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1 Methods

Ground-state crystal structures GaTe ware calculated by first-principles density-functional theory (DFT)"
implemented in the Vienna Ab initio Simulation Package (VASP)”? with a plane-wave basis and the
projector-augmented wave method.” Here we used the Perdew-Burke-Ernzerhof (PBE)“ exchange-
correlation functional within the generalized-gradient approximation (GGA)" and a I'-centered k-
point sampling for the Brillouin zone (BZ) integration. An energy cutoff of 450 eV for the plane-wave
basis and a I'-centered k-point scheme with k-mesh-resolved value of 0.03 x 2z ~! for the geometry
optimization calculation, and 0.015 x 27 ~! for the electronic structure calculation were adopted. The
convergence criterion of total energy was set to 10~ eV. The geometry optimization was considered
to be successful when the residual force on each atom was less than 0.01 eV~'. To avoid the in-
teractions between adjacent layers, a vacuum region of 15 was added in the vertical direction for
two-dimensional crystals. Since the conventional GGA functional like PBE tends to underestimate the
band gaps, a hybrid functional (HSE06)® was used to compute the electronic structures.

In order to discuss the light absorption capacity of the material, the linear optical response is
directly related to the complex dielectric function €(w) = €;(w) +ie;(@w). The imaginary part of the
dielectric function & (®) is given by

(@) = [ LY f, it M

473 = @y — @

where fm = fu — fm and o, = ©, — o, are the Fermi distribution function difference and the energy
(frequency) difference between the n-th and m-th bands, respectively. r,,, is the position operator
obtained by r, = pum/(im.w,,). The real part of the dielectric function can be obtained from the
imaginary one by Kramers—Kronig”® transformation. All other linear optical properties, including
refractive index, birefringence, reflectivity, and absorption spectrum can be derived by using the di-
electric function.

The SHG susceptibility x®(—2m, ,®) tensor is computed within the independent-particle ap-
proximation®™ using a self-developed highly efficient, parallel code based on VASP output files. At
present, Fortran 90 and Python 3.10 versions of the code have been developed. Using Message Pass-
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ing Interface (OpenMPI for Fortran and mpi4py for Python) and parallel computations on k-points,
excellent parallelization performance can be maintained for up to a few thousand processors. This
development enables us to calculate large-scale systems with low symmetry.

The SHG can be divided into two types: one is in the zero-frequency limit, and the other is
frequency-dependent. The SHG tensor at the zero-frequency limit is expressed as™

abc abc

Xzero = Xe + %l_abc, (2)

where x> is the contribution of purely interband processes and y# is the contribution of mixed

interband and intraband processes. They are given by
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where A,,, =V, —V,, is the electron group velocity difference between the n-th and m-th bands, and
{rb,r¢ } is defined as 3(r2 7S +r¢,rh). Here e is the electron charge and 7 is the reduced Planck
constant.

The frequency-dependent SHG tensor can be expressed as™
be b be be

Xiotal = Xinter T Zintra T Xmod- (©)

b . . . . b . . .
The g, term is the purely interband contribution. The x{¢ term is the purely intraband contribu-

tion from electrons and the xr‘;ﬁfd term represents the effect of interband transitions on the intraband
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contribution. Thus xi‘ﬁ?a + xfl‘f;cd is the total intraband contribution. They are given by
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We now focus on the matrix elements of the momentum operator in Bloch waves. Within the PAW
formalism, the momentum operator matrix element is given by

(Wek [Pl Wik) :h<”c7k|k_iw”v7k>> (10)

which can be evaluated from the pseudo-wavefunctions calculated by VASP.

Since the calculation of optical properties based on the above equations necessitates precise elec-
tronic structure, including accurate band structures and momentum matrix elements p,,,, a large
number of bands and dense k-meshes are required. Over 100 conduction bands were used to obtain
converged SHG susceptibility tensors. The issue of formula divergence is addressed by introducing a
small positive imaginary part in the frequency.™ Considering the underestimation of the energy band
gap by PBE/GGA in optical property calculations, we employ the scissor approximation™ and utilize
the HSEO06 functional to obtain a more accurate correction for the gap. Furthermore, given the uncer-
tain thickness of the two-dimensional material, it is necessary to renormalize the SHG susceptibility.
In order to ensure the consistency of units, we adopt

L,
SHG SHG
xsheet xbulk X — d

where d is the 2D layer thickness, which is assumed as the vertical coordinate distance between the
outermost atomic planes plus a van der Waals distance of 3, and L, is the lattice length perpendicular
to the sample plane. In this way, the unit of sheet SHG susceptibility is in pm/V.
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2 The Atomic and Electronic Structure of Bulk GaTe

(a) (b)

Oy

Fig. S1 Top (top) and side (bottom left) view of the atomic structures (Ga in green and Te in gold) and band
structure loops in the first Brillouin zone (bottom right) of monolayer h- (a) and m-GaTe (c). Similar top (top) and
side (bottom) views of the atomic structures of bulk h- (b) and m-GaTe (d).

The atomic structures of monolayer and bulk GaTe are shown in Fig. 1. Multilayer structures have
been obtained by cleaving the corresponding bulk ones followed by subsequent optimization.

3 Electronic Structure and Optical Response of Multilayer GaTe

The electronic band structures of monolayer to pentlayer have been calculated at the PBE and HSE06
levels, as shown in Fig. 82 and Fig. §3.
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Fig. S4 Imaginary part of the dielectric function & () (a and d), absorption coefficient a(®)(b and e) and
reflectivity R(®) (c and f) for multilayer GaTe. Panels (a — c) show h-GaTe and panels (d — f) show m-GaTe. The
shaded region marks the visible-light range. Solid and dashed curves denote the in-plane xx and yy components,
respectively. Color code: monolayer (red), bilayer (orange), trilayer (blue),tetralayer (light green) and pentalayer

(green).
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Fig. S5 In Whole Brillouin zone for monolayer (a), trilayer (b) and pentalayer (c) h-GaTe, k-pooints resolved SHG
response strength near SHG peak of multilayer GaTe when the incident photon energy is 2.15 eV.
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Fig. S6 K-resolved transition-matrix-element-weighted joint density of states (TM-JDOS) over the entire Brillouin

zone of monolayer GaTe at an incident photon energy of 2.15 €V, resolved between different interband transitions.

Red markers indicate the locations of high-symmetry k points.
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Fig. S7 K-resolved transition-matrix-element-weighted joint density of states (TM-JDOS) over the entire Brillouin

zone of monolayer GaTe at an incident photon energy of 2.15 x 2 €V, resolved between different interband transitions.

Red markers indicate the locations of high-symmetry k points.
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Fig. S8 K-resolved transition-matrix-element-weighted joint density of states (TM-JDOS) over the entire Brillouin

zone of trilayer GaTe at an incident photon energy of 2.15 eV, resolved between different interband transitions. Red

markers indicate the locations of high-symmetry k points.
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Fig. S9 K-resolved transition-matrix-element-weighted joint density of states (TM-JDOS) over the entire Brillouin

min

zone of trilayer GaTe at an incident photon energy of 2.15 x 2 €V, resolved between different interband transitions.
Red markers indicate the locations of high-symmetry k points.
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Fig. S10 K-resolved transition-matrix-element-weighted joint density of states (TM-JDOS) over the entire Brillouin
zone of pentalayer GaTe at an incident photon energy of 2.15 €V, resolved between different interband transitions.

Red markers indicate the locations of high-symmetry k points.
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Fig. S11 K-resolved transition-matrix-element-weighted joint density of states (TM-JDOS) over the entire Brillouin

zone of pentalayer GaTe at an incident photon energy of 2.15 x 2 eV, resolved between different interband transitions.

Red markers indicate the locations of high-symmetry k points.
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Fig. S12 Polar plots of the SHG intensity from monolayer (a and d), trilayer (b and e), and pentalayer (c and f)
h-GaTe as a function of the azimuthal angle ¢ = 0° or 45°. The blue (orange) lines denote the component of SHG
response parallel (1,)(prependicular (1,)) to the polarization E(®) of the incident light 1060 nm.
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Fig. S13 Polar plots of the SHG intensity from monolayer (a and d), trilayer (b and e), and pentalayer (c and f)
h-GaTe as a function of the azimuthal angle ¢ = 0° or 45°. The blue (orange) lines denote the component of SHG
response parallel (1,)(prependicular (1)) to the polarization E(®) of the incident light 1064 nm.
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Fig. S14 Polar plots of the SHG intensity from monolayer (a and d), trilayer (b and e), and pentalayer (c and f)
h-GaTe as a function of the azimuthal angle ¢ = 0° or 45°. The blue (orange) lines denote the component of SHG
response parallel (1,)(prependicular (1,)) to the polarization E(®) of the incident light 1530 nm.
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4 The second-harmonic generation of monolayer MoS, and MoSe;
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Fig. S15 Top (top) and side (bottom left) views of the atomic structures and first Brillouin zones (bottom right)
of monolayer MoS, (a) and MoSe; (d). Electronic structures calculated by PBE (black lines) and HSEQ6 (red lines)
for monolayer MoS; (b, c) and MoSe; (e, f). The Fermi energy level has been set as zero.
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Fig. S16 The non-zero absolute (a; black line), real (b; red line) and imaginary (c; blue line) parts of the

independent component Xy(yzy) of the SHG susceptibility of monolayer MoS,. Similarly, the non-zero absolute (d), real

(e) and imaginary (f) parts of the SHG susceptibility of monolayer MoSe,.

Monolayer MoS, and MoSe, have been calculated using the same method, as shown in Fig. ST@.
Over 100 conduction bands have been used to obtain converged SHG susceptibility tensors. The
peak of the absolute value of the xy@ tensor component for monolayer MoS, reaches 429.95 pm/V
at a wavelength of 729 nm (1.70 €V) and 407.64 pm/V at 378 nm (3.28 €V). The corresponding
peaks for monolayer MoSe, reach 388.11 pm/V at 800 nm (1.55 eV), 362.12 pm/V at 582 nm (2.13
eV) and 470.74 pm/V at 420 nm (2.95 €V). It can be seen that the response intensities of the two
materials are comparable, which is consistent with experimental conclusions.™ The peaks observed
in experiments have also been reproduced in our calculations (MoS, about 45 pm/V at approximately
700 nm, MoSe, about 50 pm/V at approximately 800 nm). Theoretical values are often larger than
experimental values. The main reasons are that the experimental laser wavelength is often not exactly
at the position of the maximum SHG response, as well as interference effects such as the influence of
layer number and substrate, and the attenuation of light intensity by lenses. In addition, uncertainties

also exist in experimental conclusions obtained relatively by taking quartz as the reference standard.
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5 The second-harmonic generation of bulk KTiOPO,
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Fig. S17 SHG susceptibility spectrum of bulk KTiOPO4.
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