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1 Methodological Details

This section provides additional mathematical details for the construction of the Weighted Colored
Subgraphs (WCS) discussed in the main text.

In the BBBP datasets, we consider 12 atom types: C, H, O, N, P, Cl, F, Br, S, Si, I, and X
(where X represents all other atom types). Thus, C; = C, Cy = H, and so on.

In all subgraph constructions, we exclude covalent interactions where two atoms are too close to
each other. To enforce this constraint, we set a cutoff such that if the distance between two atoms
satisfies [|r; — 7] < Tvdw, + Tvaw, + o, the interaction is ignored. Here, o is the standard deviation
of all van der Waals radii in the given dataset.

The pairwise interaction of all the atoms in a subgraph G/ can be represented in the weighted
adjacency matrix as follows:

®([ri —rjillsmenr) s if (4, 5) € Epnr
0, otherwise

(A (@, 1)) 15 = { (S1)

The degree matrix Dy is a diagonal matrix where each entry (Dgx)q; represents the sum of the
weights of all edges connected to atom ¢. This value is used directly in the final feature construction
and is computed as:

(Dkkr)y; = Z (Akrr);; (52)
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Finally, the Laplacian matrix Ly is computed as:
Ly = Dygr — A (S3)

The adjacency and Laplacian matrices capture the structural properties of the subgraph and
are useful for further spectral and geometric analysis of the graph.

2 Model Parametrization and Hyperparameter Optimiza-

tion
Table S1: Hyperparameter search space for GMC-MPNN.
Hyperparameter Search Space
Activation RELU, LEAKYRELU, PRELU, TANH, SELU, ELU
Aggregation MeanAggregation, SumAggregation, NormAggregation
Aggregation Norm Uniform distribution: [1, 200] (step size = 1)
Batch Size Discrete choices: 16, 32, 64, 128, 256
Depth Random integer: [2, 6] (step size = 1)
Dropout 0.0, 0.05, 0.1, 0.15, ..., 0.45
FFN Hidden Dim Random integer: [300, 2400] (step size = 100)
FFN Num Layers Random integer: [1, 3]
Final LR Ratio Log-uniform distribution: [le-2, 1]
Message Hidden Dim  Random integer: [300, 2400] (step size = 100)
Init LR Ratio Log-uniform distribution: [le-2, 1]
Max LR Log-uniform distribution: [le-4, 1e-2]
Kernel type Exponential, Lorentz
Scaling factor (7) 0.5, 1.0, ..., 10 (Step size 0.5)
Power (k) 0.5, 1.0, ..., 20 (Step size 0.5)

We systematically optimize hyperparameters using Optuna over the search space defined in Ta-
ble S1. The search focuses on parameters such as activation functions, aggregation methods, model
depth, dropout rates, feedforward network dimensions, learning rate schedules, and batch sizes. The
search was performed on a cluster with a single NVIDIA H100 GPU (80GB VRAM). A complete
search for one dataset required about 3-5 minutes.

Additionally, we also optimize WCS kernel parameters (8, k, 7) to achieve robust atom-level
descriptors. Here, 8 specifies the kernel type (generalized exponential, 8 = FE, or Lorentz, 8 = L),
T acts as a scaling factor determining the characteristic distance ngr = 7(r, + r1/), and & is the
power parameter of the kernel function [1].

We generated 1600 WCS feature variants, each corresponding to a unique combination of kernel
parameters (8, , T) selected from the grid 7 € [0.5,10] and s € [0.5,20] (increments of 0.5). For
each GMC-MPNN model variant (defined by the feature aggregation method, e.g., Max Features),
we evaluated performance using all 1600 kernel configurations, selecting the kernel that yielded the
best validation set score. This optimal configuration was then used for final benchmarking on the
test set. Table S2 shows the best hyperparameters identified for the primary model variants on the



three datasets. The generated phase was performed on a cluster with a 40-core CPU, and each of
the WCS features variants cost about 8 minutes per dataset.

Table S2: Best overall hyperparameter configurations found for the BBBP classification datasets
(BBBP)eNet | pBBPB3PB) and B3DB regression dataset (BBBPE3PE).

cls reg

Hyperparameter BBBP)elNet BBBPESDB BBBPRIPB
Activation LEAKYRELU RELU PRELU
Aggregation SumAggregation MeanAggregation MeanAggregation
Aggregation Norm 57 4 41

Batch Size 32 32 16

Depth 5 3 3

Dropout 0.0 0.0 0.0

FFN Hidden Dim 900 700 2200

FFN Num Layers 2 2 1

Final LR Ratio 0.104 0.024 0.033
Message Hidden Dim 2200 1300 1400

Init LR Ratio 0.011 0.041 1.0

Max LR 0.00521 0.00385 6.38e-04
Kernel Type Exponential Lorentz Lorentz
Scaling Factor (1) 0.5 0.5 7.5

Power (k) 17.0 7.0 16.0

3 Dataset Preparation

The dataset BBBPINet is the MoleculeNet [2] classification dataset comprising a total of 2,039
compounds, with 1,560 classified as positive (BBB+) and 479 as negative (BBB-). We clean the
SMILES strings by removing isolated ions such as [H'] or [C1™], along with their associated prefixes.
The 3D structures for this dataset are provided by WeiLab [3].

Both the second classification dataset, BBBPCI?EDB, and the regression dataset, BBBPE;DB, are
derived from the B3DB benchmark introduced by Meng et al. [4]. The classification dataset initially
contained 7,807 compounds, while the regression dataset included 1,051 compounds annotated with
SMILES strings and logBB values.

Since neither the B3DB dataset provides 3D molecular structures, we applied a consistent pre-
processing pipeline to both. First, we cleaned the SMILES strings by removing isolated ions and
then validated them using RDKit to ensure compatibility with graph-based models. Molecules that
could not be parsed by RDKit were excluded (2 from the classification set, none from the regression
set).

Next, to generate a single, low-energy 3D conformer for each molecule, we implemented a hi-
erarchical pipeline. Our primary method utilized the OpenEye OMEGA Toolkit [5] to perform a
knowledge-based conformational search and write the single, lowest-energy structure to a MOL2
file. For molecules failing with OMEGA, we employed an open-source fallback: RDKit generated
an initial 3D structure (ETKDGv2), saved as PDB, which OpenBabel [6] converted to MOL2.

Despite this, 65 molecules in the classification set and 4 in the regression set failed conversion.
Consequently, we obtained 7,740 valid molecules for BBBPE3PE and 1,047 for BBBP,gg, used in

cls



downstream experiments.

A summary of the datasets is provided in Table S3.

Table S3: Summary of datasets used in this study.

Dataset Total Compounds # of BBB+ # of BBB— Dataset Type
BBBP)eINet 2,039 1,560 479 Classification
BBBPS3PB 7,740 4,905 2,835 Classification
BBBPZPB 1,047 N/A N/A Regression

4 Sensitive Analysis

This section provides a comprehensive summary of the sensitivity analysis, illustrating the impact
of varying 7 and k values on the final prediction performance. The following figures (Figures S1,
Figures S2, and Figures S3) present a detailed analysis of the kernel when running different 7 and
k values on the validation set for each dataset. Each figure provides a pair of plots for exponential
kernels and Lorentz kernels, measuring by AUC-ROC for classification and RMSE for the regression

task.
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Figure S1: Sensitivity analysis of kernel hyperparameters on the validation set of the BBB

dataset.
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Figure S2: Sensitivity analysis of kernel hyperparameters on the validation set of the BBBPE3PB

dataset.
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5 Ablation Study Results

Table S4 presents the statistical significance of the top 20 most impactful atom-pair interactions
identified through our ablation study. A one-sample t-test was performed on the change in AUC-
ROC over 20 runs against a null hypothesis of zero change, formally quantifying the contribution
of each interaction type.

Table S4: Statistical significance of top 20 impactful atom-pair interactions from the ablation study.

Ablated Atom Pair Mean Change in AUC t-statistic p-value

N.ar-0.2 9.035 8.809  2.76 x 10726
B-C.3 9.033 9.367  8.62 x 10727
N.pl3-0.2 9.029 9.358  8.79 x 1027
N.3-0.3 9.023 9913 295 x 10727
C.2-0.3 9.022 9.956  2.72x 10?7
F-0.3 9.019 9.159 1.32x 1026
B-N.3 9.014 1.0668 7.33 x 10728
N.3-N.ar 9.014 1.0177 1.79 x 10~27
N.3-N.am 9.013 9.362  8.72 x 107%7
C.ar-N.2 9.012 1.2047  7.30 x 10729
N.2-N.2 9.009 9.726  4.23 x 10727
F-N.ar 9.006 1.0012  2.44 x 10~27
N.am-0.2 9.005 1.0011 2.45 x 10~27
N.3-N.pl3 9.002 9.530  6.22 x 10727
0.2-0.2 9.002 8998 1.85x 1026
N.2-N.am 8.997 1.0292 1.45 x 10~27
B-F 8.997 1.0168 1.82 x 10~27
C.3-S.02 8.996 1.0493 1.00 x 10~27
C.2-F 8.995 9.462  7.13 x 107%7
CI-N.3 8.995 9.252  1.09 x 1026

6 Model Interpretability

To provide insight into our model’s predictions, we used an occlusion-based attribution method
[7] to see how the model’s prediction changes when specific input features are removed. In our
implementation, we systematically zero out the WCS feature vectors associated with individual
atoms and pairs of atoms. The importance score is calculated as the difference between the original
prediction and the prediction after occlusion, measuring the model’s reliance on the geometric
information encoded in those WCS features.

We present 3 case studies, including Pentobarbital (positive, BBB+), M2L-663581 (negative,
BBB-), and 2-Methylpentane (positive, BBB+) from Figures S4 to S6 to demonstrate chemically
meaningful interpretations. Each figure includes a Saliency Overlay, a Pairwise Heatmap showing
the importance score for each atom pair interaction, and a Atom Importance Bar Plot that summary
of the total influence per atom.



For Pentobarbital, the model identifies the central carbon of the isopropyl group and the amine
nitrogen (N) and ether oxygen (O) atoms, along with adjacent carbons, as having the highest
positive influence on the BBB+ prediction (Figures S4a and Figures S4c). The heatmap also
highlights interactions involving these heteroatoms (Figures S4b).
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Figure S4: Model interpretability results for Pentobarbital (Predicted: BBB+).

For the BBB- compound M2L-663581, the model assigns high positive and negative importance
to various oxygen and nitrogen atoms within the complex heterocyclic core and polar side chain

(Figures S5a and Figures S5c), indicating these regions contribute significantly to the prediction of
low permeability.
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Figure S5: Model interpretability results for M2L-663581 (Predicted: BBB-).

For 2-Methylpentane, a simple lipophilic alkane, the model focuses importance on the branched
carbon center (Figures S6a and Figures S6¢), suggesting that the model correctly identifies the
molecule as belonging to the class of small, lipophilic compounds known to permeate the BBB
effectively.
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Figure S6: Model interpretability results for 2-Methylpentane (Predicted: BBB+).

The occlusion analysis confirms our model identifies chemically relevant features influencing
BBB permeability. For the BBB+ compounds, Pentobarbital (Figure S4) and 2-Methylpentane
(Figure S6), the model highlights features associated with successful permeation. In Pentobarbital,
the geometric context of the isopropyl carbon, amine nitrogen, and ether oxygen show high positive
importance. For 2-Methylpentane, the branched carbon center, linked to lipophilicity, is correctly
identified as crucial. Conversely, for the BBB- compound M2L-663581 (Figure S5), significant
importance is attributed to heteroatoms in the complex core and polar side chain, reflecting features
known to hinder permeability.
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