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Abstract
This Supplementary Information accompanies the article “pyRheo: An open-source Python pack-
age for complex rheology”. It provides an overview of the theoretical models implemented in
pyRheo. Detailed equations and representative plots for various models are presented to elu-
cidate their functionality within pyRheo. Here we cover the Maxwell, Springpot, Fractional
Maxwell, Fractional Kelvin-Voigt, and Fractional Zener models. For each model, the documen-
tation entails the model diagram, constitutive equation, creep compliance, relaxation modulus,
and storage and loss moduli. Additionally, representative plots illustrate the practical application
of these models. We also discuss how the machine learning models were trained for pyRheo,
which is accompanied by confusion matrices showing the machine learning accuracy. The Sup-
plementary Information provides several examples of fitting done with pyRheo. Furthermore,
here we describe how the Mittag–Leffler function is implemented in pyRheo, highlighting the
fourth-order global Padé approximation and comparing it with Garrappa’s algorithm. The Sup-
plementary Information presents an example of using Bayesian optimization to infer the initial
guesses for the parameter fitting. This document also presents a tutorial on how to use pyRheo
graphical user interface (GUI).
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Supplementary Note 1 pyRheo workflow
The general purpose of this package is to analyze creep, stress relaxation, small amplitude os-
cillatory shear (SAOS), and steady shear data. pyRheo has two main features: (i) providing a
machine learning decision of what model likely describes the rheological data and (ii) fitting a
rheological model to the data. Next, we describe pyRheo’s workflow.

Step 1: importing data

First, the user should import the data pertinent to the type of rheological dataset. Depending
on the specific nature of the dataset, users should import the relevant features and their corre-
sponding class (creep, stress relaxation, SAOS, or steady shear). pyRheo is designed to work
with material functions, so one must provide at least two data vectors. For example, for creep
and stress relaxation data, it is expected to import a time t vector together with its correspond-
ing material function J(t) or G(t). Alternatively, for SAOS data, the user must import angular
frequency ω and the materials functions storage modulus G′(ω) and loss modulus G′′(ω).

Step 2: model selection

After importing the data, the user shall select to analyze their data using the auto method or
by manually specifying a modeL. The auto method uses a pre-trained Neural Network based
on a Multi-Layer Perceptron (MLP). Each class has its own MLP classifier, which has been
trained using 1 million computations of the corresponding material function (e.g., J(t)) de-
rived from the constitutive equations of the Maxwell, SpringPot, FractionalMaxwell, and
FractionalKelvinVoigt.

The accuracy (with synthetic data) of the MLP classifiers ranges from 70 to 80%. We suggest
using the auto method as a first approximation to identify the type of rheological behavior. More
detailed information about the machine learning training process and performance is disclosed
in the Supplementary Note 3.

Step 3: model fitting

Parameter optimization with pyRheo follows the common practice of minimizing the weighted
residual sum of squares1,2,

RSSwi=yi =
n

∑
i=1

(
yi − f (xi)

yi

)2

(S1)

where the weights wi are the measured values yi Users may define their own initial guesses and
parameter bounds (automatic bounds and random initial guesses by default). Then, to minimize
RSSwi , users can choose from several minimization algorithms implemented on SciPy3, such as
Nelder–Mead, Powell, and L-BFGS-B (Powell by default).

An advantage of using pyRheo is that it addresses the challenges associated with sensitivity
to initial guesses in parameter optimization. In other words, if an initial guess is close to a
local minimum, the minimization algorithm may converge there instead of the global minimum.
Therefore, pyRheo allows the user to restart the fitting process multiple times with random
initial parameter values and then take as the final result the iteration with the lowest RSSwi .
By generating a diverse set of random starting points, this brute-force approach increases the
likelihood of exploring different regions of the parameter space, thus avoiding local minima.

In the Supplementary Note 2, we detail all the models implemented in pyRheo. The reader
can find the constitutive equations of each model and representative plots showing how ma-
terial functions change as a function of varying parameters. Furthermore, the reader can find
information about how the Mittag–Leffler function is implemented in pyRheo using Zeng and
Chen 4 , Sarumi et al. 5 , and Garrappa 6 concepts.

Step 4: analysis of results

After fitting the target model to the rheological data, the results are stored as an object vari-
able that contains all the necessary components for prediction, visualization, and further data
analysis. Users can learn more from pyRheo’s documentation and the examples available on its
GitHub repository.
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Supplementary Note 2 Equations of the models implemented in pyRheo
Maxwell model (Maxwell)

Model diagram

G η

Constitutive equation

σ(t)+
η

G
dσ(t)

dt
= η

dγ(t)
dt

τc =
η

G
Gc = G

(S2)

Creep compliance

J(t) =
t
η
+

1
G

(S3)

Relaxation modulus

G(t) = Gc exp
(
− t

τc

)
(S4)

Storage modulus and Loss modulus

G′(ω) = Gc
(ωτc)

2

1+(ωτc)2

G′′(ω) = Gc
ωτc

1+(ωτc)2

(S5)

Representative plots

a

10−3 10−1 101 103

t [s]

100

101

J(
t)

[P
a−

1 ]

b

10−3 10−1 101 103

t [s]

10−4

10−3

10−2

10−1

100

G
(t

)[
P

a]

c

10−3 10−1 101 103

ω [rad s−1]

10−7
10−6
10−5
10−4
10−3
10−2
10−1
100

G
′ (ω

),
G
′′ (
ω

)[
P

a]

G′(ω)
G′′(ω)

Supplementary Fig. 1 Representative plots of the Maxwell model illustrating different viscoelastic be-
haviors under various types of stimulus. The plots were computed using fixed parameter values of
G = 1 Pa and η = 1000 Pa s. a) Time-dependent creep compliance J(t) showing the variation of strain
over time under constant stress. b) Stress relaxation behavior depicting a decrease in the relaxation
modulus G(t) under constant strain over time. c) Oscillatory response demonstrating the storage mod-
ulus G′(ω) and loss modulus G′′(ω) under frequency-changing load.
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Springpot model (SpringPot)

Model diagram
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Supplementary Fig. 2 Representative plots of the Springpot (critical gel) model illustrating different
viscoelastic behaviors under various types of stimulus. The plots were computed using fixed parameter
values of V= 1000 Pa sα and varying α. a) Time-dependent creep compliance J(t) showing the variation
of strain over time under constant stress. b) Stress relaxation behavior depicting a decrease in the
relaxation modulus G(t) under constant strain over time. c) Oscillatory response demonstrating the
storage modulus G′(ω) and loss modulus G′′(ω) under frequency-changing load.

4



Fractional Maxwell Gel model (FractionalMaxwellGel)

Model diagram
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Supplementary Fig. 3 Representative plots of the Fractional Maxwell Gel model illustrating different
viscoelastic behaviors under various types of stimulus. The plots were computed using fixed parameter
values of V = 1000 Pa sα and G = 1000 Pa as well as varying α. a) Time-dependent creep compliance
J(t) showing the variation of strain over time under constant stress. b) Stress relaxation behavior depict-
ing a decrease in the relaxation modulus G(t) under constant strain over time. c) Oscillatory response
demonstrating the storage modulus G′(ω) and loss modulus G′′(ω) under frequency-changing load.
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Fractional Maxwell Liquid model (FractionalMaxwellLiquid)

Model diagram
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Supplementary Fig. 4 Representative plots of the Fractional Maxwell Liquid model illustrating different
viscoelastic behaviors under various types of stimulus. The plots were computed using fixed parameter
values of G= 1000 Pa sβ and η = 1000 Pa as well as varying β . a) Time-dependent creep compliance J(t)
showing the variation of strain over time under constant stress. b) Stress relaxation behavior depicting
a decrease in the relaxation modulus G(t) under constant strain over time. c) Oscillatory response
demonstrating the storage modulus G′(ω) and loss modulus G′′(ω) under frequency-changing load.
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Fractional Maxwell model (FractionalMaxwell)

Model diagram
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Supplementary Fig. 5 Representative plots of the Fractional Maxwell model illustrating different vis-
coelastic behaviors under various types of stimulus. The plots were computed using fixed parameter
values of V = 1000 Pa sα and G = 1000 Pa sβ as well as varying α and β . a) Time-dependent creep
compliance J(t) showing the variation of strain over time under constant stress. b) Stress relaxation G(t)
under constant strain over time. c) Oscillatory response demonstrating the storage modulus G′(ω) and
loss modulus G′′(ω) under frequency-changing load.
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Fractional Kelvin-Voigt-S model (FractionalKelvinVoigtS)

Model diagram
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Supplementary Fig. 6 Representative plots of the Fractional Kelvin-Voigt-S model. The plots were
computed using V = 1000 Pa sα and G = 1000 Pa, varying α. a) Time-dependent creep compliance J(t)
under constant stress. b) Stress relaxation behavior depicting a decrease in the relaxation modulus G(t)
under constant strain over time. c) Oscillatory response demonstrating the storage modulus G′(ω) and
loss modulus G′′(ω).
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Fractional Kelvin-Voigt-D model (FractionalKelvinVoigtD)

Model diagram
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Supplementary Fig. 7 Representative plots of the Fractional Kelvin-Voigt-D model. The plots were
computed using V = 1000 Pa sα and G = 1000 Pa sβ , varying β . a) Time-dependent creep compliance
J(t) under constant stress. b) Stress relaxation behavior depicting a decrease in the relaxation modulus
G(t) under constant strain over time. c) Oscillatory response demonstrating the storage modulus G′(ω)

and loss modulus G′′(ω).
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Fractional Kelvin-Voigt model (FractionalKelvinVoigt)

Model diagram
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Supplementary Fig. 8 Representative plots of the Fractional Kelvin-Voigt model. The plots were com-
puted using V = 1000 Pa sα and G= 1000 Pa sβ , varying α and β . a) Time-dependent creep compliance
J(t) under constant stress. b) Stress relaxation behavior depicting a decrease in the relaxation modulus
G(t) under constant strain over time. c) Oscillatory response demonstrating the storage modulus G′(ω)

and loss modulus G′′(ω).
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Zener model (Zener)

Model diagram
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Supplementary Fig. 9 Representative plots of the Zener model illustrating different viscoelastic be-
haviors under various types of stimulus. The plots were computed using fixed parameter values of
G0 = 10 Pa, G1 = 10 Pa, and η = 100 Pa s. a) Time-dependent creep compliance J(t) showing the vari-
ation of strain over time under constant stress. b) Stress relaxation behavior depicting a decrease in
the relaxation modulus G(t) under constant strain over time. c) Oscillatory response demonstrating the
storage modulus G′(ω) and loss modulus G′′(ω) under frequency-changing load.
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Fractional Zener Solid-S model (FractionalZenerSolidS)

Model diagram
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Supplementary Fig. 10 Representative plots of the Fractional Zener Solid-S model illustrating different
viscoelastic behaviors under various types of stimulus. The plots were computed using fixed parameter
values of G0 = 1000 Pa, V = 1000 Pa sα , and G1 = 1000 Pa. a) Time-dependent creep compliance J(t)
showing the variation of strain over time under constant stress. b) Stress relaxation behavior depicting
a decrease in the relaxation modulus G(t) under constant strain over time. c) Oscillatory response
demonstrating the storage modulus G′(ω) and loss modulus G′′(ω) under frequency-changing load.
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Fractional Zener Liquid-S model (FractionalZenerLiquidS)

Model diagram

G,β η
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Creep compliance (Laplace form)
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Relaxation modulus
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(S44)
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Representative plots
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Supplementary Fig. 11 Representative plots of the Fractional Zener Liquid-S model illustrating different
viscoelastic behaviors under various types of stimulus. The plots were computed using fixed parameter
values of G0 = 1000 Pa, G= 1000 Pa sβ , and η = 1000 Pa s. a) Time-dependent creep compliance J(t)
showing the variation of strain over time under constant stress. b) Stress relaxation behavior depicting
a decrease in the relaxation modulus G(t) under constant strain over time. c) Oscillatory response
demonstrating the storage modulus G′(ω) and loss modulus G′′(ω) under frequency-changing load.
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Fractional Zener Liquid-D model (FractionalZenerLiquidD)

Model diagram

G,β ηs

ηp

Constitutive equation

σ(t)+
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G
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dt1−β
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d2−β γ(t)
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τc =
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) 1
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Gc = ηsτ
−1
c

(S46)

Creep compliance (Laplace form)
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1
s

(
ηss+Gsβ

)
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) (S47)

Relaxation modulus

G(t) = ηp∆(t)+Gt−β Ea,b (z)

a = 1−β , b = 1−β

z =−
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t
τc
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(S48)

Storage modulus and Loss modulus
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Supplementary Fig. 12 Representative plots of the Fractional Zener Liquid-D model illustrating different
viscoelastic behaviors under various types of stimulus. The plots were computed using fixed parameter
values of ηs = 1000 Pa s, G = 1000 Pa sβ , and ηp = 10 Pa s. a) Time-dependent creep compliance J(t)
showing the variation of strain over time under constant stress. b) Stress relaxation behavior depicting
a decrease in the relaxation modulus G(t) under constant strain over time. c) Oscillatory response
demonstrating the storage modulus G′(ω) and loss modulus G′′(ω) under frequency-changing load.
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Fractional Zener-S model (FractionalZenerS)

Model diagram

G,β V,α

G0

Constitutive equation
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Creep compliance (Laplace form)
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Relaxation modulus
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Supplementary Fig. 13 Representative plots of the Fractional Zener-S model illustrating different vis-
coelastic behaviors under various types of stimulus. The plots were computed using fixed parameter
values of V = 1000 Pa sα , G = 1000 Pa sβ , and G0 = 1000 Pa. a) Time-dependent creep compliance
J(t) showing the variation of strain over time under constant stress. b) Stress relaxation behavior depict-
ing a decrease in the relaxation modulus G(t) under constant strain over time. c) Oscillatory response
demonstrating the storage modulus G′(ω) and loss modulus G′′(ω) under frequency-changing load.
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Fractional Zener model (FractionalZener)

Model diagram

G,β V,α

K,κ

Constitutive equation
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Storage modulus and Loss modulus
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Supplementary Fig. 14 Representative plots of the Fractional Zener model illustrating different vis-
coelastic behaviors under various types of stimulus. The plots were computed using fixed parameter
values of V = 1000 Pa sα , G = 1000 Pa sβ , K = 1000 Pa sκ , and κ = 0.0. a) Time-dependent creep
compliance J(t) showing the variation of strain over time under constant stress. b) Stress relaxation be-
havior depicting a decrease in the relaxation modulus G(t) under constant strain over time. c) Oscillatory
response demonstrating the storage modulus G′(ω) and loss modulus G′′(ω) under frequency-changing
load.
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Viscosity models

Herschel–Bulkley (HerschelBulkley)

η(γ̇) =
σ0

γ̇
+ kγ̇

n−1 (S58)

The Herschel–Bulkley model7 describes a yield stress fluid where η(γ̇) is the apparent viscosity,
σ0 is the yield stress, k is the consistency index, γ̇ is the shear rate, and n is the flow behavior
index.

Bingham (Bingham)

η(γ̇) =
σ0

γ̇
+ηpl (S59)

The Bingham model8 describes a fluid with a linear relationship between shear stress and shear
rate beyond a yield stress σ0, where ηpl is the plastic viscosity.

Power-Law (PowerLaw)

η(γ̇) = kγ̇
n−1 (S60)

The Power-Law model is used for non-Newtonian fluids, where η(γ̇) is the apparent viscosity, k
is the consistency index, γ̇ is the shear rate, and n is the flow behavior index.

Carreau–Yasuda (CarreauYasuda)

η(γ̇) = η∞ +(η0 −η∞) [1+(kγ̇)a]
n−1

a (S61)

The Carreau–Yasuda9 model describes shear-thinning behavior, where η(γ̇) is the apparent vis-
cosity, η0 is the zero-shear viscosity, η∞ is the infinite-shear viscosity, k is a time constant, a is a
fitting parameter, and n is the power-law index.

Cross (Cross)

η(γ̇) = η∞ +
η0 −η∞

1+(kγ̇)n (S62)

The Cross model10 also describes shear-thinning behavior, where η(γ̇) is the apparent viscosity,
η0 is the zero-shear viscosity, η∞ is the infinite-shear viscosity, k is a time constant, and n is the
power-law index.

Casson (Casson)

η(γ̇) =

(√
σ0√
γ̇

+
√

ηpl

)2

(S63)

The Casson model11 describes the behavior of certain yield stress fluids, where η(γ̇) is the
apparent viscosity, σ0 is the yield stress, and ηpl is the plastic viscosity.
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Supplementary Note 3 Multi-Layer Perceptron classifier
This section describes the training process of the Multi-Layer Perceptron (MLP) classifier for
analyzing data related to creep, stress relaxation, SAOS, and steady shear. We chose the MLP
classifier because of its computational efficiency. Additionally, once trained, the MLP model
file is considerably smaller than files generated by Random Forest classifiers; MLP model sizes
typically range from kilobytes, while Random Forest models can reach gigabytes. The latter is
important to facilitate the distribution of pyRheo.

The source code for training the MLP is available on the pyRheo GitHub page, allowing users
to modify it to include additional models or adjust the number of datasets used for training. Each
data type has its corresponding script, with the scripts for creep, relaxation, SAOS, and steady
shear being similar but tailored to fit the specific models relevant to each data type. These scripts
utilize various libraries for numerical computations, data manipulation, machine learning, and
data visualization, which provide the essential tools and functions needed for the tasks at hand.

Currently, the MLP is trained with the following models: Maxwell, SpringPot, Fractional-
MaxwellGel, FractionalMaxwellLiquid, FractionalMaxwell, and FractionalKelvinVoigt. Zener
models are not included, as they overlap with the aforementioned rheological behaviors. In
the future, the MLP model can be expanded to function as a multi-label classifier to incorporate
Zener models.

Step 1: Generating synthetic data

To train the MLP models, we started by generating synthetic data using several predefined mod-
els, such as the Maxwell Model and the Fractional Maxwell Model. Each of these models sim-
ulates a specific type of material behavior. The task of the MLP is to classify the input data the
user provides into one of these predefined models. We generated 1 million synthetic datasets
for each classifier, assigning random parameter values to the model functions and time (angular
frequency or shear rate) intervals.

Step 2: Scaling synthetic data

Before training the MLP, we scale each dataset to ensure optimal performance. First, we convert
the dataset to a logarithmic scale. Then, we standardize it by subtracting the mean and scaling
it to have a unit variance. This approach ensures that the user-provided data falls within the
numerical limits of the MLP, enhancing the overall performance of the machine learning model.

Step 3: Principal Component Analysis (PCA) of the scaled synthetic data

PCA is used to reduce the dimensionality of the data while retaining the most important infor-
mation12,13. This makes it easier for machine learning models to analyze the data without the
burden of using too many variables. The scaled data is transformed into a new coordinate sys-
tem where the most significant features (10 principal components) are identified. This reduces
the number of variables needed to describe the data while preserving important patterns.

Step 4: Training machine learning models

Machine learning models are trained to classify the different types of rheological behavior based
on synthetic data. The transformed data (principal components) is split into training (80%) and
testing sets (20%). With the training set, we train the MLP classifier. The trained models predict
the type of rheological behavior (model type) for the testing data.

Step 5: Evaluating Model Performance

Finally, we evaluate how well the trained machine learning model can predict the type of rheo-
logical behavior on new data. The predictions made by the model using the test set are compared
to the actual model types (true labels). In Supplementary Fig.15, we show the confusion matri-
ces generated to visualize where the model performs well and makes errors. The MLP models
have an accuracy of 70 to 80%. In particular, we can observed from Supplementary Fig.15 that
the MLP confuses the SpringPot and FractionalKelvinVoigt..
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Supplementary Fig. 15 Confusion matrices illustrating the performance of the trained MLP models in
predicting rheological behavior types. Each subfigure corresponds to a different rheological data class:
a) creep data, b) relaxation data, c) SAOS data, and d) steady shear data. The rows represent the true
labels, whereas the columns denote the predicted labels. The models achieve an accuracy between
70% and 80%.

19



Supplementary Note 4 Complementary examples of predicting and
fitting tasks with pyRheo

We show in Supplementary Fig.16, Supplementary Fig.17, Supplementary Fig.18, Supplemen-
tary Fig.19, Supplementary Fig.20, and Supplementary Fig.21 examples of fitting with pyRheo.
The parameter values of each model can be found in their corresponding Jupyter Notebook.
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Supplementary Fig. 16 Fitting results obtained using pyRheo. a) Storage and Loss modulus as a func-
tion of angular frequency G′(ω), G′′(ω) measured for a chia pudding fitted with FractionalKelvinVoigt.
b) Shear viscosity as function of shear rate η(γ̇) measured for an ethylcellulose solution in toluene fitted
with CarreauYasuda. c) Relaxation modulus as function of time G(t) measured for a shaving foam fitted
with FractionalMaxwell (data from Lavergne et al. 14 ).
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Supplementary Fig. 17 Fitting results obtained using pyRheo. a) Storage and Loss modulus as a
function of angular frequency G′(ω), G′′(ω) measured for a metal-coordinating polymer network fit-
ted with FractionalMaxwell (data from Epstein et al. 15 ). b) Shear viscosity as function of shear
rate η(γ̇) measured for a cellulose nanofiber hydrogel fitted with PowerLaw (data from Miranda-Valdez
et al. 16 ). c) Relaxation modulus as function of time G(t) measured for a polypropylene sample fitted
with FractionalZenerSolidS.
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Supplementary Fig. 18 Fitting results obtained using pyRheo. a) Storage and Loss modulus master
curve as a function of angular frequency G′(ω), G′′(ω) measured for polystyrene (Tref = 160◦C) fitted
with FractionalZenerLiquidD (data from Ricarte and Shanbhag 17 ). b) Relaxation modulus master
curve as function of time G(t) measured for a laponite with different aging times (tref = 600 s) fitted with
FractionalMaxwellGel (data from Lennon et al. 18 ).
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Supplementary Fig. 19 Fitting results obtained using pyRheo. a) Storage and Loss modulus master
curve as a function of angular frequency G′(ω), G′′(ω) measured for a viscoelastic material at differ-
ent relative humidity (RH) (RHref = 90) fitted with FractionalMaxwell (data from Lennon et al. 18 ). b)
Viscosity master curve as function of shear rate η(γ̇) measured for a castor oil emulsion with different
oil contents (cref = 0.68) fitted with HerschelBulkley (the dataset was taken from Lennon et al. 18 who
adapted it from Dekker et al. 19 ).
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Supplementary Fig. 20 Master curves for the linear viscoelastic behavior of polystyrene at various
temperatures. a) Creep compliance J(t) master curve (Tref = 160◦C) constructed using the time-
temperature superposition (TTS). The curve is fitted using the auto function in pyRheo, which classifies
the data as a FractionalMaxwell. b) Relaxation modulus G(t) master curve classified and fitted with
FractionalMaxwell. The raw data was reproduced from Ricarte and Shanbhag 17 .
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Supplementary Fig. 21 Master curves for the linear viscoelastic behavior of a vinyl nitrile solid foam
at various temperatures. a) Storage modulus G′(ω) and Loss modulus G′′(ω) master curves (Tref =

25◦C) constructed using the time-temperature superposition (TTS) and fitted with FractionalZenerS,
constituted by a FractionalMaxwell connected in parallel to a spring. b) Van Gurp–Palmen plot and
c) Cole–Cole representation of the master curve. The raw data was reproduced from Landauer et al. 20 .
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Supplementary Note 5 Mittag–Leffler function in pyRheo
Global Padé approximations

In pyRheo, we have implemented the second-order global Padé approximation by Zeng and
Chen 4 and fourth-order global Padé approximations published by Sarumi et al. 5 .

Second-order approximation

The second-order approximation is of the type R3,2
a,b(x). The approximation is given by

R3,2
a,b(−x) =

1
Γ(b−a)

p1 + x
q0 +q1x+ x2 , b > a, (S64)

with

p1 = ca,b

[
Γ(b)Γ(b+a)− Γ(b+a)Γ2(b−a)

Γ(b−2a)

]
,

q0 = ca,b

[
Γ2(b)Γ(b+a)

Γ(b−a)
− Γ(b)Γ(b+a)Γ(b−a)

Γ(b−2a)

]
,

q1 = ca,b

[
Γ(b)Γ(b+a)− Γ2(b)Γ(b−a)

Γ(b−2a)

]
,

ca,b =
1

Γ(b+a)Γ(b−a)−Γ2(b)
,

(S65)

and
R3,2

a,a(−x) =
a

Γ(1+a)+ 2Γ(1−a)2

Γ(1−2a) x+Γ(1−a)x2
, 0 < a < 1. (S66)

Fourth-order approximation

The fourth-order global Padé approximation (ν = 4) correspond to the types (m,n) with m+n= 9.
They include the types (5,4), (6,3), and (7,2). pyRheo uses the approximation Rm,n

a,b for ν = 4,
which takes the form

Rm,n
a,b (−x) =


1

Γ(b−a)
p1 + p2x+ p3x2 + x3

q0 +q1x+q2x2 +q3x3 + x4 , b > a,

−1
Γ(−a)

p̂2 + p̂3x+ x2

q̂0 + q̂1x+ q̂2x2 + q̂3x3 + x4 , b = a.

(S67)

The unknown coefficients are obtained by solving the following systems. For b > a, the coeffi-
cients satisfy the system

Coefficients of R5,4
a,b

1 0 0 −Γ(b−a)
Γ(b)

0 0 0

0 1 0
Γ(b−a)
Γ(b+a)

−Γ(b−a)
Γ(b)

0 0

0 0 1 − Γ(b−a)
Γ(b+2a)

Γ(b−a)
Γ(b+a)

−Γ(b−a)
Γ(b)

0

0 0 0
Γ(b−a)
Γ(b+3a)

− Γ(b−a)
Γ(b+2a)

Γ(b−a)
Γ(b+a)

−Γ(b−a)
Γ(b)

1 0 0 0 −1
Γ(b−a)
Γ(b−2a)

− Γ(b−a)
Γ(b−3a)

0 1 0 0 0 −1
Γ(b−a)
Γ(b−2a)

0 0 1 0 0 0 −1





p1
p2
p3
q0
q1
q2
q3


=



0
0
0
−1

− Γ(b−a)
Γ(b−4a)
Γ(b−a)
Γ(b−3a)

− Γ(b−a)
Γ(b−2a)


.

(S68)
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For b = a the coefficients satisfy the system

1 0
Γ(−a)
Γ(a)

0 0 0

0 1 −Γ(−a)
Γ(2a)

Γ(−a)
Γ(a)

0 0

0 0
Γ(−a)
Γ(3a)

−Γ(−a)
Γ(2a)

Γ(−a)
Γ(a)

0

0 0 0 −1 − Γ(−a)
Γ(−2a)

0

1 0 0 0 −1
Γ(−a)
Γ(−2a)

0 1 0 0 0 −1





p̂2
p̂3
q̂0
q̂1
q̂2
q̂3

=



0
0
−1
0
0

− Γ(−a)
Γ(−2a)


. (S69)

Coefficients of R6,3
a,b

For b > a, the coefficients satisfy the system

1 0 0 −Γ(b−a)
Γ(b)

0 0 0

0 1 0
Γ(b−a)
Γ(b+a)

−Γ(b−a)
Γ(b)

0 0

0 0 1 − Γ(b−a)
Γ(b+2a)

Γ(b−a)
Γ(b+a)

−Γ(b−a)
Γ(b)

0

0 0 0
Γ(b−a)
Γ(b+3a)

− Γ(b−a)
Γ(b+2a)

Γ(b−a)
Γ(b+a)

−Γ(b−a)
Γ(b)

0 0 0 − Γ(b−a)
Γ(b+4a)

Γ(b−a)
Γ(b+3a)

− Γ(b−a)
Γ(b+2a)

Γ(b−a)
Γ(b+a)

0 1 0 0 0 −1
Γ(b−a)

Γ(b−2a)
0 0 1 0 0 0 −1





p1
p2
p3
q0
q1
q2
q3


=



0
0
0
−1

Γ(b−a)
Γ(b)

Γ(b−a)
Γ(b−3a)

− Γ(b−a)
Γ(b−2a)


,

(S70)

For b = a, the coefficients satisfy the system

1 0
Γ(−a)
Γ(a)

0 0 0

0 1 −Γ(−a)
Γ(2a)

Γ(−a)
Γ(a)

0 0

0 0
Γ(−a)
Γ(3a)

−Γ(−a)
Γ(2a)

Γ(−a)
Γ(a)

0

0 0 −Γ(−a)
Γ(4a)

Γ(−a)
Γ(3a)

−Γ(−a)
Γ(2a)

Γ(−a)
Γ(a)

1 0 0 0 −1
Γ(−a)

Γ(−2a)
0 1 0 0 0 −1





p̂2
p̂3
q̂0
q̂1
q̂2
q̂3

=



0
0
−1
0

Γ(−a)
Γ(−3a)

− Γ(−a)
Γ(−2a)


. (S71)
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Coefficients of R7,2
a,b

For b > a, the coefficients satisfy the system

1 0 0 −Γ(b−a)
Γ(b)

0 0 0

0 1 0
Γ(b−a)
Γ(b+a)

−Γ(b−a)
Γ(b)

0 0

0 0 1 − Γ(b−a)
Γ(b+2a)

Γ(b−a)
Γ(b+a)

−Γ(b−a)
Γ(b)

0

0 0 0
Γ(b−a)
Γ(b+3a)

− Γ(b−a)
Γ(b+2a)

Γ(b−a)
Γ(b+a)

−Γ(b−a)
Γ(b)

0 0 0 − Γ(b−a)
Γ(b+4a)

Γ(b−a)
Γ(b+3a)

− Γ(b−a)
Γ(b+2a)

Γ(b−a)
Γ(b+a)

0 0 0
Γ(b−a)
Γ(b+5a)

− Γ(b−a)
Γ(b+4a)

Γ(b−a)
Γ(b+3a)

− Γ(b−a)
Γ(b+2a)

0 0 1 0 0 0 −1





p1
p2
p3
q0
q1
q2
q3


=



0
0
0
−1

Γ(b−a)
Γ(b)

−Γ(b−a)
Γ(b+a)

− Γ(b−a)
Γ(b−2a)


.

(S72)

For b = a, the coefficients satisfy the system

1 0
Γ(−a)
Γ(a)

0 0 0

0 1 −Γ(−a)
Γ(2a)

Γ(−a)
Γ(a)

0 0

0 0
Γ(−a)
Γ(3a)

−Γ(−a)
Γ(2a)

Γ(−a)
Γ(a)

0

0 0 −Γ(−a)
Γ(4a)

Γ(−a)
Γ(3a)

−Γ(−a)
Γ(2a)

−Γ(−a)
Γ(a)

0 0
Γ(−a)
Γ(5a)

−Γ(−a)
Γ(4a)

Γ(−a)
Γ(3a)

−Γ(−a)
Γ(2a)

0 1 0 0 0 −1





p̂2
p̂3
q̂0
q̂1
q̂2
q̂3

=



0
0
−1
0

Γ(−a)
Γ(−3a)

− Γ(−a)
Γ(−2a)


. (S73)
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Supplementary Note 6 Comparison between global Padé approxi-
mations and Garrappa’s algorithm

pyRheo also provides users with the option to use Garrappa’s algorithm6 for computing the
Mittag–Leffler function. The algorithm calculates the Mittag–Leffler function based on the nu-
merical inversion of its Laplace transform (LT). An optimal parabolic contour is chosen based
on the distance to and strength of the singularities of the Laplace Transform, which aims to
minimize computational effort and reduce error propagation. Next, we show how the Padé
approximations perform compared to Garrappa’s algorithm. In Supplementary Fig. 22, Supple-
mentary Fig. 23, and Supplementary Fig. 24, we simply compute Eq. S12, Eq. S16, and Eq. S20
respectively and show the difference in the stress relaxation G(t) function when using Padé
approximations and Garrappa’s algorithm.

As seen in Supplementary Fig.22, Supplementary Fig. 23, and Supplementary Fig. 24, the
Padé approximation shows a residual r peak when the Fractional Maxwell models approach
traditional Maxwellian behaviors. The residual, at the same time, reduces its intensity when
using more comprehensive Padé approximations. The user might consider using Garrappa’s
implementation of the Mittag–Leffler function when access to computational resources is not
limited, or the task requires outstanding accuracy.
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Supplementary Fig. 22 Stress relaxation functions G(t) computed for different fractional orders α us-
ing the FractionalMaxwellGel. The solid lines represent the functions computed using Garrappa’s
algorithm6, while the empty markers represent those computed using the global Padé approximation4,5

a) R3,2
a,b, b) R5,4

a,b, c) R6,3
a,b, and d) R7,2

a,b. Each figure also includes a residual r plot, highlighting the main
differences between both approaches. All the functions were computed by assigning a value of 1000 to
V and G.
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Supplementary Fig. 23 Stress relaxation functions G(t) computed for different fractional orders β using
the FractionalMaxwellLiquid. The solid lines represent the functions computed using Garrappa’s
algorithm6, while the empty markers represent those computed using the global Padé approximation4,5

a) R3,2
a,b, b) R5,4

a,b, c) R6,3
a,b, and d) R7,2

a,b. Each figure also includes a residual r plot, highlighting the main
differences between both approaches. All the functions were computed by assigning a value of 1000 to
G and η .
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Supplementary Fig. 24 Stress relaxation functions G(t) computed for different fractional orders α and
β using the FractionalMaxwell. The solid lines represent the functions computed using Garrappa’s
algorithm6, while the empty markers represent those computed using the global Padé approximation4,5

a) R3,2
a,b, b) R5,4

a,b, c) R6,3
a,b, and d) R7,2

a,b. Each figure also includes a residual r plot, highlighting the main
differences between both approaches. All the functions were computed by assigning a value of 1000 to
V and G.
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Supplementary Note 7 Initial guesses with Bayesian optimization
Due to the sensitivity of fitting routines to initial parameter guesses, pyRheo employs three
methodologies to help prevent convergence to local minima during parameter optimization.
The first method involves using manual initial guesses, which require user expertise. The sec-
ond method is to restart the fitting process using random initial guesses for a fixed number of
iterations. In each iteration, pyRheo attempts to minimize the weighted residual sum of squares
(RSSwi) and ultimately selects the best iteration, based on the lowest RSSwi . The random method
is robust. For example, the fittings in the main manuscript were generated with a maximum of
10 iterations.

A third method that pyRheo offers for defining initial guesses is Bayesian Optimization
(BO)21–23. In this approach, pyRheo creates a mapping from the parameter space P to the
error space E using Gaussian Process Regression (GPR), represented as g : P → E , where g is
the Gaussian Process. The surrogate model ε = g(p) (with ε ∈ E and p ∈ P) is developed by
computing the constitutive equation of the target model with fixed parameter values and then
recording the difference (residuals) between this computation and the data being analyzed. The
goal of BO is to minimize ε by exploring various combinations of parameter values, guided by
an acquisition function known as Expected Improvement, which balances exploration and ex-
ploitation of the parameter space24. Afterward, pyRheo uses the BO solution as the initial guess
for the minimization algorithm.

In Supplementary Fig. 25, we show how the BO works when used as a method to define
the initial guesses. In the case of Supplementary Fig. 25, we fit the creep data of a mucus
gel25 using a FractionalKelvinVoigtD model. The Bayesian optimization learns from every
iteration ni and, in the end, finds the best combination of parameter values, which pyRheo uses
to initialize the final minimization algorithm.
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Supplementary Fig. 25 Iterative fitting with Bayesian Optimization (BO) as a method to define initial
guesses in the FractionalKelvinVoigtD model when fitting the creep data of a mucus gel. Every it-
eration ni in the BO process refines the understanding of the parameter space, effectively guiding the
selection of the optimal parameter combination. The approach uses the Expected Improvement acqui-
sition function to explore and minimize the error space ε. The final best combination of parameters is
then used as the initial guess for subsequent minimization algorithms. The BO method shows signif-
icant effectiveness in preventing convergence to local minima, improving the robustness of parameter
optimization.
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Supplementary Note 8 Graphical user interface (GUI) tutorial
This tutorial provides step-by-step instructions on how to run a Python file using Anaconda on
both Windows and Linux. The GUI for pyRheo is launched by executing either pyRheo_creep_GUI.py,
pyRheo_relaxation_GUI.py, pyRheo_oscillation_GUI.py, or pyRheo_rotation_GUI.py. We
note that for simplicity, the GUI works only using auto bounds and random initial guesses.

Prerequisites

Before getting started, ensure that you meet all the necessary requirements for using pyRheo.
A recommended approach is to use Anaconda for managing dependencies and environments.
Download Anaconda and follow the installation instructions suitable for your operating system.

Step 1: Clone the GitHub repository

Download pyRheo package from https://github.com/mirandi1/pyRheo.

Windows and Linux

1. Open a terminal (Windows: Anaconda Prompt or Command Prompt; Linux: Terminal).

2. Change the directory to where you want to clone the repository:

cd /path/to/your/directory

3. Clone the GitHub repository using git (assuming Git is installed):

git clone https://github.com/mirandi1/pyRheo

4. Navigate into the cloned repository and to the GUI folder:

cd pyRheo/gui

Step 2: Run the Python file

Execute the specific Python file. For example, in this tutorial, we execute pyRheo_creep_GUI.py.

Windows and Linux

1. Ensure you are in the correct directory:

cd pyRheo/gui

2. Run the Python file:

python pyRheo_creep_GUI.py

3. The GUI should prompt as a new window, see Supplementary Fig.26

Upon running the command, the GUI window titled "pyRheo Creep Model Fitting" will appear.
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Supplementary Fig. 26 Screenshot of the pyRheo GUI - Initial screen.

Step 3: Using the GUI

Loading data

1. Click on the "Load Data" button to select the data file to use. The data file should be
a CSV file with columns with header "Time" and "Creep Compliance", followed by their
corresponding data. The user can look at the file creep_ps190_data.csv to understand
the requirements in the file structure before loading. The delimiter between columns must
be "tab", and the decimal must be ".". Column headers in case of relaxation: "Time" and
"Relaxation Modulus". Column headers in case of SAOS: "Angular Frequency" and "Storage
Modulus", and "Loss Modulus". Column headers in case of steady shear: "Shear Rate" and
"Viscosity".

2. After successfully loading the data, a message box will notify you (Supplementary Fig. 27).

Supplementary Fig. 27 Successful data load prompt.

Selecting the model and algorithm

1. Use the drop-down menu labeled "Select Model:" to choose the desired model.
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Supplementary Fig. 28 Screenshot of pyRheo GUI - After loading and modeling data.

2. Enter the number of initial guesses in the field labeled "Number of Initial Guesses:". The
default value is set to 10.

3. Use the drop-down menu labeled "Minimization Algorithm:" to select the optimization
algorithm.

Running the model

1. Click the "Run Model" button to start the model fitting process.

2. The execution time will be displayed in the bottom part of the GUI.

3. After the model has run, the model parameters and fitting error will be displayed in the
respective sections.

Plotting results

1. After running the model, click the "Plot Results" button to visualize the fitting results. The
plot will display the original data points and the fitted model as in Supplementary Fig. 28.

Downloading Results

1. Click the "Download Results" button to save the fitting results.

2. You will be prompted to choose a location and filename for the results. The results will be
saved as a CSV file.
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