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Supporting Information Text 
 

Calculating the Gaussian curvature from a metric 
As stated by Gauss’s Theorema Egregium, the Gaussian curvature is invariant under isometries and, 
hence, can be calculated directly from the metric tensor. 

For a general metric tensor, 𝒂(𝑢, 𝑣) ≡ (𝐸(𝑢, 𝑣) 𝐹(𝑢, 𝑣)
𝐹(𝑢, 𝑣) 𝐺(𝑢, 𝑣),, the calculation is cumbersome and can be 

expressed using the general Brioschi formula 
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, where subscript indices denote derivation with respect to the corresponding coordinates. 

Since our gels swell uniformly from flat configurations, we can greatly simplify this expression by choosing 
to work with a coordinate system of the flat gel. Usually, these are either the Cartesian or the polar 
coordinates, depending on the symmetries of the desired swelling field. 

For Cartesian coordinates (𝑥 and 𝑦), 𝒂< ≡ 𝜔%"(𝑥, 𝑦) >
1 0
0 1?, and the programmed Gaussian curvature 

reads: 𝐾< = − ('!"('#")*$"

"*$"
. 

In cases with polar symmetry, it is easier to work with the polar coordinates 𝑟 and 𝜑, hence 𝒂< ≡
𝜔%"(𝑟) >

1 0
0 𝑟"?, and the programmed Gaussian curvature reads: 𝐾< = +*$%"!*$(*$%(+*$%%)

+*$&
. 

The same expressions are used to calculate the needed differential swelling field, 𝜔% for a desired shape 
with Gaussian curvature, 𝐾<, by solving the differential equations above.  

 

The reduction of the growth rule to metric and curvature 
Introducing a general swelling field, 𝜔(𝑧), to a voxel-sized, ℓ%, will result in the swelling of the midline,	𝜔%,  
and curvature 𝜅. For − ,

"
≤ 𝑧 ≤ ,

"
 we get that  ℓH(𝑧) = ℓ%	𝜔(𝑧) and that ℓ(𝑧) = 𝜔%ℓ%(1 + +𝜅	𝑧). 

The energy, of that voxel, is 

𝐸(𝑧) ∝ >	ℓH(𝑧) − ℓ(𝑧)?
"
∝ K𝜔(𝑧) − 𝜔%(1 + 𝜅	𝑧)L

" = 𝜔"(𝑧) − 2𝜔(𝑧)𝜔%(1 + 𝜅	𝑧) + 𝜔%"(1 + 𝜅	𝑧)" 

and we minimize 𝐸 ≡ ∫𝐸(𝑧)𝑑𝑧, therefore 

0 = 𝜕*$𝐸 ∝ P𝑑𝑧[−2𝜔(𝑧)(1 + 𝜅	𝑧) + 2𝜔%(1 + 𝜅	𝑧)
"] 

hence 

P𝑑𝑧	𝜔(𝑧)(1 + 𝜅	𝑧)	 = P𝑑𝑧	𝜔%(1 + 𝜅	𝑧)"	 = 𝜔%(	𝑡 +
𝜅"

12 𝑡
-) 

Also,  



0 = 𝜕.𝐸 ∝ P𝑑𝑧[−2𝜔(𝑧)𝜔%	𝑧 + 2𝜔%"(𝑧 + 𝜅𝑧")] 

hence  
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12 𝑡

- 

then 
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And finally 

𝜔% =
1
𝑡 P𝑑𝑧	𝜔

(𝑧) = 〈𝜔〉

𝜅 =
12
𝜔%𝑡-

P𝑑𝑧𝜔(𝑧)	𝑧 =
12
𝜔%𝑡"

〈𝜔	𝑧〉
 

 

In our case 𝜔(𝑧) = X𝜔/ 𝑧 > 0
𝜔0 𝑧 ≤ 0  and so Z

𝜔% =
*'(*(

"
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,"
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,
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The latter coincides with Timoshenko's result of 𝜅 = -3
",

  (for 𝜖 = *'!*(
(*'(*()/"

)1. 

Calculating 𝝎𝟎 and 𝚫 for a spherical cap 
We are looking for a metric 𝒂< with an associated Gaussian curvature 𝐾< ≡ 𝑅!", where 𝑅 is the desired 
radius of the spherical cap. Utilizing the inherent symmetry of the problem, we can work in polar 
coordinates and assume 𝜔% has no azimuthal dependence, hence, 𝒂< ≡ 𝜔%"(𝑟) >

1 0
0 𝑟"?. 

Using the Brioschi formula for orthogonal metric (see section above), 𝐾< = +*$%"!*$(*$%(+*$%%)
+*$&

, solving this 

differential equation yields 𝜔%(𝑟) =
6	8*9:;<	(8*(	=>? +(6	8"))

+
, where 𝑐1 and 𝑐" are constants of integration. 

To get a spherical cap and to avoid a sharp cusp at 𝑟 → 0, we choose 𝑐1 = 1, and continue to determine  
𝑐" such as 𝜔%(𝑟 = 0) = 1.25 (the maximal swelling possible). 

Then, the maximal radius of the printed disc is given by 𝜔%(𝑟@AB) = 1 (the minimal swelling ratio possible). 
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