength B = 3 T.
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Figure 11: The probability density contour plots of the 1st, 2nd and 3rd numerically obtained
eigenfunctions obtained using I'TP for magnetic field strength B = 4 T.
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Figure 12: The probability density contour plots of the 4th, 5th and 6th numerically obtained
eigenfunctions obtained using I'TP for magnetic field strength B = 4 T.
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Figure 13: The probability density contour plots of the 1st, 2nd and 3rd numerically obtained
eigenfunctions obtained using I'TP for magnetic field strength B = 5 T.
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Figure 14: The probability density contour plots of the 4th, 5th and 6th numerically obtained
eigenfunctions obtained using I'TP for magnetic field strength B = 5 T.
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2 Wavefunctions of the Gaussian system

We show the probability density, real and imaginary parts of the the numerically obtained
(on a 121.7 nm x 121.7 nm, with 65 x 65 grid points) wavefunctions using the ITP for the
system of a single electron (¢ = —e) in GaAs (m = 0.067m.) in a Gaussian system with
parameters a = 0.043 nm~! and Vj = 9.5 meV, varying magnetic field strength (B (T) = 0,
1,2, ..., 10):
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eigenfunctions obtained using ITP for magnetic field strength B = 0 T.
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Figure 17: The probability density, real and imaginary contour plots of the 1st, 2nd and 3rd
numerically obtained eigenfunctions obtained using I'TP for magnetic field strength B = 1
T.
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Figure 18: The probability density, real and imaginary contour plots of the 4th, 5th and 6th
numerically obtained eigenfunctions obtained using ITP for magnetic field strength B = 1
T.
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Figure 19: The probability density, real and imaginary contour plots of the 1st, 2nd and 3rd

numerically obtained eigenfunctions obtained using ITP for magnetic field strength B = 2
T.
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Figure 20: The probability density, real and imaginary contour plots of the 4th, 5th and 6th
numerically obtained eigenfunctions obtained using I'TP for magnetic field strength B = 2
T.
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Figure 21: The probability density, real and imaginary contour plots of the 1st, 2nd and 3rd
numerically obtained eigenfunctions obtained using ITP for magnetic field strength B = 3

T.
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Figure 22: The probability density, real and imaginary contour plots of the 4th, 5th and 6th
numerically obtained eigenfunctions obtained using ITP for magnetic field strength B = 3
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Figure 23: The probability density, real and imaginary contour plots of the 1st, 2nd and 3rd
numerically obtained eigenfunctions obtained using ITP for magnetic field strength B = 4
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numerically obtained eigenfunctions obtained using I'TP for magnetic field strength B = 4
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Figure 25: The probability density, real and imaginary contour plots of the 1st, 2nd and 3rd
numerically obtained eigenfunctions obtained using ITP for magnetic field strength B = 5
T.
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Figure 26: The probability density, real and imaginary contour plots of the 4th, 5th and 6th
numerically obtained eigenfunctions obtained using ITP for magnetic field strength B = 5

T.
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Figure 27: The probability density, real and imaginary contour plots of the 1st, 2nd and 3rd
numerically obtained eigenfunctions obtained using ITP for magnetic field strength B = 6
T.
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Figure 28: The probability density, real and imaginary contour plots of the 4th, 5th and 6th
numerically obtained eigenfunctions obtained using ITP for magnetic field strength B = 6
T.
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Figure 29: The probability density, real and imaginary contour plots of the 1st, 2nd and 3rd
numerically obtained eigenfunctions obtained using ITP for magnetic field strength B = 7
T.
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Figure 30: The probability density, real and imaginary contour plots of the 4th, 5th and 6th

numerically obtained eigenfunctions obtained using I'TP for magnetic field strength B = 7
T.
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Figure 31: The probability density, real and imaginary contour plots of the 1st, 2nd and 3rd
numerically obtained eigenfunctions obtained using ITP for magnetic field strength B = 8
T.
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Figure 32: The probability density, real and imaginary contour plots of the 4th, 5th and 6th

numerically obtained eigenfunctions obtained using ITP for magnetic field strength B = 8
T.
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Figure 33: The probability density, real and imaginary contour plots of the 1st, 2nd and 3rd
numerically obtained eigenfunctions obtained using ITP for magnetic field strength B = 9
T.

38

r 1.00

r0.75

r0.50

r0.25

r 0.00

r—0.25

r—0.50

r=0.75

—-1.00

1.5

1.0

r0.5

r0.0

-0.5

-15

L -2.0

r 1.6

12

0.8

r0.4

F0.0



|W)? of Eigenvector 4

-6
x107° 16

rla

~t12

—t 1.0

0.8

0.6

H 0.4

—t 0.2

=00

~2000-1000 O 1000 2000

X

|W)? of Eigenvector 5

x10-6

20004

1000 4

—1000 4

—2000 4

L

r 1.6

1.4

~r1l2

—t 1.0

0.8

0.6

0.4

—r0.2

~2000-1000 O 1000 2000

X

|W|? of Eigenvector 6

—-o.0

x107¢

20004

1000 4

o
M

—1000 4

—2000 1

- 1.6

rl.4

12

1.0

108

0.6

—t 0.4

02

=00

~2000-1000 O 1000 2000

X

Real part of W of Eigenvector 4

%1073
20001 Ll
1000+ (" N
(OX
> o & Q)
<o)
~10004 N
~20004 T
~2000-1000 O 1000 2000

X

Real part of W of Eigenvector 5

x10
2000 -
10004 @ @
@)
- % S
—1000 4 @ @
—2000 A
—2000-1000 O 1000 2000

X

Real part of W of Eigenvector 6

x10
20004
10001 (Q) 0 /’0\
NS
S
CN\Y)
~10001 @ @\ @
)
-20004

—2000-1000 0 1000 2000

X

1.2

r0.8

0.4

0.0

r—0.8

-1.2

r1.2

0.9

0.6

r0.3

0.0

r—0.3

+—0.6

+—0.9

- -12

r 1.6

1.2

0.8

0.4

0.0

L -0.4

r—0.8

r—12

Imaginary part of W of Eigenvector 4

2000 1 Ll
10004 g @ ) Hl
04 @ @
—1000 OD |
—2000 1 T
220001000 0 1000 2000

X

Imaginary part of W of Eigenvector 5
x10~3

x10-3

12

0.8

r0.4

r0.0

L —0.4

r—0.8

F12
2000 A 0.9
0.6
1000 A
Q
0+ @ @ Lo.0
@ @ l-03
—1000 A @
— —0.6
~2000 A o9
. . . - . L1z
—2000-1000 0 1000 2000
X
Imaginary part of W of Eigenvector 6
x10~3 16
2000 A 12
() H 0.8
10001 Q10
NS
0 o Q) Lo.0
/ )
(O/A( Q :) t—0.4
~1000+ = O @
\ ) — —0.8
—2000 A 12
Ll_16

~2000-1000 0 1000 2000

X

Figure 34: The probability density, real and imaginary contour plots of the 4th, 5th and 6th
numerically obtained eigenfunctions obtained using ITP for magnetic field strength B = 9
T.
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Figure 35: The probability density, real and imaginary contour plots of the 1st, 2nd and 3rd
numerically obtained eigenfunctions obtained using ITP for magnetic field strength B = 10
T.
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Figure 36: The probability density, real and imaginary contour plots of the 4th, 5th and 6th
numerically obtained eigenfunctions obtained using ITP for magnetic field strength B = 10
T.
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