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Non-negative matrix factorization algorithm

Lee and Seung provided the alternating optimized method to Equation (S2) in their 

seminal paper [29].

min , subject to W ||𝑉 ‒ 𝑊𝐻||𝐹 ≥ 0, 𝐻 ≥ 0                    (2)
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Schematizes the procedure of most NMF factorization [31].

Dataset processing from 4D to 2D

Figure SI_1 depicts the process of transforming a 4D dataset into a 2D array, which 
refers to the idea from the paper ‘Non-negative matrix factorization for mining big data 
obtained using four-dimensional scanning transmission electron microscopy’ [1].

(a) The initial dataset is a 4D stack denoted by dimensions (m, n, x, y). A 4D stack is 
shown on the left side with indices m and n representing the first two dimensions. Each 
point of (m, n) corresponds to a 2D diffraction pattern with dimensions (x, y), as 
depicted in the magnified section. For example, the red point represents one pixel (one 
diffraction pattern) in the original dataset.  represents is the first diffraction pattern 𝑑𝑝(1,1)

in the original dataset, moreover,  is first pixel in the first diffraction pattern. 𝑑𝑝(1,1)(1,1)

Each 2D diffraction pattern is flattened into a 1D vector. This vector has a length of x * 
y, where each element is sequentially arranged into a single column vector, namely, 
from (x, y) to (x * y, 1). (b) The (m, n) grid of 2D diffraction patterns is flattened into a 
single dimension, where the first dimension is 1, the second dimension is m * n, and 
the third and fourth dimensions remain as (x, y). Among them, each 2D diffraction 
pattern, now a 1D vector, is arranged sequentially along the new second dimension of 
the 3D stack. This essentially lines up the m * n 1D vectors side-by-side. (c) The 3D 
stack is further flattened into a 2D array. The first dimension of the 2D array 

Input: Non-negative matrix V (M * N) and component k
Output: (W, H) ≥ 0: V ≈ W * H

The initialization of W and H, 
subject (W, H) ≥ 0 

For i = 1, 2, 3 …. max_iter do

END for 
The threshold to 

convergence
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corresponds to the length of the flattened 1D vectors, x * y. The second dimension of 
the 2D array corresponds to the number of such vectors, m * n. Finally, the 2D array is 
represented with dimensions (x * y, m * n). Specifically, each column in the 2D array 
represents a flattened 1D vector of a single diffraction pattern from the original 4D stack. 
Simultaneously, each row corresponds to a particular pixel value from the flattened 
diffraction patterns, the result of which is for suiting the input of NMF [1], [2].

Calculation of the value of Noise Standard Deviation (NSD)

NSD 
=

1
𝑁

 
𝑁

∑
𝑖 = 1

(𝐼𝑖 ‒  𝜇)²

Algorithm SI_1 shows the calculating of the value of Noise Standard Deviation 
(NSD) 

[3] (https://ieeexplore.ieee.org/stamp/stamp.jsp?tp=&arnumber=5946565)

NSD is the Noise Standard Deviation. N is the total number of pixels in the image.  is  𝐼𝑖

the pixel value at position in the image. μ is the average pixel value of the image. 𝑖 
Typically, the process involves the following steps:

1. Compute the average pixel value (μ) of the image.
2. Calculate the squared difference between each pixel value and the average 

pixel value.
3. Take the average of these squared differences.
4. Finally, take the square root of this average to obtain the NSD.

Calculation of the value of Peak Signal-to-Noise Ratio (PSNR)

PSNR 
= 10 𝑙𝑜𝑔10(

𝑀𝐴𝑋²
𝑀𝑆𝐸

)

  MSE 
=

1
𝑚𝑛

𝑚 ‒ 1

∑
𝑖 = 0

𝑛 ‒ 1

∑
𝑗 = 0

[𝐼(𝑖, 𝑗) ‒ 𝑅(𝑖,  𝑗)]²

Algorithm SI_2 shows the calculating of the value of Peak Signal-to-Noise Ratio 
(PSNR) between the original image and the reference image [4]

MAX is the maximum possible pixel value of the image. For an 8-bit image, this is 

typically 255. MSE is the Mean Squared Error between the original and reference 

images. For the calculation of MSE, normally,  is the pixel value at position  in 𝐼(𝑖, 𝑗)  (𝑖, 𝑗)
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the original image, likewise,  is the pixel value at corresponding position  in 𝑅(𝑖,  𝑗)  (𝑖,  𝑗)

the reference image. Finally, m and n are the dimensions of the images [4] [5].

Calculation of the value of the Mean Deviation Similarity Index (MDSI)

The process of calculation concerns converting the images to luminance and 

chromaticity channels, computing gradient and chromaticity similarities, combining 

these similarities, and applying deviation pooling to get the final index [6].

L = 0.2989R + 0.5870G + 0.1140B  (1)

     (2)[𝐻 𝑀 ] =  (0.30 0.04 0.34 ‒ 0.60  ‒ 0.35 0.17 )[𝑅 𝐺 𝐵 ]

Algorithm SI_3_1 Convert the Images to Luminance and Chromaticity Channels

Algorithm SI_3_1 (1) converts the reference (R) and distorted (D) images to luminance 

(L) and chromaticity channels using the specified formula; Algorithm SI_3_1 (2) use the 

Gaussian color model to obtain the chromaticity channels 𝐻 and 𝑀 [6].

(x) =  and (x) =   (1)𝐺𝑥 ℎ𝑥 ∗ 𝑓(𝑥) 𝐺𝑦 ℎ𝑦 ∗ 𝑓(𝑥)

G(x) =   (2)𝐺𝑥
2(𝑥) +  𝐺𝑦

2(𝑥) 

 =    (3)𝐺𝑆(𝑥)

2𝐺𝑅(𝑥)𝐺𝐷(𝑥) +  𝐶1

𝐺𝑅
2(𝑥) +  𝐺𝐷

2(𝑥) + 𝐶1 

F = 0.5 × (R + D)   (4)

 =    (5)𝐺𝑆𝑅𝐹(𝑥)

2𝐺𝑅(𝑥)𝐺𝐹(𝑥) +  𝐶2

𝐺𝑅
2(𝑥) +  𝐺𝐹

2(𝑥) + 𝐶2 

 =    (6)𝐺𝑆𝐷𝐹(𝑥)

2𝐺𝐷(𝑥)𝐺𝐹(𝑥) +  𝐶2

𝐺𝐷
2(𝑥) +  𝐺𝐹

2(𝑥) + 𝐶2 

   (7)𝐺̂𝑆(𝑥) = 𝐺𝑆(𝑥) +  [𝐺𝑆𝐷𝐹(𝑥) ‒  𝐺𝑆𝑅𝐹(𝑥)]
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Algorithm SI_3_2 Compute Gradient Similarity (GS) and Proposed Gradient Similarity 

( )𝐺̂𝑆

Algorithm SI_3_2 (1), (2), at first, calculate the gradient magnitudes of the luminance 

channels of the reference and distorted images using the Sobel operator [7]; then 

Algorithm SI_3_2 (3) compute the gradient similarity (GS) [6]. Algorithm SI_3_2 (4), (5), 

(6) will compute the fused luminance channel F and extra GS maps  and 𝐺𝑆𝑅𝐹(𝑥)

; finally, Algorithm SI_3_2 (7) calculate the proposed gradient similarity ( ), 𝐺𝑆𝐷𝐹(𝑥) 𝐺̂𝑆(𝑥)

are constants used to control numerical stability [6].𝐶1,  𝐶2 

  
𝐶̂𝑆(𝑥) =  

2𝐻𝑅(𝑥)𝐻𝐷(𝑥) + 2𝑀𝑅(𝑥)𝑀𝐷(𝑥) +  𝐶3

𝐻𝑅
2(𝑥) +  𝐻𝐷

2(𝑥) + 𝑀𝑅
2(𝑥) +  𝑀𝐷

2(𝑥) + 𝐶3 

Algorithm SI_3_3 Compute Chromaticity Similarity ( )𝐶̂𝑆

Algorithm SI_3_3 shows that calculate the chromaticity similarity using both 

chromaticity channels,  has the same objective with   [6].𝐶3 𝐶1, 𝐶2

𝐺𝐶̂𝑆(𝑥) =  𝛼𝐺̂𝑆(𝑥) + (1 ‒  𝛼)𝐶̂𝑆(𝑥)

Algorithm SI_3_4 Combine Gradient and Chromaticity Similarity Maps

Algorithm SI_3_4 is to combine the gradient and chromaticity similarity maps using a 

weighted average,  is a parameter to adjust the relative importance of gradient and 𝛼

chromaticity similarity maps. [6].

MDSI =   

1
𝑁

𝑁

∑
𝑥 = 1

(𝐺𝐶̂𝑆(𝑥) ‒  𝜇𝐺𝐶̂𝑆)² 

Algorithm SI_3_5 Apply Deviation Pooling Strategy

Algorithm SI_3_5 is to use the deviation pooling to compute the final MDSI score. 

Deviation pooling is based on a general formulation. Here, is the mean of the 𝜇𝐺𝐶̂𝑆 

combined similarity map values, and N is the number of pixels [6].



6

Algorithm SI_4: Calculation of the value of Gradient Magnitude Similarity 
Deviation (GMSD)

Gradient Magnitude Similarity Deviation (GMSD) is a perceptual image quality 

assessment (IQA) metric designed to measure the quality of an image by comparing 

its gradient magnitudes to those of a reference image [8].

GMS ( )   𝑖,𝑗
=  

2𝐺𝐼(𝑖,  𝑗)𝐺𝐼'(𝑖,𝑗) + 𝐶

𝐺𝐼(𝑖,  𝑗)2 + 𝐺𝐼'(𝑖,𝑗)² + 𝐶 

Algorithm SI_4_1 Gradient Magnitude Similarity (GMS)

Algorithm SI_4_1 Compute the gradient magnitude for both the reference image and 

the distorted image using a gradient operator like the Sobel filter [7]. The gradient 

magnitude at a pixel is calculated as the square root of the sum of the squared gradients 

in the horizontal and vertical directions [7]. For each pixel, calculate the Gradient 

Magnitude Similarity (GMS) index between the reference image and the distorted 𝐼 

image I′. and are the gradient magnitudes of the reference and distorted 𝐺𝐼(𝑖,  𝑗) 𝐺𝐼'(𝑖,𝑗) 

images at pixel ( ), and C is a small constant to avoid division by zero [8] .𝑖,𝑗

GMSD = 

1
𝑁

𝑁

∑
𝑖 =  1

(𝐺𝑀𝑆(𝑖) ‒  𝑀𝐺𝑀𝑆(𝑖))² 

Algorithm SI_4_2 Gradient Magnitude Similarity Deviation (GMSD)

Algorithm SI_4_2 Mean Gradient Magnitude Similarity (MGMS) is the value of the mean 

of the GMS values over all pixels in the image [8]. Compute the standard deviation of 

the GMS values across all pixels [8]. The final GMSD value is given by the standard 

deviation of these GMS values [8]. N is the total number of pixels, and MGMS is the 

mean GMS value.

Algorithm SI_5: Calculation of the value of structural similarity index measure 
(SSIM)

The Structural Similarity Index Measure (SSIM) is a perceptual metric introduced by 

Zhou Wang, Alan C. Bovik, Hamid R. Sheikh, and Eero P. Simoncelli in their 2004 

paper titled "Image Quality Assessment: From Error Visibility to Structural Similarity" 
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[9]. SSIM is used for measuring the similarity between two images, aiming to quantify 

the visual impact of changes in image structure [9], [10].

SSIM ( ) =     𝑥, 𝑦 [𝑙(𝑥,𝑦)]𝛼 ×  [𝑐(𝑥,𝑦)]𝛽 ×  [𝑠(𝑥,𝑦)]𝛾

𝑙(𝑥,𝑦) =  
2𝜇𝑥𝜇𝑦 +  𝐶1

𝜇𝑥
2 +  𝜇𝑦

2 + 𝐶1 

𝑐(𝑥,𝑦) =  
2𝜎𝑥𝜎𝑦 +  𝐶2

𝜎𝑥
2 +  𝜎𝑦

2 + 𝐶2 

𝑠(𝑥,𝑦) =  
𝜎𝑥𝑦 +  𝐶3

𝜎𝑥𝜎𝑦 + 𝐶3 

Algorithm SI_5 The formula for SSIM between images x and y

Algorithm SI_5 SSIM combines three components: luminance ( ), contrast ( ), and 𝑙 𝑐
structure ( ):𝑠

● Luminance: Measures the similarity in brightness between images.
● Contrast: Evaluates the similarity in contrast.
● Structure: Assesses the similarity in structures of the images, such as edges 

and textures.

are parameters that define the relative importance of each component [9]. 𝛼, 𝛽, 𝛾 

are the means of image x and image y, and are the standard deviations, 𝜇𝑥 𝑎𝑛𝑑 𝜇𝑦 𝜎𝑥 𝜎𝑦 

and is the covariance of x and y. , , and  are constants to avoid instability 𝜎𝑥𝑦 𝐶1 𝐶2 𝐶3

when the value of denominators is very small [9].

Global plan of NMF-Clustering Analysis
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Figure SI_2 represents a workflow for analyzing a 4DSTEM dataset using non-
negative matrix factorization (NMF). The 4DSTEM dataset 𝑉 through the filtering and 
pixel resolution adjustment to prepare the data for further analysis. The prepared data 
is subjected to NMF using alternating least squares (ALS) methods to decompose the 
dataset into two components to facilitate the later analysis. The difference between the 
original dataset V and the reconstructed dataset V′ is calculated through K-components 
loss. The K-components loss is analyzed to determine the initial decision level 
(Decision level 1). An overfitting evaluation using an IQA (Image Quality Assessment) 
method is conducted to make a refined decision on the optimal number of components 
(Decision level 2). This process results in the determination of a better K-number for 
the dataset. Once the optimal (best/ optimal) cluster number is fixed, the reconstructed 
datasets for different K-numbers are evaluated to identify overlapping regions. The 
overlapping evaluation is dependent on thresholding performed to localize the 
overlapping regions within the dataset. Finally, the phase maps are created from the 
localized overlapping regions. Simultaneously, the raw datasets are clustered based 
on the phase maps. A comparison is made between the raw and reconstructed datasets 
to ensure the accuracy and relevance of the clustering.

Algorithm SI_6: ePattern Algorithm

The ePattern algorithm [11] is a sub-pixel adaptive image processing method 
developed to enhance diffraction pattern quality and reliability for pattern matching in 
4D-STEM. It is based on a modular pipeline comprising preprocessing, registration, 
and reconstruction. The goal is to isolate and quantify the crystalline diffraction signal 
while minimizing noise, amorphous contributions, and background effects.

Preprocessing includes:

● Histogram optimization and alignment of raw diffraction patterns (DPs).
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● Background subtraction using a rolling-ball filter.

● Application of a Gaussian blur to improve peak detection.

Registration detects and localizes diffraction peaks using:

● Adaptive prominence thresholds based on noise levels.

● Sub-pixel position refinement via center-of-mass calculations.

● Radius estimation through local standard deviation analysis.

● Intensity computation from average gray values within each spot.

This information is stored in a latent table containing spot coordinates, radius, and 
intensity per DP. Reconstruction generates a clean image by plotting only the 
registered Bragg peaks. This yields high signal-to-noise reconstructed DPs and 
enables strong compression (×100–1000) of 4D datasets.The method preserves 
relative peak intensities while removing background and diffuse scattering. ePattern 
does not rely on iterative training or convolutional layers, but adopts an encoder–latent–
decoder logic. This approach improves ACOM pattern matching accuracy and reduces 
overfitting, especially in low-SNR or beam-sensitive samples.
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