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1 Derivation of the Collective Reaction Coordinate

The derivation of the collective reaction coordinate in Eq. 18 of the main text is given below.

The derivation relies on the energies of the UP state |+⟩ and the individual acceptor state

|Aj⟩. For Ĥ ′ =
∑N

j=1

(
Ĥj − T̂S,j − Ĥsb,j

)
+ Ĥp + Ĥmp, the UP state |+⟩ energy is
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and the acceptor state |Aj⟩ energy is

EAj
(R) ≡ ⟨Aj|Ĥ ′|Aj⟩ (S4)

=
N∑

j′=1

[
1

2
mSω

2
SR

2
j′ +

1

2
mSω

2
S(R

2
A − 2RjRAδjj′)

]
+∆EA (S5)

=
1

2
mSω

2
S

N∑
j′=1

[
R2

j′ − 2RjRAδjj′

]
+∆EA + λA. (S6)

The difference in energies between the acceptor state and the UP state is

∆E+Aj
(R) = EAj

(R)− E+(R) (S7)
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Fixing the energy difference as X = ∆E+Aj
(R) yields the following constraint
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The collective reaction coordinate is the nuclear configuration that minimizes E+(R) under

the constraint in Eq. S10. For convenience, we rewrite these equations in a condensed

notation such that the UP energy is expressed as

E+(R) = α1

N∑
j′=1

R2
j′ − α2

N∑
j′=1

Rj′ + α3 (S11)

and the constraint is expressed as

α4Rj −
∑
j′ ̸=j

Rj′ = α5 (S12)

where the condensed constants are
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The constraint in Eq. S12 can be rewritten as
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(S18)

S3



which allows the Rj coordinate to be eliminated from the minimization along the other

N − 1 coordinates {Rj′ ̸=j}. Plugging in Eq. S18 into Eq. S11 gives the UP state energy

along {Rj′ ̸=j}
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An unconstrained minimization can now be performed on Eq. S19 where candidate global

minimum configurations can be found by setting all N − 1 partial derivatives to 0 as follows
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The equation for Rj′′ in Eq. S22 is identical for all j′′ ̸= j thus the set of N − 1 equations

can be reduced down to a single equation of a single coordinate Rj′
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The solution in Eq. S24 gives the unique global minimum of E+({Rj′ ̸=j}). Plugging this

equation into Eq. S18 gives the solution for the jth coordinate
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Plugging in Eqs. S13-S17 into Eq. S26 and Eq. S24 recovers the collective reaction coordinate

in Eq. 18 in the main text.

2 Langevin Velocity Verlet Algorithm

The nuclear positions {Rj} and momenta {Pj} are propagated using a Langevin-modified

velocity Verlet approach.1,2 For a propagation from time t to time t+ dtN, the position and

momentum of molecule j are updated as follows
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where ηj is a normally distributed random number with mean 0 and unit variance that

is independently sampled for each molecule at each timestep, and Fj(t) is the mean-field

Ehrenfest force on molecule j evaluated at nuclear position R(t). Note that the same ηj

is used for the position and momenta updates of molecule j for a given timestep without

resampling between the position and momenta updates.

3 CW Laser Propagation

For the propagation of the quantum subsystem state |Ψ(t)⟩ = cG0(t)|G, 0⟩+ cG1(t)|G, 1⟩+∑N
j=1 cDj0(t)|Dj, 0⟩ + cAj0(t)|Aj, 0⟩, where ci(t) = ⟨i|Ψ(t)⟩ is the wavefunction expansion

coefficient for diabatic state i, the propagation due to the CW laser driving is separated
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from the propagation of the other Hamiltonian dynamics through a Trotter decomposition

|Ψ(t+ dtE)⟩ = e−iĤdtE/h̄|Ψ(t)⟩, (S29)

≈ e−i(Ĥ−Ĥl)dtE/h̄e−iĤldtE/h̄|Ψ(t)⟩. (S30)

The propagation of the state under CW laser driving e−iĤldtE/h̄|Ψ(t)⟩ can be performed using

the exact analytic solution of the dynamics of the two driven states cG0(t) and cG1(t). For

a propagation from time t to time t+ dtE, the driven wavefunction coefficients are updated

as follows
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where Ωl =

√(
2Vl

h̄

)2
+ (ωl − ωc)2 is an effective laser Rabi frequency. Note that for compu-

tational convenience, the energies of the quantum states have been reduced by the photon

energy h̄ωc such that the average energy and phase accumulation of the excited states are

reduced. The above split propagation procedure allows for a larger electronic timestep dtE

to be used compared to a single combined propagation of Ĥ since the excited state energy

differences and couplings in Ĥ − Ĥl are significantly smaller than the laser frequency energy

h̄ωl and photon energy h̄ωc. Additionally, a Verlet-like symplectic approach3 can be used

to propagate the Ĥ − Ĥl dynamics which significantly reduces the accumulated numerical

error over long propagation times compared to a non-symplectic approach like RK4. This
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Verlet-like symplectic approach is useful since Ĥ−Ĥl is slowly varying in time; the rapid time

fluctuations of Ĥl would otherwise significantly reduce the accuracy of such an approach.
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