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1 Cahn-Hoffman capillary vector

The main results of this section are used in Section 2.1 for Equations (3) to

(7).

Cahn-Hoffman capillary vector is a map S? x S? s T'!

0
En.k) = &1+ =k + 1) - 5 M

The surface divergence of £ is expanded by chain rule

_v(o) : S = —tr (ragaﬁv(o)ﬂﬁ(n7 k)) (2>
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where the tensor contraction nomenclature A : B = A;;B;; is adopted.
V(a,b) € (T' x T') and V(c,d) € (T' x S?), the following identities are
valid
ka': (V(b)7 = (k-1a)g" (a- Viy)5b) = 0 (5)
cd : (Viyd)T = (c-1,)g"" (d- V(p)sd) =0 (6)



The tangential component of the Cahn-Hoffman capillary vector is by
definition

0 . i
§ =10 - a_z = 1) - Y 2jpsi(n-k)¥ 'n (7)
j=1
The tensor contractions are
3 %l
ok Vok) = (@k + 71>  (Vik)" =vtr (Vnk) = —2Hy (8)
0 ; .
% (V)T = ZQjMQj(n k)P (2 - Dkn: Vipn+ (n-k)tr (Viyn))
j=1
(9)
0 .
%) (Viok)T = Zqugj(n k)72 ((2j — Dnn: Vigk + 2(n - k)*H)
ok =
(10)
The full governing equation becomes
0= —-2H (’Yo +> paj(n k)2j>
j=1
+> (- k)7 (25 — Dkn : Vigyn + (n-k) tr (Vo))
j=1
+ Y 2jpai(n- k)72 ((2) — )nn : Vipk +2(n - k)*H) (11)

Jj=1
Denote dimensionless parameters ez; = fia;/70, then

0=2H (Z(Zj —1)ey;(n-k)¥ — 1)

j=1

+) 0 25(2) — Deg(n - k) ¥

j=1

1
(kn : V(U)n + 2 1 (n . k) tr (V(U)n) +nn : V(@k) (12)
J




For a 6-th order model, the equation becomes
0=2H (e2(n-k)* + 3es(n - k)* + 5eg(n - k)° — 1)
+kn : Vio)n (26, 4 12¢4(n - k)* + 30e5(n - k)*)
+tr (Veyn) (2e2(n - k)' + 4es(n - k)® + 6e5(n - k)°)
+nn: Vik (26 4 12e4(n - k)* + 30e5(n - k)*) (13)

2 Thermodynamic stability

The main results of this section are used in Section 2.1 for Equation (1).
The range of r; depends on p5. The Rapini-Papoular energy is strictly
positive. Denote z = (n - k)?

v =14 ph (m + erlx]) >0, Vzel0,1] (14)

j=2

The range of r; is required to satisfy Equation (14). In this paper, we study
the stability region of (ry,72). The problem reduces to the discussion of
wsf(z) > —1, where f(z) = z + r12? + roz®. Equation (14) holds for both
x =0 and x = 1, resulting

po(l 471 +179) > —1 (15)

2.1 If T2 =0

The function is of the following form

fla)=n (x + i)z L (16)

The extrema can only be f(0), f(1) or f(z*), where z* = —1/(2r;).
Equation (15) restrains f(0) and f(1). The other restriction ubf(z*) >
—1 occurs only if 0 < z* < 1. And in summary;,

r*<0 or r*>1 or {r*e(0,1) and pif(z*)>-1}  (17)

1 *
=<0 or —5<n <0 or nr <min{—0.5,%} (18)
=7r <0 (19)

In summary, the restriction is 71 < 0 and p3(1+7) > —1.
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2.2 IfTQ?éO

Let A =72 — 3ry. The two extrema of f(z) are

_ VA ~ (VA+r)(n (VA + 1) = 6ry)
R flo) = 2712
T, = %, f(z,) = (VA - Tl)(ﬁég — 1) +6r3) (20)

There are 3 special cases: (1) 0 < z; < 1 < x, and pif(x;) > —1; (2)
y <0<z, <land psf(z,) > —-1;3) 0 <z, <z, <1and puf(x;) > —1
and ubf(x,) > —1. All other cases (for example, Im(z;) # 0) are restrained
by Equation (15) only. In partial summary, the region allowed is composed
of 7 parts:

Set* = (1) A=ri—3ry,<0

(2) OR O0<mym<l<uwzm and pif(x)>-—-1

3) OR <0<z, <1 and pif(x,)>—1

(4) OR O<z<ax.<1 and pyf(x)>—-1 and psf(z,) > —1
(5) OR z,<0

(6) OR 7z <0<l<u,

(7)

OR 1< (21)

In summary, the stable region is the intersection of Set™ and u(1+r) > —1.

3 Small anchoring approximation

The main results of this section are used in Section 2.2 for Equations (9) to
(11).
In Monge parametrization, the tensor contraction can be approximated



with

n- -k~ —hn' —hyn® +n® + O(||Vh|?) = n® + O(|Vh|)

(22)

tr(Viom) = Vin' +h,Vin’ +V{ n?+nh, Vi n’ (23)

~ ny +ng + hen 4+ hynd + O(||Vh|]?) (24)

~ g +ny + O([|VA]) (25)

kn:Vyn = kinjeiej : Vf“a)ntraet (26)

= V%’;)nt(k ce)(n-r,) + V?j)nb(k ep)(n-r,2) (27)

~n'nd + nQng + hon®n? + hyn?’nz + O(||VA|]?) (28)
%nlni—i-n%g—i—(’)(”VhH) (29)

¢*/nn: Vik = 620 1)(n - V3K (30)

1
~ — (n' +n°hy)(n'hye + n°hyy) — —n'n’g,

2
1
— (n® + n’hy) (0" hay + n’hyy,) — §n2n39y +O(|VA?)
(31)
~ — nl(nlhm + n2hxy) — nQ(nlhxy + thyy) + O(HVhH() )
32

Let |uo;] < 1, and |4 - n|?> < 1, the linearized PDE is

0= — (hm + hyy)
+ Z 2jes; (27 — V()2 (n'ng + n’ny) + (n*)7 7 (ng +n3))  (33)

Or in a compact form

J J

V-Vh=3 2je; ()77 'nl)e + (n")77'n),) = V- (Z 2jezﬂ>(n3>2”’)
4)

(3
where P = [nl nQ}T.



4 Spectral method

The main results of this section are used in Section 2.2 for Equations (9) to

(11).

The dimensionless governing equation is

V*2h* = Z 2j€9; ( (cos® ! 27a* sin 272*) 4 cos? 27y
J

e
+ (cos® ' 2mry* sin 27y*), - cos¥ ! 2 ) (35)
1)
we use the following formulae
1 /2 1 /o
2 . _ :
COSJ:E_Z(]’) +22j_1 (k)COSQ(]—k)$ (36)
k=0
. 1 -1
25—-1 . ) — 1 —
cosV T w = ooy < i ) cos(2j — 1 — 2k)x (37)
k=0
Notice that )
sin z cos(kx) = §(sin(k + 1)z —sin(k — 1)x) (38)

Hence

k=0

4 1 -1
2i—1 % . % . . . % . . *
(cos™ ™" 2™ sin 27 x™ ) e = (22j1 E ( i )(sm 2(j — k)2m)z* —sin2(j — k- 1)(2m)x ))

(39)

92j-1 k
—2(j —k—1)cos2(j — k — 1)27z") (40)

o1 I~ [2j—1
— (9 )(2(j—kz)cosQ(j—k)27m:*
k=0



* *
Denote cos 2w, x* cos 2w, y* = (w,, w,y,), then

(20) = S () 00-00) o
_ 24]1_1 (Qj) Ji <2jk— 1) (20 — k){2(j — £),0) — 2(i_ k—1)(2(j — k—1),0))
'k::lOJ_1 | uniaxial
+ > (5 ()6 - R - 1.26 - 0)

(42)

where the uniaxial wrinkling arises from the even order of cos* function.

% (22]1_1 2 (2]; 1) (205 — k)(0,2(j — k) —2(j —k — 1)(0,2(j — k — 1)>>

. <22]1,_2 t (23; 1) (2j —1— 2t,0>> (43)
1 4

- o Z > (7)) e w1 -y

2 —k—1)(2j—1—2t,2(j —k —1)))

| o

1

<

(]

[l
— o

(44)
Neglect the constant term, and
*¥2p ok . aj
V*h* = mZ:1 a; <wmx7wmy> = Nh" = —m 2 m<wmm, wmy> (45)
Qay



with notation h* = w! Qw,, where

R
/]\
Q = | Wa
4
(2m+1)2
cos 0 cos 0
cos* cos y*
W, = . Wy = (46)
cos(2m — 1)z* cos(2m — 1)y*
cos 2mzx* S cos 2my* S

For a 6"-order model, we need to compute I;/27 and I;/27 for j =
1,2, 3, which correspond to €9, €4, €5. The values are computed by a computer
program. The Q-matrices for j = 1,2, 3 are

0O 0 0 0 0
0 0 0 0 0 3/40 0 3/136
Q=0 0 1/5|, Qu=|3/64 0 1/32 0 1/320
1/8 0 1/16 0 0 1/104 0 1/200
3/256 0 1/80 0 1/512

o 0 0 0 0 0 0

0 0 5/128 0 5/272 0 15/4736

25/1024 0 75/4096 0 3/1024 0 1/4096

Qs=| 0 0253328 0 1/160 0 1/768 (47)

5/512 0 3/256 0 3/1024 0 1/3328

0 0 5/7424 0 1/1312 0 3/15616
0

(5/3072 0 9/4096 0 9/13312 0 1/12288]

In the general governing equation:
1 . I I
— V2R =) 2 | —+ — 48
2m ZJ: J €2 <27T * 27?) (48)

we have

h = —% Z QJEZjWgQQjWy + Cm (49)
J
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where ¢, is a constant, we treat it as zero here. If m = 3, and €, # 0, let
64/62 =T and 66/62 = T9.

—mh* = w. (£2Q2 + 264Qu + 366Qg) Wy (50)

= EQWZ (Qz +2rQy + 3r2Q6) Wy = EQW;FC(TL 7”2)Wy (51)

Then
i 0 0 0 0 0 0
0 0 128 + 967’1 + 757“2 0 127“1 + 157’2
640 272
m&+%m+7w2()2%u+wg+2%w o 32+ 45
1024 4096 5120
6411 + 7579 8r1 + 151y
Clri,m) = 0 0 3328 0 800 0
127‘1 + 157"2 0 327"1 + 457“2 0 47"1 + 97’2 0
512 1280 1024
15 3
0 0 74242 0 BR"
5 . 27 . 27
T T
i 10242 1096 > 13312 2
(52)

There are in total 21 possible non-vanishing modes.
(1) Uniaxial wrinkling. Nonvanishing mode: [6,0]. The others vanish at

96 128

mode [2,0] 1 1y = T T o (53)
4
mode [4,0] : 1y = —:h (54)
(2) Equi-biaxial wrinkling. Nonvanishing mode: [6,6]. The others vanish
at
256 256
mode [22] : 1y = 5951 " 995 (55)
4
mode [4,4]: ry= —5" (56)

45
17362

10962

256

T2

3328

15616 2

1096 2



(3) Non-symmetric biaxial wrinkling. Nonvanishing mode: [1,6], [2,6],
3,6, [4,6], [5,2], [5,4], [5,6], [6,2], [6,4]. The others vanish at

96 128
de [12]: 1= —p — 22
mode [1,2] : 7o 5T o (57)
4
mode [1,4] : ry = —:N (58)
32
mode [24]:  ro = —n (59)
64
mode [3,2] : 1y = —m (60)
8
mode [3,4] :  ro= —E (61)
32
4,2 : = ——
mode [4,2] : 1o w (62)

In summary, there are three special lines along which certain wrinkling
modes disappear at the same time:

96 128
de 2,00, [1,2] 1 o= — gy — 2
mo e[ 70]? [ ’ ] ) 75T1 75 (6?))
4
mode [4,0], [1,4] : 7= —" (64)
32
mode [2,4], [4,2] 1 ro = e (65)

5 Curvatures

The main results of this section are used in Section 2.3 for Equations (12) to
(13).
The Gaussian curvature is

2
K* = det V'V*h* = (6—2) det VVCi; cos 2m(i — 1)z* cos 2m(j — 1)y*  (66)
7r

The metric tensor is

g—1
2

= (i — 1)(a — 1)C;jCu((i — a,0) — (i +a —2,0))((0,5 — b) + (0,5 + b —2))
+ CiiCap({i — a,0) + (i +a —2,0))((0,j —b) — (j +b—2)) (67)

10



Denote the metric tensor as g = 1 + 72\*(z*,y*). The mean value is

_ ( / / dA*) B / Jh*dady” (68)
e[ [y (mzc - 1_1)\/$+A*<x*,y*> )

The Gaussian curvature is therefore
K*

2.2
4m2es

~ CjCup(i — 1)2(b—1)?

((ita—2,+b—2)+(i+a—2,j—b)+ (i —a,j+b—2)+ (i —a,j— b))

— (k=D =1)(m —=1)(n = 1)CuCpp

(k+m—=2l4n—-2y—(k+m—2,1—n)—(k—m,l+n—2)+ (k—m,l —n))
(70)

The mean curvature is simply
1
H St V'Vh = —26—2%- (A (= 12+ (G — 1)) — 1,5 — 1)
i

= 2emCy((i = 1)* + (j = 1)*)(i = 1,5 — 1) (72)

The deciatoric curvature D*, the Casorati curvature C*, and the shape pa-
rameter S

2 H*
D = VHE?_K*, C*=vVHE?+D? S§=">arctan ( D*> (73)

s
The mean curvature square is

H* =467 Ci;Cop((i — 1)* + (7 = ") ((a = 1)* + (b — 1)?)
)

+ (
cos 2m(i — 1)x* cos 2m(a — 1)z cos 2m(j — 1)y* cos 2w (b — 1)y* (74)
= &1 CiiCap((i = 1)* + (7 = 1)*)((a = 1)* + (b - 1)?)
((it+a—2,0)+ (i—a,0)) (0,7 +b—2)+ (0,5 — b)) (75)

11



The surface integral is

67T2/ H*QdA*:—// VoH?dz* dy* (76)
Z CijCap((d +G=DH((a=1)°+(b—-1)%
/0 (<z’—|—a—2,0>+<i—a,0>)dx*/0 ((0,7+b6—2)4(0,5 —b))dy”
(77)
= > CuCal(i =1+ ( = )*)((e = 1" + (b= 1)°)
(Fyas 4 8 (g +00,) (78)
Similarly,

. / K*dA*_/Q\/ECijCab(i—l)Q(b—l)Q
(it a—2,0) 4 i — a0 (0, +b—2) + (0, — b)) dady’
~ [ Vit = 01 = Do = 1) = 1)CuConn
~((k4+m—=2,0) — (k—m,0))((0,l+n—2) —(0,l —n))dx"dy*

(79)
A Y CyCapli — 1)2(b— 1)2(00 4o+ 00 ) (00, 5 +004)
,7,a,b
=) (=1 = D(a—1)(b— 1)C;;Cu(6% 45 — 00 ) (07445 — 09,
,5,a,b
=0 (80)

6 Surface roughness parameters

The main results of this section are used in Section 2.3 for Equations (14) to
(18).
We evaluate the roughness parameters of the following surface profile
h* = —6—2WTC(T1,T‘2)W —Cm (81)
T

where ¢, is taken such that the surface integral of h* is zero.
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6.1 Root mean square

The second order moment can be evaluated by

*2 * * €2 2 * *
// h*=dx*dy* = (—> // (Wgi Cijwy; ) (W Crrwyy) d 2™ d y
A T A

2 ! !
— (6—2> Cithk/ wmthdiU*/ wy;jwyk dy”
0 0

T
€2 €9

- (?)201'1@16“4# ik = (?)Qtr (A-C-A-CT)

where (4,7 =1,...,7)

' 1
A = / cos2m(i — 1)ax* cos2m(t — 1)a*da™ = = 2
0 2 Ioxs

And Sq® =~ (e3/7)?tr (A-C- A-CT).

6.2 Skewness and kurtosis

Similarly, the third order moment is

3 1
// R drtdy* = <—6—2> CabCijCkl/ WaqWaiWet d 2 Apjy
A T Jo

J/

-~

Aaik
Therefore, the skewness is

CapCii CrrAnin Apji
(tr (A-C- A-Cr))*?

Ssk ~ — sgn(es)

The kurtosis is

Cab Cij Ckm Cnp AaiknAbj mp

Sku ~ 5
(tr(A-C-A-CrT))

13
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6.3 Pearson’s inequality

For simplicity, denote Y = h*/Sq.

_ 3 * % * _
e o g [ = o

< (Cauchy-Schwarz)

h*2d A* dA*
\/(A*Sq // \/A* //
1 2 1
= h**d A* h*2d A* + — d A*
\/ TSt //Q s /), e

=+vRku—-1

6.4 Autocorrelation function

Define the autocorrelation function as
acf(Az*, Ay*) = 57 // VOR' (2", y )R (2 + Ax® yt 4+ Ay*)dat dy”

The constant ¢, does not affect the acf distribution since
// (f(a*,y") = cm) (f (2" + A", y" + Ay*) — cp)da*dy”
Q
N // f@ g fa + Ax®, g + Ay*)da*dy* + ¢,
Q

e [ /Q F(a,y)datdy”

— Cn // fla* + Az™ y" + Ay ) d(z* + Az™) d(y" + A
QB[Az* x Ay*]

= // fla*, y") f(x" + Ax™,y" + Ay*)dz*dy* + constant
0

14
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(89)

(90)

(91)

(92)

(93)

(94)

y")



We neglect the constant and compute

Zi j.ab Cijcab ! * ! *
acf ~ A : C AT /0 Wi Wz 4 Az~ )adT /0 Wy j Wyt aypdy™  (97)
= tra]ébCngT) /01 cos2n(i — 1)x* cos2m(a — 1) (2" + Az™)dz*
: /1 cos27(j — 1)y* cos 2w (b — 1) (y* + Ay*)dy* (98)
0
~ %Zzibcéjchggjb cos 2m(a — 1)Ax* cos 27t (b — 1) Ay* (99)

7 Nonlinearity

The main results of this section are for future work.
If we keep the es-term for nonlinearity analysis. Equation reduces to

0= = (hao + hyy)
+ Y Zjes; (27 — D)2 (nhnd +nnf) + (0°)7 7 (n] +n3))
J
+ €2(n°)?(haw + hyy) — 263 [n' (0" hyy + nPhyy) + 1 (0 hey + n°hy,)]
(100)

Nondimensionalize the PDE and let L = —2w]Cw, denote the linear
solution. Consider the solution A’ of Equation (100) as a perturbation 7
around L such that

h, =L+n (101)

Cancelling out the linear part, the PDE reduces to (denote n| = [nl nQ]T)

0= [(n*)’T—2nyny] : VVL + K(rﬁ)? - l) I- 2nn|,] :VVn  (102)

€9

Let A = 27i, the director fields are functions of e’ and e*¥". They can be
written in a compact form Y- ¢; e % * +0¥7) Therefore

Ziclie (a1x+1y) Zic2ie (a2x+2y)

_ 3)\2 _
R = (n ) I- QHHHH - |:ZZ Coi e~ Maziz" +b2iy”) ZZ C1q e_)‘(alix*+bliy*):| (103)
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Calculating the Fourier transform on both sides of Equation (102):

Rl —AMwzx*+wyy™)
0—/ / {Rz RJ VVLie dz*dy” (104)

1 6_ RQ X *)\(wzfﬂ*ﬁﬂdyy*) " N
+/_oo/_oo{ Rs ’ Rl_él :VVne dz*dy (105)

which yields
Z Ch CLM + ww) (E(wx + aq, wy + bh) -+ ﬁ(wx + aq, wy + b11)>
-2 Z 02¢>\2(G2i + wy ) (bei + wy) <Z(wx + Qi Wy + b)) + 1(we + ag;, wy + bm‘))

— Z 031 b3z + wy (Z(wx -+ asg, wy -+ bgz> + ﬁ(wx -+ as;, wy + bgl))

1
+ . =N (W + wy) (W, wy) (106)
2
If e — 0, we have
1
0~ —X*(wy + wy) " N(wa, wy) (107)
€2

hence

~ * « 1
0~ / / —)\2 (Wa + Wy)* (W, wy) AT q ¢y dw, = — =V
€2

(108)
The method can be expanded to higher order models. For a 6th-order mode,
the highest order of director field is e5(n®)%(n')?, which is

(n*)*(n")? = (cos 2ma* cos 2my*)* (sin 27z™ cos 2my*)? (109)
— C(ei27r:v* + e*i2ﬂx*)4(ei2ﬂy* 4 efi27ry*)4

. (ei27rx* . e—i27m‘*)2(ei27ry* + e—i27ry*)2 (110)

= ce™™12" 1 Jower-order terms (111)

The highest frequency shift we should observe is 12.
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