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S1 Atom Typing Schemes

This section details the atom typing schemes evaluated in this work, shows the preliminary

results of AT-4 and AT-3 (atom types C, H, F ), and also lists transformation matrices Am.

Figure S1: AT-4 uses the four most basic atom types (C1, C2, F , and H).
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Figure S2: GP-predicted MAPD values for molecules in the training set for AT-3, AT-4, and
GAFF.
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Figure S3: AT-8 uses eight atom types which were expected to fully represent all training
molecules (CM , C1, C2, F1, F2, F3, F4, and H).
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Figure S4: AT-6a uses six atom types from GAFF but re-optimizes the values of these
parameters (C, Hc, H1, H2, H3, and F ).
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Figure S5: The distinct atom types of each molecule. The GPs for training molecules use
these atom types as input features.

Table S1: Transformation matrices Am for atom types listed in this work

Distinct Atom Types AT-4 AT-6a AT-6b AT-8

R-14

C C1 C C1 C1

F F F F F4

R-50

C C1 C Cm Cm

H H Hc Hc H

HFC-32
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Distinct Atom Types AT-4 AT-6a AT-6b AT-8

C C1 C C1 C1

H H H2 H H

F F F F F2

HFC-125

C1 C2 C C2 C2

C2 C2 C C2 C2

H1 H H2 H H

F1 F F F F2

F2 F F F F3

HFC-134a

C1 C2 C C2 C2

C2 C2 C C2 C2

H1 H H1 H H

F1 F F F F3

F2 F F F F1

HFC-143a

C1 C2 C C2 C2

C2 C2 C C2 C2

H1 H Hc Hc H

F1 F F F F3

R-170

C C2 C C2 C2

H H Hc Hc H

HFC-41
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Distinct Atom Types AT-4 AT-6a AT-6b AT-8

C C1 C C1 C1

H H H1 H H

F F F F F1

S2 Justification of Heuristic qj

Estimability exists on a spectrum and there multiple methods to quantify relative estima-

bility. While graphical analysis is possible on small-scale models, numerical methods relying

on the FIM and F are much more common.1–5 For example, parameter correlation can be

quantified by defining a correlation matrix6,7 or collinearity index8 which identifies linear

dependencies in the columns of F instead of graphing it. However, estimability rankings

drawn from F can be misleading. For example, correlation matrices6,7 and collinearity in-

dices8,9 rely on arbitrary cutoffs to categorize parameters as estimable or inestimable and

rely on heuristic-based scaling factors6,9.1,4

Therefore, modelers will often investigate the eigen-decomposition of the FIM to de-

termine if any specific linear combination of model parameters are consistently difficult to

precisely estimate, i.e., are not practically identifiable. However, expert intuition is often

required to inspect the eigen-decomposition and determine actionable modeling outcomes

(e.g., fix parameters, adjust model equations). To help streamline this process, we introduce

the following heuristic:

qj =
P∑
i=1

λi

∣∣vi,j∣∣ (1)

Here, qj approximates the contributions of parameter j to the information contained in the

FIM. λi are the eigenvalues and vi,j are the corresponding eigenvectors.
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From a linear algebra perspective, let the FIM be written

FIM = VΛV−1. (2)

where λi, the diagonals of Λ, are the eigenvalues of the FIM, vi are the eigenvectors of the

FIM, and vi,j ∀j ∈ J are the eigenvector components corresponding to each parameter. Each

eigen-pair (λi, vi) represents an independent principal direction of information (vi) in the

model with strength (λi). Note that larger eigenvalues are associated with more informative

directions. It then follows that vi,j (and equally |vi,j|) is a measure of how much a parameter

j contributes to a principal information direction i.

Thus, the interpretation of qj in eqn. 1 is an information-coordinate-wise participation

score of parameter j which measures how much information parameter j contributes across

all principal information directions. In this way, parameters consistently associated with

larger eigenvalues are scored as more informative. This method is thus justified by its

reasonable interpretation from a linear algebra perspective and lends itself nicely to the

relative estimability ranking of parameters.

S3 Derivation of the E[SSE] Objective Function

Consider a random vector for the error between our GP model and simulated data as

r(T,θ) =
{
r(T,θA⊤

m)
}M
m=1

∼ N
(
µr(T,θ),Σ(T,θ)

)
(3)
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where

µr(T,θ) =



yexp1,p,T − µGP,p

(
T,θA⊤

1

)
yexp2,p,T − µGP,p

(
T,θA⊤

2

)
...

yexpM,p,T − µGP,p

(
T,θA⊤

M

)


(4)

and

Σ(T,θ)mm′ = Σ
(
T,θA⊤

m ; T,θA⊤
m′

)
, m,m′ = 1, . . . ,M. (5)

We then define the full model of SSE loss as L̃ (T,θ) = r⊤(T,θ)Wr(T,θ) where matrix

W is a matrix of weights. We derive an analytical solution for E[L̃ (T,θ)] (E[SSE]) follow-

ing the derivation by Rencher and Schaalje.10 We begin by noting that since r(T,θ) is a

1 × N vector, that L̃ (T,θ) is a scalar. This allows us to compute E[L̃ (T,θ)] by analyti-

cally computing the mean and covariance components of r(T,θ) separately and noting that

E[rr⊤] = Σ(T,θ) + µrµ
⊤
r where µr holds regardless of whether predictions are correlated.

This derivation also takes advantage of the properties of the trace function which allows

us to factor out W and calculate the expected value of the unscaled loss function (E[rr⊤])

analytically.
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E[L̃ (Xexp,θ)] = E[r⊤Wr] = E[Tr(r⊤Wr)] (6a)

= E[Tr(Wrr⊤)] (6b)

= Tr(E[Wrr⊤]) (6c)

= Tr(WE[rr⊤]) (6d)

= Tr(W(Σ(T,θ) + µrµ
⊤
r )) (6e)

= Tr(WΣ(T,θ) +Wµrµ
⊤
r ) (6f)

= Tr(WΣ(T,θ)) + Tr(µ⊤
r Wµr) (6g)

= Tr(WΣ(T,θ)) + µ⊤
r Wµr (6h)

In this work we use the covariance matrix of the experimental measurements as weights

such that W = Σ−1
exp. Further, we assume that experimental measurements are independent

across molecules and temperatures i.e., Σ−1
exp is a diagonal matrix of the variances of each

experimental measurement:

Σ−1
exp =



1
σ2
exp,1,1,1

0 · · · 0

0 1
σ2
exp,2,2,2

· · · 0

...
...

. . .
...

0 0 · · · 1
σ2
exp,m,p,T


(7)

Thus eqn. (6h) simplifies as follows through the properties of the trace of a matrix:

E[L̃ (T,θ)] =
∑
m∈M

∑
p∈P

∑
T∈T

1

σ2
exp,m,p,T

(
yexpm,p,T − µGP,p(T,θA

⊤
m)
)2

+
σ2
GP,p(T,θA

⊤
m)

σ2
exp,m,p,T

. (8)
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S4 Derivation of the Approximation of the FIM Using

the Hessian of the E[SSE] Objective Function

From SI section S3 the E[SSE] objective function in eqn. (27), g(θ), with respect to LJ

parameters, θ, is:

g(θ) = Tr(Σexp
−1Σ) + µ⊤

r Σ
−1
expµr. (9)

Note that the arguments of Σ(T,θ) and µr(T,θ) are omitted for convenience.

Let us define, µGP = µGP;m,p,T and ΣGP = σ2
GP;m,p,T ∀ n := {m, p, T} ∈ N where

N := {M,P , T }. If we note that because yexp and the elements of Σexp
−1 are constants, the

first derivative of the residuals with respect to the LJ parameters are equal to those of the

GP for a given molecule and property such that ∇r⊤ = ∇µ⊤
GP. Given the definition of µGP,

each element of the first derivative (ignoring a factor of two in the first term) of eqn. (9)

with respect to the LJ parameters only can be approximated as:

∇g(θ)j = Tr

(
Σexp

−1∂ΣGP

∂θj

)
+ µ⊤

r Σexp
−1∂µGP

∂θj
. (10)

Given this definition, we can also define each element of the second derivative as:

∇2g(θ)j,j′ = Tr

(
Σexp

−1 ∂
2ΣGP

∂θj∂θj′

)
+

∂µ⊤
GP

∂θj
Σexp

−1∂µGP

∂θj′
+ µ⊤

r

∂2µGP

∂θj∂θj′
. (11)

However, we can expect that at the maximum likelihood estimate (MLE), all values of µr

are near-zero. Therefore, eqn. (11) simplifies to:

∇2g(θ)j,j′ = Tr

(
Σexp

−1 ∂
2ΣGP

∂θj∂θj′

)
+

∂µ⊤
GP

∂θj
Σexp

−1∂µGP

∂θj′
. (12)

Recall that for this work, we assume that experimental measurements are independent across

molecules and temperatures such that Σ−1
exp is a diagonal matrix defined by eqn. (7). Thus,
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eqn. (12) can also be simplified:

Hj,j′ = ∇2g(θ)j,j′ ≈
∑
n∈N

1

σ2
exp,n

(
∂µGP

∂θj

)⊤(
∂µGP

∂θj

)
+
∑
n∈N

1

σ2
exp,n

∂2ΣGP

∂θ2j
. (13)

S5 Comparison Between Rigid Bond and Flexible Bond

Implementations.

We computed liquid densities as a function of temperature for all of the molecules in this

study using the LJ parameters from AT-6b and either rigid bonds, or flexible bonds modeled

with the GAFF harmonic bond potential. This section shows the numerical results for this

analysis.

Table S2: Average percent deviation of liquid density between the rigid bond and flexible
bond implementations using the AT-6b LJ parameters

Molecule APD %
R-116 2.46

HFC-125 0.93
HFC-134a 0.20

R-14 30.30
HFC-143 0.59
HFC-143a 1.51
HFC-152a 0.93
HFC-161 0.57
R-170 0.27
HFC-23 0.92
HFC-32 0.86
HFC-41 1.00
R-50 2.12
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Figure S6: Liquid density predictions as a function of temperature for the rigid bond and
flexible bond implementations for R-14.
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Figure S7: Liquid density predictions as a function of temperature for the rigid bond and
flexible bond implementations for HFC-23.
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Figure S8: Liquid density predictions as a function of temperature for the rigid bond and
flexible bond implementations for HFC-32.
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Figure S9: Liquid density predictions as a function of temperature for the rigid bond and
flexible bond implementations for HFC-41.
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Figure S10: Liquid density predictions as a function of temperature for the rigid bond and
flexible bond implementations for R-50.
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Figure S11: Liquid density predictions as a function of temperature for the rigid bond and
flexible bond implementations for R-116.
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Figure S12: Liquid density predictions as a function of temperature for the rigid bond and
flexible bond implementations for HFC-125.
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Figure S13: Liquid density predictions as a function of temperature for the rigid bond and
flexible bond implementations for HFC-143a.
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Figure S14: Liquid density predictions as a function of temperature for the rigid bond and
flexible bond implementations for HFC-143.
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Figure S15: Liquid density predictions as a function of temperature for the rigid bond and
flexible bond implementations for HFC-152a.
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Figure S16: Liquid density predictions as a function of temperature for the rigid bond and
flexible bond implementations for R-170.
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Figure S17: Liquid density predictions as a function of temperature for the rigid bond and
flexible bond implementations for HFC-134a.
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Figure S18: Liquid density predictions as a function of temperature for the rigid bond and
flexible bond implementations for HFC-161.
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S6 Full Model Validation Results

This section contains the figure which breaks down the validation results of each FF studied

in this work by molecule and property.

Figure S19: Average MAPD over all temperature values for each molecule and property of
interest. Training set molecules appear on the left and testing set molecules appear on the
right. We are unaware of enthalpy of vaporization data for HFC-143 and as such, MAPD
values could not be computed. Previous work was completed by Befort et al. 11 (HFC-32 and
HFC-125) and Wang et al. 12 (R-14, R-50, HFC-134a, HFC-143a, and R-170).

S7 Estimability Analysis Tables

This section displays the eigen-decomposition and orthoganlization algorithm analysis of the

relevant atom typing schemes in this work. Note that in this section H is the Hessian of the

objective function with respect to the LJ parameters. λ is an eigenvalue. Note that larger

eigenvalues correspond to more important parameters.
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Table S3: AT-6a eigen-decomposition

1 2 3 4 5 6 7 8 9 10 11 12

λ of H 1.98× 108 8.78× 107 9.54× 106 1.76× 106 1.18× 106 9.51× 105 6.36× 105 3.50× 105 7.08× 104 1.62× 105 0.00 0.00
σC −2.20× 10−1 7.60× 10−1 −3.10× 10−1 −4.66× 10−1 −2.86× 10−2 2.11× 10−1 1.12× 10−1 3.70× 10−2 −4.11× 10−2 −1.37× 10−2 0.00 0.00
σHc 4.22× 10−3 −2.50× 10−2 1.24× 10−1 4.23× 10−2 2.04× 10−1 4.65× 10−1 1.48× 10−1 −8.38× 10−1 2.88× 10−4 1.26× 10−4 0.00 0.00
σH1 1.48× 10−3 −4.70× 10−3 1.39× 10−2 1.41× 10−1 −1.36× 10−1 −1.91× 10−1 9.61× 10−1 4.03× 10−2 −2.05× 10−2 −1.12× 10−2 0.00 0.00
σH2 1.47× 10−3 −3.02× 10−3 6.14× 10−3 2.42× 10−2 −5.38× 10−3 −5.01× 10−2 −3.32× 10−2 −3.31× 10−2 −4.66× 10−1 −8.82× 10−1 0.00 0.00
σH3 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 1.00 0.00
σF 9.41× 10−1 3.29× 10−1 5.89× 10−2 4.36× 10−2 4.99× 10−3 −1.42× 10−2 −9.04× 10−3 −2.41× 10−3 3.31× 10−3 1.51× 10−3 0.00 0.00
ϵC −1.45× 10−1 3.59× 10−1 −3.37× 10−1 8.31× 10−1 1.85× 10−1 −2.02× 10−2 −9.19× 10−2 −1.74× 10−3 5.23× 10−2 −5.10× 10−3 0.00 0.00
ϵHc −7.69× 10−3 5.23× 10−2 −2.81× 10−1 −9.69× 10−2 −3.43× 10−1 −6.90× 10−1 −1.43× 10−1 −5.40× 10−1 2.97× 10−2 4.64× 10−2 0.00 0.00
ϵH1 −1.82× 10−3 5.41× 10−3 −1.16× 10−2 −2.07× 10−1 8.84× 10−1 −4.11× 10−1 7.53× 10−2 −1.18× 10−2 8.76× 10−3 5.17× 10−3 0.00 0.00
ϵH2 −9.42× 10−4 8.24× 10−4 1.33× 10−3 5.25× 10−2 1.40× 10−2 −1.29× 10−2 −2.14× 10−2 −4.96× 10−3 −8.81× 10−1 4.69× 10−1 0.00 0.00
ϵH3 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 1.00
ϵF −2.11× 10−1 4.27× 10−1 8.32× 10−1 1.15× 10−1 −6.78× 10−2 −2.33× 10−1 −8.00× 10−2 −4.50× 10−2 2.10× 10−2 1.44× 10−2 0.00 0.00

Table S4: AT-6b eigen-decomposition

1 2 3 4 5 6 7 8 9 10 11 12

λ of H 1.96× 108 6.39× 107 2.48× 107 5.01× 106 3.51× 106 1.60× 106 1.39× 106 8.07× 105 6.10× 105 4.31× 104 8.09× 104 1.79× 105

σCm −1.78× 10−6 −5.24× 10−5 −3.55× 10−3 6.51× 10−2 5.11× 10−1 1.84× 10−2 6.06× 10−2 −1.10× 10−1 1.85× 10−1 −7.86× 10−1 2.58× 10−1 1.99× 10−3

σC1 −1.53× 10−1 −7.09× 10−1 1.96× 10−1 3.49× 10−1 −4.03× 10−2 −3.28× 10−1 −3.67× 10−1 1.34× 10−1 2.27× 10−1 1.13× 10−3 1.54× 10−3 1.80× 10−2

σC2 −1.77× 10−2 −6.57× 10−2 −7.93× 10−1 1.73× 10−1 −8.77× 10−2 −7.24× 10−3 6.05× 10−3 −9.65× 10−2 2.48× 10−1 −1.28× 10−1 −4.90× 10−1 −3.60× 10−2

σHc 6.17× 10−4 2.62× 10−3 5.29× 10−2 −3.64× 10−2 1.72× 10−1 2.55× 10−2 1.03× 10−1 −2.38× 10−1 4.51× 10−1 2.96× 10−1 1.26× 10−1 −7.70× 10−1

σH 3.25× 10−3 7.82× 10−3 3.63× 10−3 −3.48× 10−2 1.08× 10−2 4.72× 10−1 5.83× 10−2 7.89× 10−1 3.86× 10−1 3.68× 10−3 1.08× 10−2 1.36× 10−2

σF 9.63× 10−1 −2.62× 10−1 −1.15× 10−2 −2.92× 10−2 3.17× 10−3 2.69× 10−2 3.11× 10−2 −1.16× 10−2 −1.91× 10−2 8.21× 10−5 6.73× 10−4 −1.25× 10−3

ϵCm −2.70× 10−6 −7.49× 10−5 −5.02× 10−3 8.93× 10−2 6.90× 10−1 2.34× 10−2 7.52× 10−2 −1.20× 10−1 1.77× 10−1 4.80× 10−1 −1.29× 10−1 4.65× 10−1

ϵC1 −1.07× 10−1 −3.15× 10−1 1.09× 10−1 4.89× 10−1 −1.15× 10−1 5.07× 10−1 5.28× 10−1 −2.15× 10−1 −2.06× 10−1 −3.38× 10−4 5.92× 10−4 −9.54× 10−3

ϵC2 −1.21× 10−2 −4.14× 10−2 −5.22× 10−1 1.45× 10−1 −4.70× 10−2 −1.98× 10−2 −5.46× 10−2 5.12× 10−2 −7.95× 10−2 2.15× 10−1 7.97× 10−1 8.91× 10−2

ϵHc −7.63× 10−4 −5.56× 10−3 −1.30× 10−1 2.13× 10−1 4.39× 10−1 −3.83× 10−2 −1.49× 10−1 3.53× 10−1 −6.24× 10−1 4.23× 10−2 −1.58× 10−1 −4.26× 10−1

ϵH −2.77× 10−3 −6.98× 10−3 −1.19× 10−2 1.72× 10−2 −1.44× 10−2 −6.25× 10−1 7.17× 10−1 3.04× 10−1 3.64× 10−2 6.62× 10−4 5.48× 10−3 −9.50× 10−4

ϵF −1.91× 10−1 −5.68× 10−1 −1.68× 10−1 −7.26× 10−1 1.23× 10−1 1.32× 10−1 1.48× 10−1 −3.25× 10−2 −1.71× 10−1 −1.16× 10−3 −1.85× 10−3 −1.82× 10−2
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Table S5: Importance ranking of AT-4 LJ parameters

Ranking
Eigen

Decomposition
Algorithm 14

1 σH σC2

2 ϵH σF

3 σC1 σC1

4 ϵC1 ϵF

5 σC2 ϵC1

6 ϵC2 ϵC2

7 ϵF σH

8 σF ϵH
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Table S6: Importance ranking of AT-6a LJ parameters

Ranking
Eigen

Decomposition
Algorithm 14

1 ϵH2 σC

2 σH2 σF

3 ϵC ϵF

4 σC σHc

5 ϵHc ϵHc

6 ϵF ϵC

7 σH1 σH1

8 ϵH1 ϵH1

9 σF ϵH2

10 σHc σH2

11 σH3 σH3

12 ϵH3 ϵH3
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Table S7: Importance ranking of AT-6b LJ parameters

Ranking
Eigen

Decomposition
Algorithm 14

1 ϵHc σC2

2 σHc σF

3 σH ϵCm

4 σC2 σC1

5 σC1 ϵF

6 ϵC1 σHc

7 σCm σCm

8 ϵCm ϵC1

9 ϵF ϵHc

10 ϵC2 σH

11 ϵH ϵH

12 σF ϵC2
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Table S8: Importance ranking of AT-8 LJ parameters

Ranking
Eigen

Decomposition
Algorithm 14

1 ϵF2 σC2

2 σF2 ϵCm

3 σF3 σC1

4 ϵF3 σF3

5 ϵC1 σF4

6 ϵC2 σH

7 σH σF2

8 ϵCm ϵF4

9 σF1 σCm

10 σC2 ϵH

11 σC1 ϵC2

12 ϵF1 ϵF2

13 σCm ϵF3

14 ϵF4 σF1

15 ϵH ϵC1

16 σF4 ϵF1
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S8 GP Error Metrics

This section details the GP MAPD for each molecule and property for the testing set.

Table S9: GP testing set MAPD values

Property R-14 HFC-32 R-50 R-170 HFC-125 HFC-134a HFC-143a

∆Hvap 0.21 0.26 0.19 0.27 0.27 0.27 0.53

ρl 0.22 0.19 0.17 0.24 0.20 0.18 0.29

Pvap 6.93 1.80 2.35 1.67 4.50 5.99 3.11

ρv 14.45 2.34 3.47 3.88 5.58 6.80 4.79
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