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1 Method validation

1.1 Plane wave cut-off selection

The cut-off selection is summarized in Table listing values used for each material and pseudopotential
(PP) library.

MoOy TiOs-x V< Oy Crs03 ZnO SiOy
wic rho wfc rho wfc rho wfc rho wfc rho wifc rho
GBRV-US 60 480 60 480 60 480 60 480 60 480 60 480
PS-PAW 49 316 52 575 50 641 48 457 73 394 44 316

PS-US 49 316 52 575 50 641 48 457 73 394 44 316
SG15-NC 120 480 120 480 120 480 120 480 120 480 120 480
SSSP 50 400 50 400 50 400 50 400 50 400 50 400

PS-Dojo 84 336 84 336 84 336 94 336 84 376 84 336

Table S1: Plane-wave kinetic energy (ecutwfc) and charge-density (ecutrho) cut-offs used for all PP and
material combinations.

Mo Ti V Zn Cr O

Uarrow [eV] 24 44 27 75 35 108

Table S2: + U parameters from AFLOW standard values [1] applied to d orbitals.

1.2 Band structure validation

The validation of the band structure is critical to ensure the consistency of the post-processing steps,
such as the calculation of the electronic transport properties. We therefore validate the band structures
obtained after Wannierization against those obtained directly from Quantum ESPRESSO (QE).

The results are shown in Fig. [S1| for the metallic MoOs and in Fig.[S2|for the semi-conducting MoOgs. The
figures show that the Wannierization approach discussed in the Method section (see Section 2.1 in the
manuscript) can be used to interpolate the Bloch wave functions, reproducing the electronic structures not
only for insulators and metals but also for magnetic cases. The projected densities of states are critical
to determining the orbital projections used in Wannierization. Results of validation of the electronic
structures for the remaining materials can be found below, see Figures In all cases, the MLWEF-
based methodology can accurately reproduce the electronic band structures.
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Figure S3: Validation of W90 band structures and density of states against QE data for TiOs-A.
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Figure S6: Validation of W90 band structures and density of states against QE data for V,Os.
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Figure S8: Validation of W90 band structures against MP data for TiO2-A (left) and TiO2-R (right).

As a further validation, we reproduced existing theoretical data for the TiOs-A and TiO2-R systems, using
the results from the MP database as reference data (material IDs [mp-390] and [mp-2657] for TiO2-A and
TiO2-R, respectively). To ensure a fair comparison, we performed our calculations using the same density
functional approximation (DFA), i.e., PBE, and comparable PPs (PAW) for both materials. The results
are shown in Fig. [S8] The overall dispersion of valence and conduction bands is well aligned, with only
slight differences in the DOS, especially in the rutile phase.

1.3 High-frequency permittivity validation

The high-frequency permittivity values were calculated using the electronic polarization when an external
electric field was applied, as described through the modern theory of polarization, see Methods Section
2.3.2.

The Berry phase method follows Umari et al. . The optimized wavefunctions are read from self-
consistent field (SCF) calculations performed with QE (pw.x). This method calculates the electronic and
ionic dipole in a.u. (atomic unit) per unit cell for each iteration, which is derived from the Berry phases of
the occupied wavefunctions. The last iteration should be taken as the most converged one. This method
is very well explained and implemented in the QE manual.

The Wannier function method follows Vanderbilt and Resta [3]. In this method, the Wannier charge
centers are used to calculate high-frequency dielectric permittivity using the wavefunctions from the SCF
calculations with an applied external field carried out with QE. The main difference between the Berry
phase method and Wannier functions is that in the Berry phase approach, polarization is determined
from the phases of the wavefunctions, while the Wannier charge centers are determined directly from
the real-space average position of the electronic charge. The only previous application of the Wannier



function method, to our best knowledge, is by Otsuka et al. [4]. They showed that the high-frequency
dielectric permittivity does not change along the directions with different external electric fields. Another
finding is that the linear response of the Wannier function centers under an external electric field differs
along the various directions, meaning the dielectric response is anisotropic.

Metallic systems were excluded from the high-frequency permittivity calculations, as the Berry phase
approach is implemented only for insulating materials with a band gap. Since the Wannier function
method uses the wave functions from QE output, it is also inapplicable for permittivity calculations for
metals.

From a practical perspective, the calculation of high-frequency dielectric permittivity using Wannier func-
tions is very sensitive to the convergence of the Wannierization. The most important point is to disentangle
the wavefunctions correctly, taking only the occupied states to calculate the dielectric permittivity within
the external field.

The high-frequency dielectric permittivity (¢>°) was validated using a-quartz due to its well-documented
dielectric response. We compare our results against MP values (material ID [mp-7000]), obtained using
the DFPT method, PBE DFA, and PAW PPs. A further dataset is available from Warmbier et al. [5],
where £ was also calculated using DFPT with PAW PPs;, as well as using the Berry phase and NC PPs.
In our work, we used the PBE DFA with PAW PPs to calculate the dielectric permittivity of a-quartz
using the same structure as in MP.

The components of the dielectric permittivity tensor of a-quartz can be divided into two categories:
parallel (c, ||) and perpendicular (a and b, L) (see Eq. 1 in the Manuscript). The || and L notation refers
to the orientation of the optical axis of the system (i.e., ¢ in a-quartz) with respect to the applied field.
Additionally, when the electric field £ is applied to the system, the dielectric response can be determined
in the same direction (do3 = 1), or in an orthogonal direction (4o = 0) corresponding to the diagonal
and off-diagonal elements of 7. Here, we focus only on the diagonal elements.
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Figure S9: The high-frequency permittivity changes as a function of k-point mesh density py.

First, we investigated the effect of k-point mesh density (pr) on high-frequency dielectric permittivity,
with results shown in Fig. [S9) We used four different k-point mesh densities. Berry phase calculations
apparently converge when the k-point mesh density is > 3.9 ag 3. The effect of the k-point mesh on
the Wannier result is also examined, showing the same trend as the Berry phase, with a slightly higher
k-point mesh density necessary for convergence. Note that the total energy of the system is converged
even at py = 0.71 ag 3. The choice of the k-point mesh therefore has a non-negligible effect on dielectric
permittivity, and convergence concerning p; is necessary for accuracy compared to reference data. The

detailed data can be found in Table S3.



Figure [S9| also shows that our results (red and orange symbols) closely follow the trends in the reference
data for fields applied in a parallel and perpendicular direction with respect to the optical axis. The
high-frequency values computed with the Berry phase method and the Wannier function method are in
close agreement, but not identical for the perpendicular direction in the non-convergence regime (i.e.,
pr < 5.68 ag 3) However, with sufficient k-point mesh density, we achieved the same result using both
methods. This may be due to a convergence issue in the Wannierization, which is more sensitive than the
Berry phase method.

Second, we checked the effect of the electric field strength on the dielectric permittivity. We applied three
external electric field strengths: 0.0005, 0.001, and 0.002 Ry a.u. for the parallel and perpendicular cases
of a-quartz. The electric field strength does not affect the dielectric permittivity of a-quartz in the range
studied using either Berry phase or Wannier functions, see Table S3. One should be aware that tunneling
can occur in the material if the external electric field is too high. The electric field strength should be
chosen in the range below the tunneling threshold; for semiconductors, £ = 0.001 Ry a.u. is generally
used [2].

Method =L/ ok 207
E =0.0005 Ry a.u. E = 0.001 Ry au. E = 0.002 Ry a.u.

Berry phase 2.35 / 2.40 0.71
2.39 / 2.42 2.39
2.40 / 2.43 2.40 / 2.43 2.40 / 2.43 5.68
2.40 / 2.43 7.18
Wannier 2.36 / 2.40 0.71
2.38 / 2.42 2.39
2.40 / 2.43 2.40 / 2.43 2.40 / 2.43 5.68
2.40 / 2.43 7.18
Berry phase [5] 2.40 / 2.43 3.77
DFPT 5] 2.40 / 2.43 3.77
DFPT [MP: mp-7000] [6] 2.41 / 2.4 4.26

Table S3: Comparison of high-frequency dielectric permittivity € of a-quartz calculated using various
methods at different electric fields.

Finally, to obtain perfect agreement between the Wannier function and Berry phase methods, the structure
used has to be the same, relaxed, primitive cell, as shown in Fig. and for the cases of VoO5 and
TiOs2-A, respectively. The Wannier function method gives higher values in comparison with the Berry
phase method for the conventional cell of TiOs-A: around 0.8 for the ab plane, while the c-direction
matches well. The results of the primitive cell calculations with Wannier and Berry phase methods are
much closer, especially for the ab plane; however, the c-direction deviates by about 0.6. The same trend
was observed for V5Os, for which the Wannier function method tends to slightly overestimate the values
in comparison with the Berry phase method.

The relaxation of the cell parameters is necessary to obtain exact agreement between the Wannier function
and Berry phase methods. This is due to the poorer convergence of Wannierization at structures further
from the energy minimum. The convergence of the total spread of the Wannier functions is shown in



Tables S4 and S5, where one can see clearly that the relaxed structure has the lowest spread for the
TiO2-A and V505. The discrepancy observed between the Berry-phase and Wannier functions results
from a convergence issue in the localization of Wannier functions. For a specific example in the TiOs-A
case, the first eight Wannier functions have a spread in the range 0.27 to 0.41 in the primitive cell, while
the range is narrower between 0.31 and 0.32 for the relaxed cell. This shows that the relaxed cells remain
similarly localized and become more uniform after relaxation.
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Figure S10: High-frequency permittivities (¢>°) of TiO2-A computed from MLWF centers (solid bars) and
the Berry phase (hatched bars) with PS-PAW PPs. Calculations using the conventional, primitive, and
relaxed unit cells. The squares above each column are taken from Ref. . Colors represent the lattice
parameters of the materials: a (blue), b (orange), and c (green).
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Figure S11: High-frequency permittivities (¢*°) of VoO5 computed from MLWF centers (solid bars) and
the Berry phase (hatched bars) with PS-PAW PPs. Calculations using the conventional, primitive, and
relaxed unit cells. The squares above each column are taken from Ref. . Colors represent the lattice
parameters of the materials: a (blue), b (orange), and ¢ (green).

Conventional  Primitive Relaxed
a [AQt] —0.0026295 —0.0016525 —0.0001015
b [AQet] —0.0026311  —0.0070390 —0.0008070
¢ [AQt)  —0.0013030  —0.0017750 —0.0000262

Table S4: Convergence of total Wannier function spreads for TiO2-A for all three axes under an electric
field.

Conventional  Primitive Relaxed
a [AQt] —0.0029872  —0.0028875 —0.0035239
b [AQe] —0.0041198  —0.0068657 —0.0049145
¢ [AQt)  —0.0039509  —0.0078926 —0.0002150

Table S5: Convergence of total Wannier function spreads of VoOs for all three axes under an electric field.

1.4 Electrical conductivity validation

The validation of our conductivity calculation method using MLWFs is done by comparing three materials
(TiO2-A, TiO2-R, and ZnO) with available data from Ricci et al. [8]. As discussed above, Ricci et al.
used Fourier interpolation of band structure as implemented in BoltzTrap. By contrast, in our work, we
use MLWFs to interpolate the band structure and calculate the transport properties of materials.

The validation calculations are done using the relaxed structures from MP (material IDs mp-2133, mp-
2657, and mp-390 for TiOs-A, TiO2-R, and ZnO, respectively), the constant relaxation time approxima-
tion, the same DFA (PBE), and similar PP (PAW) to ensure consistency. All data retrieved from the
Materials Project (MP) are from database version v2025.06.09.

Fig. [S12] shows that for TiO2-A, the absolute values are in excellent agreement with the reference data.



A good agreement with only a constant offset is obtained for TiOs-R, see Fig. For ZnO, shown
in Fig. the results diverge at low temperatures. This might occur due to the difference in k-point
meshes used in the two studies, as in Ref. [8], a more than 20 times denser k-point mesh has been used
than in our work.
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Figure S12: Validation of electrical conductivity calculations for TiO2-A. Solid lines indicate results from
current work, while dashed lines represent results from Ricci et al. [§]
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Figure S13: Validation of electrical conductivity calculations for TiOs-R. Solid lines indicate results from
current work, while dashed lines represent results from Ricci et al. [§]
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Figure S14: Validation of electrical conductivity calculations for ZnO. Solid lines indicate results from
current work, while dashed lines represent results from Ricci et al. [§]

To further compare the approaches for the calculation of electronic transport, we calculated the activation
energies of conductivity (Ea (o)) from the Arrhenius-like plots shown in Figs. As there is a linear
dependency between conductivity and relaxation time, if the relaxation time constant were higher, the
line on the Arrhenius plot would shift up, but its slope would not change. Therefore, the Ex (o) is not
affected by changes in the relaxation time constant. As shown in Table [S6 the deviation between the
two methods is less than 0.02 eV for all three materials. This confirms the consistency of both transport
approaches for evaluating the electrical conductivity with temperature changes.

Table S6: Comparison of activation energies of conductivity E, (o) with reference data. [8]

Material Ealo) (V)

Current work | Ricci et al. [§]
TiO2-A 1.17 1.05 a
TiO2-R 1.05 1.02
Zn0O 0.51 0.45

11



2 Results

2.1 Effect of PP — XC inconsistency

In this section, we investigate the inconsistency between the XC functional used in the calculations and
the XC functional used to create the PPs for ZnO and V205. We use the PBE DFA with pslibrary (PS)
PPs parametrized for the BP, PBEsol, PZ, and PBE DFAs, both in their PAW as well as US formulation.

2.1.1 Band gaps
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Figure S15: Band gap of ZnO using PBE and PS-PAW PPs parametrized for different functionals (BP,

PBEsol, PZ, and PBE).

—— Eg-BP=0.731eV
Eg-PBEsol=0.559 eV

—— Eg-PZ=0.459 eV

—— Eg-PBE=0.721eV

Figure S16: Band gap of ZnO using PBE and PS-US PPs parametrized for different functionals (BP,

PBEsol, PZ, and PBE).
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—— Eg-BP=1.672 eV
—— Eg-PBEsol=1.646 eV
—— Eg-PZ=1.589 eV
—— Eg-PBE=1.685 eV

Figure S17: Band gap of V505 using PBE and PS-PAW PPs parametrized for different functionals (BP,
PBEsol, PZ, and PBE).

—— E-BP=1.679 eV
—— Eg-PBEsol=1.654 eV
—— Eg-PZ=1.589 eV
—— Eg-PBE=1.613 eV

Figure S18: Band gap of V205 using PBE and PS-US PPs parametrized for different functionals (BP,
PBEsol, PZ, and PBE).
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2.1.2 Electrical conductivity
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Figure S19: The electrical conductivity (o) of ZnO vs temperature, calculated using PBE DFA and
PS-PAW PPs parametrized for different functionals (BP, PBEsol, PZ, and PBE). The activation energies
are shown in the legend for the functionals (solid lines) and experimental study (black dots) [Kim et

al. [@ﬂ]
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Figure S20: The electrical conductivity (o) of ZnO vs temperature, calculated using PBE DFA and
PS-US PPs parametrized for different functionals (BP, PBEsol, PZ, and PBE). The activation energies
are shown in the legend for the functionals (solid lines) and experimental study (black dots) [Kim et

al. @l]]
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Figure S21: The electrical conductivity (o) of V2Oj5 vs temperature, calculated using PBE DFA and
PS-PAW PPs parametrized for different functionals (BP, PBEsol, PZ, and PBE). The activation energies
are shown in the legend for the functionals (solid lines) and experimental study (black dots) [Liu et

al. ]
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Figure S22: The electrical conductivity (o) of V2Os vs temperature, calculated using PBE DFA and
PS-US PPs parametrized for different functionals (BP, PBEsol, PZ, and PBE). The activation energies
are shown in the legend for the functionals (solid lines) and experimental study (black dots) [Liu et

al. ]
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2.2 Effect of atomic structure

In this part, we investigate the effect of the starting structure on electrical conductivity properties. We
used two different functionals (PZ and PBE) and AFLOW + U values for the Hubbard correction for PBE
with PseudoDojo PP. Results with relaxed (optimized) structures from MP shown as solid lines, results
with experimental structures shown as dashed lines.
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Figure S23: The electrical conductivity (o) of CraO3 vs temperature, calculated using PZ, PBE and

PBE+ U arrow DFAs with PseudoDojo PPs. The activation energies are shown in the legend for the
functionals (solid and dashed lines) and experimental study (black dots) [Nagai et al. [11]].
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Figure S24: The electrical conductivity (o) of MoOs vs temperature, calculated using PZ, PBE and
PBE+ U arrow DFAs with PseudoDojo PPs. The activation energies are shown in the legend for the
functionals (solid and dashed lines) and experimental study (black dots) [Deb et al. [12]].
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Figure S25: The electrical conductivity (o) of TiOz-A vs temperature, calculated using PZ, PBE and
PBE+ U arr.ow DFAs with PseudoDojo PPs. The activation energies are shown in the legend for the
functionals (solid and dashed lines) and experimental data at high temperatures (black squares) [Knauth
et al. ], at lower temperatures (black points) [Dittrich et al. ]
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Figure S26: The electrical conductivity (o) of TiO2-R vs temperature, calculated using PZ, PBE and
PBE+ U arrow DFAs with PseudoDojo PPs. The activation energies are shown in the legend for the
functionals (solid and dashed lines) and experimental study (black dots) [Greener et al. [15]].
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Figure S27: The electrical conductivity (o) of V205 vs temperature, calculated using PZ, PBE and
PBE+ U arrow DFAs with PseudoDojo PPs. The activation energies are shown in the legend for the
functionals (solid and dashed lines) and experimental study (black dots) [Liu et al. ]
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Figure S28: The electrical conductivity (o) of ZnO vs temperature, calculated using PZ, PBE, and
PBE+ U arr.ow DFAs with PseudoDojo PPs. The activation energies are shown in the legend for the
functionals (solid and dashed lines) and experimental study (black dots) [Kim et al. [EI]]
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2.3 Effect of PP library choice

In this section, the calculations were done using optimized/computational structures from MP. No exper-
imental structure was used for the PP comparison.

2.3.1 Band gaps
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Figure S29: Band gap comparison for MoOj3 across different PPs with the indicated DFAs. Experimental
data (dashed line) from Deb et al. .
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Figure S30: Band gap comparison for TiO9-A across different PPs with the indicated DFAs. Experimental
data (dashed line) from Tang et al. .
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Figure S31: Band gap comparison for TiO2-R across different PPs with the indicated DFAs. Experimental
data (dashed line) from Pascual et al. [17].
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Figure S32: Band gap comparison for VoOp across different PPs with the indicated DFAs. Experimental
data (dashed line) from Bodo et al. .
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Figure S33: Band gap comparison for ZnO across different PPs with the indicated DFAs. Experimental
data (dashed line) from Liang et al. .
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Figure S34: Band gap comparison for CryO3 across different PPs with the indicated DFAs. Experimental
data (dashed line) from Abdullah et al. [20].
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2.3.2 High-frequency permittivity
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Figure S35: High-frequency permittivities (¢*°) computed from MLWF centers (solid bars) and the Berry
phase (hatched bars) for TiO2-A. The pseudopotential libraries are compared across the indicated DFAs.
The three squares above the PS-PAW PP are taken from Petousis et al. . Colors represent the lattice
parameters of the materials: a (blue), b (orange), and ¢ (green).
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Figure S36: High-frequency permittivities (¢*°) computed from MLWF centers (solid bars) and the Berry
phase (hatched bars) for TiO2-R. The pseudopotential libraries are compared across the indicated DFAs.
The three squares above the PS-PAW PP are taken from Petousis et al. . Colors represent the lattice
parameters of the materials: a (blue), b (orange), and ¢ (green).
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Figure S37: High-frequency permittivities (¢*°) computed from MLWF centers (solid bars) and the Berry
phase (hatched bars) for MoOs. The pseudopotential libraries are compared across the indicated DFAs.
Colors represent the lattice parameters of the materials: a (blue), b (orange), and c (green).
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Figure S38: High-frequency permittivities () computed from MLWF centers (solid bars) and the Berry
phase (hatched bars) for V,05. The pseudopotential libraries are compared across the indicated DFAs.
The three squares above the PS-PAW PP are taken from Petousis et al. . Colors represent the lattice
parameters of the materials: a (blue), b (orange), and c (green).
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Figure S39: High-frequency permittivities () computed from MLWF centers (solid bars) and the Berry
phase (hatched bars) for ZnO. The pseudopotential libraries are compared across the indicated DFAs.
The three squares above the PS-PAW PP are taken from Petousis et al. . Colors represent the lattice
parameters of the materials: a (blue), b (orange), and c (green).
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2.3.3 Electrical conductivity
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Figure S40: The electrical conductivity (o) of MoO3 vs temperature. The pseudopotential libraries are
compared separately for each of the indicated DFAs. The activation energies are shown in the legend for
the PPs libraries (solid lines) and experimental study (black points) [Deb et al. ]
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Figure S41: The electrical conductivity (o) of MoOgy vs temperature. The pseudopotential libraries are
compared separately for each of the indicated DFAs. The activation energies are shown in the legend for
the PPs libraries (solid lines) and experimental study (black points) [Ben-Dor et al. [21]].
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Figure S42: The electrical conductivity (o) of TiO2-A vs temperature. The pseudopotential libraries are
compared separately for each of the indicated DFAs. The activation energies are shown in the legend for

the PPs libraries (solid lines) and experimental data at high temperatures (black squares) [Knauth et
al. ] and at lower temperatures (black points) [Dittrich et al. ]
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Figure S43: The electrical conductivity (o) of TiO2-R vs temperature. The pseudopotential libraries are
compared separately for each of the indicated DFAs. The activation energies are shown in the legend for
the PPs libraries (solid lines) and experimental study (black points) [Greener et al. ]
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Figure S44: The electrical conductivity (o) of V2Os vs temperature. The pseudopotential libraries are
compared separately for each of the indicated DFAs. The activation energies are shown in the legend for
the PPs libraries (solid lines) and experimental study (black points) [Liu et al. ]
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Figure S45: The electrical conductivity (o) of V2O3 vs temperature. The pseudopotential libraries are
compared separately for each of the indicated DFAs. The activation energies are shown in the legend for
the PPs libraries (solid lines) and experimental study (black points) [Carter et al. [22]].
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Figure S46: The electrical conductivity (o) of ZnO vs temperature. The pseudopotential libraries are
compared separately for each of the indicated DFAs. The activation energies are shown in the legend for
the PPs libraries (solid lines) and experimental study (black points) [Kim et al. @ﬂ]
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Figure S47: The electrical conductivity (o) of CraO3 vs temperature. The pseudopotential libraries are
compared separately for each of the indicated DFAs. The activation energies are shown in the legend for
the PPs libraries (solid lines) and experimental study (black points) [Nagai et al. ]
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2.3.4 Computational cost: BoltzWann vs BoltzTrap

In the section below, we compare the computational performance of BoltzWann (Wannier-based transport)
and BoltzTrap (Fourier-direct interpolation-based transport) using the same k-point grids for the same
temperature range. BoltzWann has an additional cost associated with the Wannierization process, which
BoltzTrap does not have. BoltzWann gives consistent results between the two k-point meshes (8x8x4 and
16x16x8), see Figure This is not the case for BoltzTrap, especially for the lower temperatures.

T[°Cl]
977 727 560 441 352 282 227 181
2.5 1
0.0 e BoltzTrap-8x8x4
' e BoltzTrap-16x16x8
—2.54 BoltzWann-8x8x4
—— BoltzWann-16x16x8
= —5.0 1
)
8 —-7.51 -
~10.0 \
-12.5 - ¢
e
—15.0 A \
®

0.8 1.0 1.2 1.4 1.6 1.8 2.0 2.2
1000/T [K]1

Figure S48: Validation of our work using BoltzWann code against BoltzTrap code for one representative
system: TiOs-A. Solid lines indicate results from BoltzWann, while dots represent results from BoltzTrap.

A comparison of the computational time between BoltzWann and BoltzTrap is shown in Table [S7} The
well-converged low k-point density BoltzZWann calculation (8x8x4, blue line in Fig. [S48)) is faster than
the high k-point density BoltzTrap calculation (16x16x8, red dots in Fig. , which would require even
more k-points to be converged.

Table S7: Computational time comparison between BoltzWann and BoltzTrap workflows for the compu-
tation of the electrical conductivity of TiOo-A.

BoltzWann-8x8x4 BoltzWann-16x16x8 BoltzTrap-8x8x4 BoltzTrap-16x16x8

scf 21 s 73 s 21 s 73 s
nscf 241 s 1948 s 241 s 1948 s
w90-pp 0s 0s

pw2wannier 47 s 339 s

post-process 1191 s 3285 s 60 s 60 s
total 1500 s 5646 s 322 s 2082 s
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