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Structural models 

According to Chambers et. al., the tetragonal I4/mcm LLTO is the ground-state polymorph.1 
Thus, we retrieved the tetragonal I4/mcm SrTiO3 (mp-4651) from the materials project (MP) 
repository as a reference pristine perovskite structure.2 We chose SrTiO3 because its A-site 
ionic radius (Sr2+) is close to the ionic radius of La3+.3 At different stages of the study, two 
distinct working-ion concentration regimes were analyzed: a computationally efficient low 
concentration (lc) A’0.125A”0.625□0.25B1X3 (A’1A”5□2B8X24) for compositional screening with 38-
atom unit cell and a high concentration (hc) A’0.3125A”0.5625□0.125B1X3 (A’5A”9□2B16X48) for the in-
depth study stage with 78-atom unit cell. A’, A”, □, B, and X are the working-ion, large-ionic-
radius cation, A-site vacancy, small-ionic-radius cation, and anion, respectively.  

To obtain the desired lc and hc compositions, we implemented the 
SupercellTransformation, RemoveSitesTransformation, and 
SubstitutionTransformation of the transformations.standard_transformations 
module from Pymatgen.4 Further, we used the DLSVolumePredictor module from 
Pymatgen to obtain better initial structures upon changing the composition of the reference 
pristine perovskite structure.  

Structural stability 

To evaluate the perovskite structural stability, we calculated the Goldschmidt tolerance 
factor (t), the octahedral factor (µ), and the machine-learned tolerance factor τ using 
Shannon ionic radii and the weighted average effective ionic radius for the A-site species (𝑟�̅�) 
for all the studied compositions, as described in eqs. S1, S2, S3, and S4, respectively. 3,5–8 

𝑡 =  
𝑟𝐴̅̅̅̅  + 𝑟𝑋

√2(𝑟𝐵+ 𝑟𝑋 )
       (S1) 

µ =  
 𝑟𝐵

𝑟𝑋
                      (S2) 
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                           τ =
 𝑟𝑋

𝑟𝐵 
− 𝑛𝐴(𝑛𝐴 − 

𝑟𝐴̅̅̅̅ / 𝑟𝐵

𝑙𝑛(𝑟𝐴̅̅̅̅ / 𝑟𝐵 )
 )      (S3) 

𝑟�̅� = ∑ 𝑥𝑖
𝑛
𝑖=1 . 𝑟𝐴𝑖

   (S4) 

Where rB, rX, nA, n, xi, and 𝑟𝐴𝑖
 are the B-site species ionic radius, the X-site species ionic 

radius, the weighted average of the oxidation state of A (i.e, 2+ for this study), the number of 
species co-occupying the A-site, the ratio of the Ai at the A-sites, and the effective ionic 
radius of a 12-coordinated cation Ai, respectively. Shannon ionic radii were used,3 while the 
radius of the vacancy was assumed to be equal to Sr2+’s ionic radius of the reference pristine 
perovskite. The stable structures should satisfy 0.75 < t < 1, µ  > 0.414, and τ < 4.18. The t, µ, 
and τ values of the studied compositions are provided in Table 1 and Table S1. 

Table S1 Summary of compositional screening results for the hc compositions, including evaluations of 
structural, thermodynamic, and electrochemical stability, and electronic bandgaps. t is the Goldschmidt 
tolerance factor, µ  the octahedral factor, τ  machine-learned tolerance factor, Ef  the formation energy, ED  the 
decomposition energy, EW  the electrochemical stability window relative to the working-ion, and Eg  the 
electronic bandgap computed using the HSE DFT functional. 

Structure t µ τ 
Ef 

(eV/atom) 
ED 

(eV/atom) 
Eg (eV) EW (eV) Comment 

hc-NLTO 0.98 0.43 3.85 -3.41 -5.36 3.52 [0, 3.03]* Same as lc-NLTO 

hc-NLZrO 0.93 0.51 3.84 -3.62 -5.55 5.21 [0, 2.68] Same as lc-NLZrO 

hc-NLHfO 0.93 0.51 3.82 -3.71 -5.83 5.60 [0, 2.26] Same as lc-NLHfO 

hc-LLTO 0.96 0.43 3.89 -3.42 -5.37 3.82 [1.53, 3.45] Same as lc-LLTO 

hc-LLZrO 0.91 0.51 3.96 -3.62 -5.55 5.43 [0, 3.19]* Same as lc-LLZrO 

hc-LLHfO 0.92 0.51 3.93 -3.71 -5.78 5.55 [0, 3.28]* Same as lc-LLHfO 
* Denotes metastable electrochemical stability, indicating that the reduction potential onset is metastable. 

Computational Details 

Throughout the study, spin-polarized density functional theory (DFT) calculations were 
performed using the Vienna Ab initio Simulation Package (VASP).9 The projected augmented 
wave (PAW) method was employed to model interactions between valence electrons and 
core ions, with the exchange-correlation potential described using the Perdew–Burke–
Ernzerhof (PBE) generalized gradient approximation (GGA) functional.10 For energy 
minimization, a plane-wave basis set expansion with a cutoff energy of 520 eV was used, 
alongside electronic convergence and ionic force thresholds of 10−5 eV and 0.05 eV/Å, 
respectively. Γ-centered k-point meshes of 2×4×3 and 2×2×3 were used for low- and high-
concentration cells, respectively. We used HSE06 hybrid functional to calculate the 
electronic bandgaps.11 
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Thermodynamic and electrochemical stability calculations 

The configurational entropy (S) was calculated using eq. S5 to obtain the entropic 
contribution (TS) to the free energy.1 At 300 K, TS was found to be 5  meV/atom for lc and hc 
compositions, respectively.  

𝑆 =  
−𝑘𝐵 ∑ ∑ 𝑝𝑗𝑘ln (𝑝𝑗𝑘)𝑘

𝑛
𝑗=1

𝑛
  (S5) 

where n and 𝑝𝑗𝑘 are the number of sites in a given structure, and 𝑝𝑗𝑘 is the partial occupancy 
of element k at site j. 

We calculated the average ensemble energy 〈𝐸〉 via the summation of the products of each 
configuration’s energy (𝐸𝑖) and its corresponding probability (𝑃𝑖) across all the calculated  
configurations, under the assumption of a canonical ensemble at constant temperature and 
pressure, as shown in eqs. S6 and S7,1 

〈𝐸〉 =  ∑ 𝑃𝑖𝐸𝑖𝑖     (S6) 

𝑃𝑖 = 
𝑒

−𝐸𝑖
𝑘𝑇

⁄

∑ 𝑒
−𝐸𝑚

𝑘𝑇⁄
𝑚

   (S7) 

where T is temperature in Kelvin and k is Boltzmann’s constant. 

Notably, we calculated the difference between the average ensemble energy and the least-
energy configurations (LECs) for several structures and found them to be within 5 meV. These 
findings confirm that LEC energy, without considering the entropic contribution, provides a 
reliable basis for further calculations. 

To calculate the thermodynamic and electrochemical stabilities,  phase diagrams were 
constructed using the PhaseDiagram module of Pymatgen.4 The competing phases from 
the MP repository, and the DFT energies of the LECs from our calculations served as the data 
points for constructing the phase diagrams.2 

To assess electrochemical stability, the stable electrochemical window is defined as the 
potential range over which a given phase exhibits decomposition energies ≥ -50 meV/atom, 
as described in eq. S8.12 This metastability threshold was selected to account for the DFT 
margin of error that introduces errors into the calculated energies and for the metastability 
stemming from the kinetic-stabilization effects,13 

∆𝐸𝐷
𝑜𝑝𝑒𝑛(𝑝ℎ𝑎𝑠𝑒 ,  𝜇𝑤𝑖) = 𝐸𝑒𝑞[𝐶𝑒𝑞(𝐶, 𝜇𝑤𝑖)] − 𝐸(𝑝ℎ𝑎𝑠𝑒) −  ∆𝑛𝑤𝑖𝜇𝑤𝑖            (S8) 

where ∆𝐸𝐷
𝑜𝑝𝑒𝑛 is the decomposition reaction energy at a given chemical potential (µwi) against 

the working-ion (wi), 𝐶𝑒𝑞 and 𝐸𝑒𝑞 are the composition and the total formation energy of the 
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competing phase equilibria at a given chemical potential µwi, 𝐸(𝑝ℎ𝑎𝑠𝑒) is the formation energy 
of the phase of interest, and ∆𝑛 the change in the number atoms of a given element at 
chemical potential µwi. 

In our thermodynamic and electrochemical calculations, we combined our DFT results for 
PTEs with thermodynamic data from the MP repository. The MP repository applies the 
MP2020 energy correction to standardize the energy scale by fitting energy corrections to 
experimental data, ensuring consistency across material entries within its database.14 
However, applying this correction strictly requires adherence to the MP conventions for  
VASP input parameters defined in the pymatgen.io.vasp.sets.MPRelaxSet. Using 
this compatibility scheme with calculations based on different parameters is not valid.4 In 
this study, we employed more stringent VASP setup parameters than that adopted in the MP 
repository, necessitating a customized correction to avoid erroneous results upon 
combining our data with thermodynamic data from the MP repository. To address this, we fit 
our energy correction to the well-established reduction potential onset of LLTO (~1.7 V vs. 
Li/Li⁺) to determine the appropriate correction, as shown in Figure S1(a).12,13 Additionally, to 
validate our correction, the calculated formation energy of LLTO (-3.5 eV/atom) closely 
matches values reported in the literature.¹ 

 

Figure S1 (a) LLTO Electrochemical windows using various corrections, where the MP correction applies the 
MP2020 energy correction to standardize energy scales by fitting to experimental data. While our correction 
was determined by fitting to the reduction potential onset of LLTO (~1.7 V vs. Li/Li⁺). (b) Electrochemical 
stability of NLTO, NLZrO, and NLHfO, where NLZrO and NLHfO demonstrated stability against metal anodes 
with high oxidation potential onset. 

 

Nudged Elastic Band Calculations 

To evaluate the working-ion diffusion barriers for PTEs, we computed the minimum energy 
pathway (MEP) between a working-ion (A-site) to a neighboring vacant A-site. We used the 
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climbing-image solid-state nudged elastic band (CI SS-NEB) method at the PBE DFT level of 
theory, where the diffusion path was divided into a number of equidistant configurations 
(images).15–17 Fortunately, the LECs feature a neighboring vacant A-site adjacent to a 
working-ion. For a given PTE, the LEC itself was used as the initial image, while the final image 
was prepared by exchanging the working-ion with its adjacent vacant A-site. To ensure 
precise CI SS-NEB calculations, stricter DFT setup was applied, including an electronic 
energy convergence threshold of 10−6 eV and an ionic force threshold of 0.01 eV/Å for the 
geometry optimization of the initial and final images. To compute the MEP, a Γ-point centered 
243 and 223 k-point mesh was used for Brillouin zone integration for the lc and hc 
compositions, respectively. A plane-wave basis set expansion with a cutoff energy of 520 eV 
was used. The relaxation of electronic degrees of freedom was terminated when the change 
in total energies between two consecutive electronic steps was < 10-6 eV. The structural 
relaxations were completed when the residual force on each atom was < 0.025 eV/Å. We 
report the 13-image MEP representing steps along the MEP from the initial state (A-site) 
moving toward the neighboring vacant A-site. 

Figure S2 (a-d) CI-SS-NEB-computed approximate minimum energy pathway (MEP) for working-ion 
diffusion in various PTE compositions. The MEP starts from the initially working-ion occupied A-site, 
passes through the octahedral transport channel bottleneck (the transition state), and proceeds toward 
the initially vacant neighboring A-site.  
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Table S2 Diffusion barriers and bottlenecks for lc and hc compositions for LLTO, LLZrO, LLHfO, NLTO, 
NLZrO, and NLHfO. While LLZrO and LLHfO exhibit reasonable diffusion barriers, these values remain 
consistently higher than those of LLTO. On the other hand, the studied PTEs are deemed impractical for 
use in metal sodium all-solid-state batteries with diffusion barriers exceeding 0.85 eV. 

 

Mechanical Properties 

To ensure precision in mechanical property calculations, stricter criteria of 10−8 eV for 
electronic energy convergence and 0.01 eV/Å for ionic force convergence were applied for 
geometry optimizations. This study employed the stress-strain method with lattice strains of 
±(0.005, 0.01, and 0.015) to evaluate the mechanical properties of triclinic cells, after 
undergoing geometry optimization from the initial tetragonal cells. Due to their low 
symmetry, triclinic cells have 21 independent elastic constants that can be calculated by 
applying finite distortions to the unit cell. For a triclinic cell to be mechanically stable, its 
elastic constants must satisfy the Born stability criteria.18–20 The general stability criteria for 
the elastic constant matrix C are: 

1. Positive definiteness, which must have all positive eigenvalues of C. 
2. The leading principal minors of the matrix must be positive. 
3. All elastic constants for diagonal terms are positive.  

The bulk modulus (B) and shear modulus (G) of the polycrystalline state were calculated 
using the Voigt–Reuss–Hill (VRH) approximation,21 and the Young’s modulus (E) was 
approximated as follows:22 

E=9BG/(3B+G) 

Structure 
Forward diffusion 

barrier (eV) 
Backward diffusion 

barrier (eV) 
Kinetic-resolved 

barrier (eV) 
Bottleneck (Å) 

lc-LLTO 0.263 0.311 0.287 0.722 
lc-LLZrO 0.387 0.287 0.337 0.832 
lc-LLHfO 0.498 0.417 0.458 0.823 
lc-NLTO 1.145 0.871 1.008 0.817 

lc-NLZrO 1.064 0.692 0.878 0.981 
lc-NLHfO 1.095 0.753 0.924 0.969 
hc-LLTO 0.146 0.040 0.093 1.226 

hc-LLZrO 0.249 0.576 0.413 1.625 
hc-LLHfO 0.362 0.188 0.275 0.949 
hc-NLTO 1.149 1.016 1.083 1.078 

hc-NLZrO 1.233 1.063 1.148 0.968 
hc-NLHfO 1.297 1.124 1.211 0.951 
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Within the linear elastic region, the stress (σ) and strain (ϵ) satisfy the generalized Hooke’s 
law, which can be expressed in the Voigt notation 

𝜎𝑖 = ∑𝐶𝑖𝑗𝜖𝑗

6

𝑗=1

 

where the strain or stress is represented as a vector with six independent components of 1 
≤ i, j ≤ 6 and Cij is the second-order elastic stiffness tensor shown by a 6 × 6 symmetric matrix 
in units of GPa.23 

𝑪 =

[
 
 
 
 
 
𝐶11 𝐶12 𝐶13

𝐶12 𝐶22 𝐶23

𝐶13 𝐶23 𝐶33

𝐶14 𝐶15 𝐶16

𝐶24 𝐶25 𝐶26

𝐶34 𝐶35 𝐶36

𝐶14 𝐶24 𝐶34

𝐶15 𝐶25 𝐶35

𝐶16 𝐶26 𝐶36

𝐶44 𝐶45 𝐶46

𝐶45 𝐶55 𝐶56

𝐶46 𝐶56 𝐶66]
 
 
 
 
 

 

 

a. Mechanical criteria for SSE 

A previous study computed the shear modulus for BCC Li metal as 4.25 GPa, implying that 
to inhibit dendrite formation solid-state electrolytes (SSEs) must have room temperature 
shear modulus values greater than ∼8.5 GPa.24,25 However, a decrease in the elastic 
modulus values have been reported for increased temperatures. Because the calculations 
are for the ground state (0 K), the shear moduli are high. However, it was reported that near 
0 K, the elastic modulus could increase by 5%, meaning that to prevent dendrite formation  
shear moduli  should be ~ 8.9 GPa.  

The universal anisotropy number (UAN) quantifies the degree of anisotropy in a solid-state 
electrolyte (SSE).26 A UAN greater than 1 indicates significant directional dependence of 
mechanical properties (anisotropic), suggesting that the SSE exhibits different stiffness, 
strength, or ductility in different crystallographic directions.26 Understanding the UAN helps 
in optimizing materials for specific applications where uniform properties are desired 

The Debye temperature in SSEs indicates the temperature range over which lattice vibrations 
(phonons) significantly contribute to thermal properties. A higher Debye temperature 
suggests stronger bonding interactions and higher stiffness, which can enhance ionic 
conductivity at elevated temperatures. It reflects the material's ability to withstand thermal 
stress, influencing the stability and performance of SSEs in battery applications.27 Thus, the 
Debye temperature serves as a useful parameter for predicting thermal behavior and phase 
stability in solid-state electrolytes.  
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b. Stiffness Tensor Cij (in GPa) 

LEC-hc-LLTO 

[
 
 
 
 
 
422.840    204.799 214.909
204.799    415.417 229.904
214.909    229.904 360.401

−6.354 −0.884 8.239
 0.569 −8.400 10.135
7.081  −2.241 −7.543

−6.354      0.569 7.081
−0.884     −8.400 −2.241
8.239     10.135 −7.543

95.915 5.269 3.018
 5.269 97.555 −1.748
 3.018 −1.748 89.535 ]

 
 
 
 
 

 

LEC -hc-LLZrO (unstable) 

[
 
 
 
 
 
222.825     89.530 75.276

89.530 232.339 79.943
75.276       79.943 216.676

−2.900 −0.611 6.944
−12.319 −1.004 4.785
−19.028 −5.524 5.598

−2.900      −12.319  −19.028
−0.611       −1.004 −5.524
6.944        4.785 5.598

68.848 5.022 −8.862
5.022 −51.022 −1.483

 −8.862 −1.483 86.143]
 
 
 
 
 

 

2nd LEC -hc-LLZrO 

[
 
 
 
 
 
206.815     99.309 73.793
99.309    204.569 76.624
73.793     76.624 129.561

15.727 −9.890 7.680
−2.716 1.055 −21.473
 −1.364  6.214 −3.488

15.727     −2.716 −1.364
−9.890      1.055 6.214      

7.680 −21.473 −3.488

59.471 1.253 −17.273
1.253 64.515 12.609

−17.273 12.609 71.524 ]
 
 
 
 
 

 

LEC -hc-LLHfO 

[
 
 
 
 
 
246.018    102.786 74.642
102.786    234.038 79.833
74.642     79.833 228.702

−1.633  1.370  −10.226
−7.900  −3.392 −0.500
 −4.709  0.610 −6.610

−1.633     −7.900 −4.709
1.370     −3.392 0.610

−10.226     −0.500 −6.610

66.243 2.599 −1.570
2.599 66.354 4.272

−1.570 4.272 83.522 ]
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Figure S3 pCOHP analysis for LLTO (red), LLZrO (Black), and LLHfO (Olive green). The analysis was conducted 
for the initial (Li@A-site) and TS (Li@TS) configurations obtained from the NEB images. 
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