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1 Tight Binding Hamiltonian
In this section, our theoretical calculations commence with the evaluation of a h-B2O tight-
binding (TB) Hamiltonian. Within the realm of condensed matter physics, the reciprocal-space 
Hamiltonian formulation is crucially influenced by two key factors: The first factor pertains 
to the geometric structure in real space, while the second factor relates to the atomic orbitals. 
These factors collectively contribute to the comprehensive description of the electronic prop-
erties under investigation. Consequently, we begin our analysis by examining the geometric 
configuration of h-B2O, where it is evident that the monolayer exhibits a fully planar struc-
ture, comprising honeycomb lattices that are stretched along the x-axis. The h-B2O mono-
layer demonstrates crystallization in the orthorhombic lattice, characterized by the space group 
Cmmm (No. 65), furthermore, this structure demonstrates a C2v symmetry. unit cell, is com-
posed of two B and one O atoms (1a). The First Brillouin Zone (FBZ) associated with the struc-
ture is represented as a distorted hexagonal shape (due to π/2 rotation of the unit cell) (1b). The 
optimum values for the lattice constants, a and b, are 2.806 Å and 7.127 Å, respectively. The 
lengths of the equilibrium bonds B-B and B-O are 1.706 Å and 1.341 Å, respectively. Due to 
the presence of the oxygen atom, we have a deformed hexagonal structure whose bond angles 
are 107.8° and 126.1° respectively [1]. It is time to elucidate the atomic orbitals of h-B2O. By 
considering the atomic numbers of boron (1s22s22p1) and oxygen (1s22s22p4), it can be deter-
mined that h-B2O exhibits four orbitals, namely s, px, py, and pz. These orbitals determine 
the electronic properties of h-B2O. Within this particular framework, we direct our attention 
toward the orbitals whose energy bands are close proximity to the Fermi level, as they assume 
a pivotal function in determining the electronic characteristics. Hence, our specific emphasis is 
directed toward two orbitals, namely py, and pz [2]. But, when considering graphene and β12-
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borophene, it is observed that the pz orbitals play a prominent role in the conduction process,
resulting in the Hamiltonian being exclusively formulated based on these orbitals[3, 4].

Following the elucidation provided regarding the geometric arrangement and the influential
orbitals in the electronic characteristics, a TB model is employed to accurately depict the low-
energy band structure of h-B2O. Despite the presence of two B atoms and one O atom in the
primitive cell, it is possible to simplify the model by removing the O sites. Since the oxygen
atoms occupy a bridging position within the structure, This simplification does not compromise
the symmetry of the model [2]. Therefore, to construct a final version of the TB model, we
shall take into account the contributions of the py and pz orbitals that are associated with B
atoms within the unit cell (see Fig. 2). In order to derive the TB Hamiltonian in the second
quantization representation, we analyze each orbital individually. let us begin by examining the
pz orbitals.

(a) (b)

Figure 1: (a) The crystal structure of h-B2O. The unit cell is indicated by the yellow dashed
line, and the black dashed line marks the rhombic primitive cell. (b) FBZ of h-B2O

Initially, in relation to the designated atoms within the h-B2O structure, we shall allocate
distinct positions to facilitate the identification of atom hoppings i.e.

a⇒ i, b⇒ j

To facilitate comprehension, we initially partition the Hamiltonian into two distinct compo-
nents:

H k⃗
pz = H0︸︷︷︸

On-site energies

+ H1︸︷︷︸
Hopping energies

(1)

the first section calculates on-site energies, while the second part displays the different hop-
pings to the nearest-neighbors ⟨NN⟩. So,

H0 =
∑
i

εaa
†
iai︸ ︷︷ ︸

a atom

+
∑
j

εbb
†
jbj︸ ︷︷ ︸

b atom

(2)

H1 =
∑
<ij>

taba
†
ibj︸ ︷︷ ︸

b 7−→a

+
∑
<ij>

tbab
†
jai︸ ︷︷ ︸

a 7−→b

(3)
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Figure 2: The crystal structure without O atoms, showing the py and pz orbitals of the boron
atoms and their respective neighboring atoms.

Two on-site energies for various atoms in the unit cell (εa and εb) are contained in H0, and
the hoppings from the a atom to the nearest b atoms and vice versa are displayed in H1. The
creation and annihilation operators are denoted as {ai, bi} and {a†i , b

†
i}, respectively. The final

matrix form will be as follows:

H k⃗
pz =

[
εaa

†
iai tija

†
ibj

tjib
†
jai εbb

†
jbj

]
(4)

The coefficient εa and εb represents the on-site energy of electrons.Since the atoms are the
same, εa=εb. Now, the calculation of creation and annihilation operators is necessary. The
relationship between these operators in both real space and reciprocal space can be described as
follows:

ai =
1√
N

∑
k

ake
ik⃗.R⃗i

a†i =
1√
N

∑
k

a†ke
−ik⃗.R⃗i

bj =
1√
N

∑
k

bke
ik⃗.R⃗j

b†j =
1√
N

∑
k

b†ke
−ik⃗.R⃗j

(5)

where N is the number of unit cells in our system. Hence, we use 5 to calculate a†ibj:

∑
〈i,j〉

a†ibj =

[
1√
N

∑
k

a†ke
−ik⃗.R⃗i

]
.

[
1√
N

∑
k′

bk′e
ik⃗′.R⃗j

]

=
∑
〈i,j〉

∑
k

∑
k′

1

N
(e−ik⃗.R⃗i .eik⃗

′.R⃗j)a†kbk′

(6)
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By multiplying eik⃗′.R⃗i .e−ik⃗′.R⃗i in 6, we will obtain:

∑
〈i,j〉

a†ibj =
∑
〈i,j〉

∑
k

∑
k′

1

N
(e−ik⃗.R⃗i .eik⃗

′.R⃗i)(e−ik⃗.R⃗i .eik⃗
′.R⃗j)a†kbk′

=
∑
k

[
1

N

∑
k′

ei(k⃗
′−k⃗).R⃗i

]
.

∑
〈i,j〉

ei(R⃗j−R⃗i).k⃗′

 a†kbk′
=

∑
k

∑
δ⃗NN

ei(δ⃗NN .⃗k)a†kbk =
∑
k

fk⃗a
†
kbk

(7)

where δ⃗NN = R⃗j − R⃗i is lattice vector and

fk⃗ =
∑
δ⃗NN

ei(k⃗.δ⃗NN )

In a similar vein, upon substituting the values of variables b†j and ai into the second compo-
nent of 3 , we obtain:

∑
〈i,j〉

aib
†
j =

∑
k

[
1

N

∑
k′

ei(k⃗
′−k⃗).R⃗j

]
.

∑
〈i,j〉

ei(R⃗i−R⃗j).k⃗′

 b†kak′
=

∑
k

∑
δ⃗NN

e−i(δ⃗NN .⃗k)b†kak =
∑
k

f ∗
k⃗
b†kak

(8)

where
f ∗
k⃗
=

∑
δ⃗NN

e−i(δ⃗NN .⃗k) (9)

It is now appropriate to present the coordinates of the ⟨NN⟩ (all units are in Å):

L1 = 1.706 = (B − B)︸ ︷︷ ︸
bond length

L2 = 2.682 = 2 (B −O)︸ ︷︷ ︸
bond length

x =
√

L2
1 − (L3/2)2 = 0.970

a⃗1 = (α,−L3/2) = (3.652,−1.403)

a⃗2 = (α,L3/2) = (3.652, 1.403)

a⃗1 and a⃗2 are the constitutive vectors of the unit cell in real space. where α = x + L2. Finally,
for hopping a to b:
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t1 → {δ⃗1 = (L2, 0) = (2.682, 0)

t2 →

{
δ⃗2 = (−x,−L3/2) = (−0.970,−1.403)

δ⃗3 = (−x,+L3/2) = (−0.970, 1.403)

(10)

and b to a:

δ⃗′1 = (L2, 0) = (−2.682, 0)

δ⃗′2 = (x,−L3/2) = (0.970,−1.403)

δ⃗′3 = (x,+L3/2) = (0.970, 1.403)

(11)

Based on condition aibj = 2πδij (δij is kronecker delta), it is possible to derive the consti-
tutive vectors of the FBZ in the reciprocal lattice.

b⃗1 = π(1/α,−2/L3)

b⃗2 = π(1/α, 2/L3)
(12)

Finally, the Hamiltonian for the pz orbital will be as follows, and we will use it in current
work to calculate the band structure (BS) and density of states (DOS), as well as to validate our
results against density functional theory (DFT) calculations:

H k⃗
pz =

[
εa fk⃗
f ∗
k⃗

εb

]
(13)

where the fk⃗ is defined as:

fk⃗ = t1e
ikx(L2) + [t2e

−ikx(x) cos(ky(L3/2))] (14)

Now, we aim to compute the Hamiltonian for py orbitals using the same procedure. So,

H k⃗
py = H0︸︷︷︸

On-site energies

+ H1︸︷︷︸
Hopping energies

(15)

the first section relate to on-site energies of py orbitals, while the second part displays the
different hoppings to the ⟨NN⟩ and next-nearest-neighbors (⟨NNN⟩). As we mentioned, there
is one important difference with the pz orbitals that we must consider: the next-nearest-neighbor
interactions for py orbitals. Because the py orbital lies in the plane of B2O, considering inter-
actions with ⟨NNN⟩ becomes indispensable and should not be disregarded. Therefore, for py

orbitals, there are three ⟨NN⟩ (δ⃗1, δ⃗2, and δ⃗3), sharing the same coordinates as those obtained
for the pz orbitals. Additionally, there are six ⟨NNN⟩ (∆1, ...,∆6) (see Fig. 2). resulting,
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t1 → {δ⃗1 = (L2, 0)

t2 →

{
δ⃗2 = (−x,−L3/2)

δ⃗3 = (−x,+L3/2)

t3 →

{
∆⃗3 = (0,+L3)

∆⃗4 = (0,−L3)

t4 →


∆⃗1 = (α,+L3/2)

∆⃗2 = (α,−L3/2)

∆⃗5 = (−α,+L3/2)

∆⃗6 = (−α,−L3/2)

(16)

in graphene, which has a regular hexagonal structure with equal bond distances, all bonds share
a common hopping parameter [5]. However, in h-B2O, the presence of oxygen at the bridge site
causes the hexagon to deform, resulting in different hopping parameters. Finally:

H k⃗
py =

[
εa gk⃗
g∗
k⃗

εb

]
(17)

where gk⃗ is defined as:

gk⃗ = t1e
ikx(L2) + [t2e

−ikx(x) cos(ky(L3/2))]

+ 2t3 cos(L3ky) + 4t4 cos(ky(L3/2)) cos(αkx)
(18)

it is worth noting that, due to the orthogonality of the py and pz orbitals, they are found to be
independent and decoupled in the TB formalism.

2 BS
To enhance clarity and provide deeper insight, we have depicted the three-dimensional (3D) BS
and its corresponding contour plot in Fig. 3a, 3b.
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(a)

(b)

Figure 3: (a) 3D BS and (b) contour plot of h-B2O

3 DOS
To determine the DOS for a given system, let us examine a system characterized by a Hamilto-
nian labeled as H . Here, En and ψn represent its normalized eigenvalues and eigenfunctions,
respectively. Resulting

D(E ) =
∑
n

δ(E − En) (19)

where δ(E −En) represents the Dirac delta function. In the same manner, the Projected Density
of States (PDOS) pertaining to orbital Γυ within the corresponding system is established as
follows.

Dυ(E ) =
∑
n

|⟨Γυ|ψn⟩|2δ(E − En) (20)

where |⟨Γυ|ψn⟩|2 is the probability of electron presence within orbital Γυ. Evidently, the DOS
emerges as the aggregate of all PDOS values. This straightforward summation encapsulates the
entirety of electronic states distributed across various orbitals, offering a fundamental depiction
of the electron density distribution of system.
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D(E ) =
∑
υ

Dυ(E ) =
∑
υ

∑
n

|⟨Γυ|ψn⟩|2δ(E − En)

=
∑
n

δ(E − En)
∑
υ

|⟨Γυ|ψn⟩|2︸ ︷︷ ︸
=1

=
∑
n

δ(E − En) (21)

it is important to highlight that in the present paper, we have employed PDOS calculations
specifically for the pz and py orbitals.

Our goal is to establish the interconnectedness between PDOS and the diagonal components
of Green’s function. To achieve this, we direct our attention towards an arbitrary element,
aiming to elucidate the underlying relationship comprehensively.

Gυυ(E ) =

〈
Γυ

∣∣∣∣ 1

E − H

∣∣∣∣Γυ

〉
=

∑
n

⟨Γυ|ψn⟩
〈
ψn

∣∣∣∣ 1

E + iη − H

∣∣∣∣Γυ

〉
=

∑
n

⟨Γυ|ψn⟩
〈
Γυ

∣∣∣∣ 1

E − iη − H

∣∣∣∣ψn

〉∗

=
∑
n

⟨Γυ|ψn⟩⟨Γυ|ψn⟩∗
(

1

E − iη − En

)∗

=
∑
n

|⟨Γυ|ψn⟩|2
(

1

E − En + iη

)
=

∑
n

|⟨Γυ|ψn⟩|2
(

E − En − iη

(E − En)2 + η2

)

(22)

where η = 5 meV represents the broadening factor. We are now in a position to establish
a meaningful link between Dirac delta function definition and the imaginary component of
equation22. This connection propels us toward our main aim, which involves the calculation of
DOS.

δ(x) = lim
a−→0

1

π

a

x2 + a2
(23)

Consequently

lim
η−→0

ImGυυ(E ) = lim
η−→0

∑
n

⟨Γυ|ψn⟩|2
(

−η
(E − En)2 + η2

)
= −π

∑
n

|⟨Γυ|ψn⟩|2δ(E − En)
(24)

finally for PDOS and DOS:

Dυ(E ) =
∑
n

|⟨Γυ|ψn⟩|2δ(E − En) =
1

π
lim
η−→0

ImGυυ(E)

D(E ) =
∑
υ

Dυ(E )
1

π
lim
η−→0

Im[TrG(E )]
(25)
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as an illustration, for pz orbitals in the FBZ, PDOS will be depicted as:

Dpz(E ) = − 1

πNa

∑
k⃗∈FBZ

Im[TrG(k⃗,E )] (26)

where Na represents the number of atoms per unit cell [6, 7].

4 Comparison of Our BS and DOS Results with Zhong et al.
In this section, we compare our results with those reported by Zhong et al. To begin, we present
both BS together, which highlight the key differences between our work and that of Zhong et
al., providing clearer insights for readers (see Fig. 4).

Table 1: Optimized parameters, including on-site energies and hopping values for the two or-
bitals, py and pz, of the boron atom (all values are in eV) in Zhong et. al.’s study.

Orbital εα t1 t2 t3

Py -3.7 1.5 -1.9 0.7

Pz 2.6 1.35 -1.78 -
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Figure 4: BS of h-B2O using the TB approximation for the Py and Pz orbitals: results from
this work and those adapted from Zhong et al. [2], with permission from the Royal Society of
Chemistry.

We also compare the DOS for the Py and Pz orbitals (see Fig. 5 and 6). Notably, Zhong et al.
did not report a DOS diagram based on TB coefficients in their study. Therefore, using their on-
site energies and hopping parameters (see Table. 1), and applying the Green’s function approach
introduced earlier, we generated the corresponding DOS diagrams. These results demonstrate
the superior accuracy of our calculations, as the on-site energies and Van Hove singularities in
Zhong et al.’s work appear to be inaccurately reported. For better clarity, we present the DOS
diagrams in two different energy ranges: a wider range to clearly show the on-site energies,
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and a narrower range (-2 eV to 2 eV) to match the energy window used in the BS plots. We
attribute these discrepancies to two main issues discussed in our article: (I) the absence of the
HSE approximation, and (II) an oversight in including four next-nearest-neighbor interactions
for the Py orbital - the same orbital that exhibits the greatest inconsistency in their DOS plot.
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Figure 5: DOS as a function of energy for the Py orbital: results from this work (black solid
line) and Zhong et al. (red solid line).
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Figure 6: DOS as a function of energy for the Pz orbital: results from this work (black solid
line) and Zhong et al. (red solid line).
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