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A Experimental Results

A.1 Experimental Photographs and Image Processing

Figure A.1 illustrates a time series of photographs for one replicate of colony-biofilm growth on
each agar density. We used photographs to obtain experimental measurements of the colony-
biofilm half-width. To achieve this, we imported the photograph using Julia’s FileI0 and
Images packages. We then converted the photograph to a binary image using Otsu’s method.

An example binary image is shown in Figure A.2.
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Figure A.1: Time series of cropped photographs for one replicate of colony-biofilm growth on
each agar density.

(a) Experiment. (b) Binary image.

Figure A.2: (a) Experimental photograph for replicate 2 on 0.8% agar, after 21 days of growth.
(b) Corresponding binary image obtained using Otsu’s method.

After binarisation, we computed the total number of occupied (white) pixels in the largest

connected component in the binary image, which will be the colony biofilm. Then, we divided



by the height (in pixels) of the image to obtain the mean colony-biofilm width, in pixels. Using
a ruler placed next to the Petri dish (not shown in Figure A.2), we then determined the physical
width of a pixel in each photograph. This allowed us to convert the mean colony-biofilm width in
pixels to a half-width in physical units. Repeating this process on all experimental photographs
yielded S(t) for each experimental replicate. We used the standard deviation in S(t) across all
replicates of the same agar density when generating synthetic data, as described in the main

manuscript.

A.2 Cell Counts

The cell-count data were collected by sampling from a 4 cm? region of the colony biofilms on
Day 21. The collection regions were rectangles with dimensions 4cm x 1cm, the blue boxes

in Figure A.3. After sampling, cells were counted using a hemocytometer and a Nikon Eclipse

50i microscope. The total cell counts and the standard deviations are shown in Table A.1.

Figure A.3: Colony-biofilm photographs on Day 21 indicating the regions (blue box) from which
the cell-count samples were collected. (A) 0.6% agar. (B) 0.8% agar. (C) 1.2% agar. (D) 2.0%
agar.

Table A.1: Experimental cell-count data from Day 21 of yeast growth on agar media of different
density. The final column is the ratio of the standard deviation to the mean cell count for that
agar density, which was used in the synthetic data generation.

Agar n  Mean Cell Count Standard Relative Std.
Density (%) [cells] Deviation [cells] Dev.
0.6 4 1.06 x 10° 9.25 x 107 0.0873
0.8 4 1.40 x 10° 1.82 x 108 0.130
1.2 4 1.60 x 10° 1.64 x 10® 0.103
2.0 3 1.12 x 10° 1.38 x 10% 0.123

Although the cell counts were taken from a 4 cm? region for each colony biofilm, the sampled
area of the colony biofilm varies with agar density, because the colony-biofilm half-width S(t)
varies with agar density. The cell counts presented in the main manuscript represent the
average number of cells across the region of width S(¢) in the z-direction, per millimetre in the

y-direction. This cell number then provided a way to estimate the colony-biofilm height, which



we converted to an aspect ratio because S(t) was known. For the synthetic data, we generated
a random cell count by sampling from a normal distribution with mean and standard deviation
as per Table A.1. We then converted the cell count to the aspect ratio using the procedure

described in the main manuscript, assuming constant S(t).

A.3 Cell Viability

We measured the proportion of living and dead cells in the colony biofilm on Day 14 of growth.
Flow cytometry was used to detect Phloxine B stained cells, which we took to indicate dead
cells [1, 2]. Collecting these data is invasive, so these experiments were terminated on Day 14
and not included in the data set for the colony-biofilm half-width. To avoid terminating more
experiments than necessary, we used two experimental replicates to characterise cell viability,
one on each of 0.6% and 2.0% agar. A summary of the cell-viability experimental data is shown

in Figure A 4.
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Figure A.4: Experimental procedure and results for the cell viability measurements.

As the annotated experimental photograph indicates, the total cell sampling from the blue box
provided a larger and more reliable source of cell viability data. The proportions of viable cells
were very similar for colonies grown on 0.6% and 2.0% agar. The viability for three spatial
locations across the colony biofilm are also provided in Figure A.4. Since these were collected
from small samples, there is variability in the results for 0.6% and 2.0% agar. However, on both
agar densities the cell viability was lower in the centre than at the edge. We took the mean of
the 0.6% and 2.0% data to yield the cell-viability data used in the parameter estimation. When
generating synthetic data, we scaled the mean cell-viability data at each location by the same
factor drawn from the uniform distribution U(0.932,1.05). This ensured that the minimum
possible viability in the synthetic data at x = 0 is 80%, and that the maximum possible viability
at x = S(t) is 96.4%, as per the experimental results in Figure A.4.



B Mathematical Model Derivation

Our mathematical model closely follows Tam [3] and Tam et al. [4], but we present full details
here for completeness. We model colony-biofilm expansion over an agar substratum, from which
the colony biofilm obtains nutrients [3-6]. We formulate the model in 1D Cartesian geometry,

as illustrated in Figure B.1.
z
A

H,

Q Substratum
H s Js Xs

Q,

\

Figure B.1: Schematic of the mathematical model and colony-biofilm geometry. See the text for
the definition of each symbol.

The colony biofilm exists in the region §2,(¢) bounded by 0 < z < S(t) and 0 < z < h(z,t). The
domain (), represents the agar substratum, and is the fixed region bounded by —H; < z < 0,
and 0 < z < X, where H, and X, are the Petri-dish depth and width, respectively. We assume
that the colony biofilm consists of two phases, both of which are Newtonian viscous fluids. The
phases are an active biomass phase containing proliferating cells and EPS, and an inactive
biomass phase consisting of dead cells and extracellular material. We formulate the model
using mixture theory, where the volume fractions ¢, and ¢,, satisfy the no-voids condition,
®n + ¢ = 1. Since the two phases cannot physically occupy the same space, when introducing
the volume fractions we assume that appropriate ensemble averaging has occurred, according to
the process outlined by Drew [7]. We assume that the agar substratum cannot deform. The
substratum contains nutrients, which we assume occupy no volume. The colony biofilm can
take up nutrients through the biofilm—substratum interface. After uptake, nutrients become
available for consumption, driving cell proliferation and colony-biofilm expansion. Under this

two-phase framework, the model variables are

o h(z,t): Colony-biofilm height.

¢n(z,2,t): Volume fraction of active biomass (living cells, EPS).

o ¢m(x,2,t): Volume fraction of inactive biomass (dead cells, water).

gs(x, z,t): Nutrient concentration in the substratum, defined in €.

gv(x, z,t): Nutrient concentration in the colony biofilm, defined in ,(t).
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o uy(x,y,t) = (ua(x,y,t), wa(z,y,t)): Fluid velocity of phase a = n, m.
e po(z,2,t): Fluid pressure of phase o = n, m.

We also use the symbols X, and H, to denote the characteristic width and height of the colony

biofilm, respectively.

B.1 Mass Conservation

We obtain governing equations using the principles of mass conservation and momentum

conservation. The volume fractions for both phases obey the continuity equation

0pa
ot

+ V- (patra) = Ja, (B.1)

where p, is the density of phase «, and J, is a source term describing net production of phase a.
We assume that both fluid phases are incompressible, such that their densities p, are constant.
For the source terms .J,, we assume first-order kinetics, whereby cell proliferation is proportional
to the local active volume fraction and nutrient concentration, and cell death is proportional to
the local active volume fraction. Upon death, cells immediately become part of the inactive
phase, with no corresponding change in volume. Under these assumptions, the no-voids and

mass-conservation equations for the two phases read

0oy, 0 0
0dm, 0 0

where 1, is the cell-proliferation rate and 1, is the cell-death rate, both of which we assume
constant. Adding (B.2b) and (B.2c) and applying the no-voids condition allows us to eliminate
¢m to write the system (B.2) in the form

@ + E = wn(bngba (B3a>
+

ou  Ow
0¢, O 0

where u = (u, w) = (Pntn + Gmlm, GpWy + OrWy,), is the mixture-averaged fluid velocity.

Nutrient disperse by diffusion in the substratum, and by diffusion and advection in the colony

biofilm, where they also become available for consumption. Thus, the nutrient concentrations



satisfy the equations

ags o 6295 82g5

ot D ( 022 T 922 ) (B.4a)
0gp 0 0 B 8291; 6291;
o + 35 (@w) + 5 (gw) = Dy ( 52t g |~ NP (B.4b)

where D, and D, are nutrient diffusion coefficients, and 7 is the maximum nutrient-consumption

rate.

B.2 Momentum Conservation

We obtain the remaining governing equations using conservation of momentum. Since the fluid
flows in colony biofilms are very viscous, with Re ~ 0.001 [8], we neglect inertia such that

Cauchy’s momentum equation applied to one phase becomes
V (¢a0s)+ F, =0, (B.5)

where o, is the stress tensor, and Fj, represents external sources of momentum. We assume
that the entire colony biofilm is a Newtonian viscous material, such that the stress tensor for a
given phase is
_ 2410 T
0o =—|pa+ TV g | 1+ plo {Vua + (Vu,) } , (B.6)

where I is the identity tensor, and p, is the dynamic viscosity. Owing to cell proliferation, the
velocity field is not necessarily divergence free, so we invoke Stokes” hypothesis [4, 9-11], such
that the coefficient of the bulk-viscosity (divergence of velocity) term in (B.6) is —2pu,/3. Due
to Newton’s third law, the momentum sources are equal and opposite, F,, = —F,,. We assume
that these momentum sources consist of interphase drag and interfacial forces. Since both
phases consist of biological material dispersed within a continuous fluid, we propose interfacial
forces of the same form as Lemon et al. [12], as originally derived by Drew and Segel [13]. This
yields F,, = —k(u, — u,) + po.Vé, and F,, = —k(u,, — u,) + p Vo, where k(¢,, ¢y,) is
the interphase drag coefficient. Componentwise, the momentum balances then contribute two

equations per phase (four equations total) to the model,

0pa %u,  u, fo O (Ouq  Owg)

- 0z + fa ( 022 * 022 ) +?% ( 0z * 0z ) = k(e —ug), (B.7a)
0pa 0w, 0w, fo O (Ouq  Owg)

_g + Ly ( 322 + 522 ) + ?E ( or + 32 ) = k(wa — w§), (B?b)

where the subscript 8 denotes the opposite phase to «, u, is the dynamic viscosity for phase a.



B.3 Initial and Boundary Conditions

When deriving the model we leave the initial conditions general, and write

gs(x,2,0) =G(z, 2), (B.8a)
gp(z,2,0) =0, (B.8b)
On(z,2,0) = O(x, 2), (B.8¢)

h(z,0) = H(x), (B.8d)

Precise forms for (B.8) will be determined later, informed by experiments. Several boundary
conditions are required to close the model, and we initially consider conditions on horizontal
interfaces. For the nutrients, we include conditions on the substratum base, biofilm—substratum
interface, and the colony-biofilm free surface. Nutrients cannot pass through the base of the
substratum, yielding a no-flux condition. In general, the no-flux condition is q - n = 0, where g
is the flux and 7 is the unit outward normal vector to the relevant surface. At the substratum

base, the no-flux condition is

%g; =0 on z=-H, (B.9)

Colony biofilms take up nutrients from the substratum. We assume that nutrient uptake occurs
at a rate proportional to the difference in nutrient concentrations across the biofilm—substratum

interface. This yields the two conditions

D, aag; = _Q (gs - gb) on  z= 07 (B10a>
Ogp . .
Db@ =—Q(g9gs—q) on z=0, (B.10b)

where () is a mass-transfer coefficient describing the rate of nutrient uptake. Finally, nutrients
in the colony biofilm cannot pass through the free surface. Since the unit outward normal vector

to the free surface is i = (—hy, 1), we obtain the no-flux condition
b (uah—w> =D, (E)g;,@h_%) on z=h. (B.11)

We obtain the remaining boundary conditions for the colony biofilm from standard conditions

from fluid mechanics. On the biofilm—substratum interface, the no-penetration condition yields
we =0 on z=0. (B.12)

The tangential-stress condition on the biofilm-substratum interface reads t - (¢po04 - 71) =
Ao(Gathy - f), where £ is any unit tangent vector, and the new constant A\, is a slip coefficient

representing the adhesion strength between the fluid phase and the agar. This yields the slip



boundary condition

Ouq  Owg\  Ouy B
Lo ( 3, + 5 > = /Lag = Aty on z=0, (B.13)

Perfect slip corresponds to A, = 0, whereas no slip requires A, — co. On the colony-biofilm free

surface, the kinematic condition

oh oh

6—t+ua%:wa on z=h, (B.14)

states that fluid particles initially on the free surface must remain there. We also have one
condition per phase stating that the tangential stress is zero on the free surface. That is,

t - (¢o0, - 1) = 0. In expanded form this condition reads

29 0r 0z 0z + 0x Az 0z + 0x

8h<6ua awa> u,  Ow, <8h>2<6ua Ow,,
Oz + B

):0 on z=h. (B.15)

Finally, we impose zero normal stress on the free surface, - (¢o0, - 12) = 0. This boundary
condition assumes zero surface tension. Surface tension might represent the typical fluid surface
tension, or the strength of cell-cell adhesion at the biofilm—air interface [14]. For colony biofilms
expanding by sliding motility [15, 16], cell-cell adhesion forces are weak. Previously, we showed
that surface tension has minimal impact on the colony-biofilm expansion speed [4]. Surface
tension primarily impacted colony-biofilm shape by mitigating ridge formation, an effect that
is unimportant to the experimental results in this manuscript. Therefore, we neglect surface

tension in the model. The normal-stress condition on the free surface is then

26 [ Quy — Ow,
o 2 (B 0

3 0x 0z
(00 Dua w0 (Dua dwe\] [, ()] L
0x 0x 0z 0x \ 0z 0x 0x on e

Equations (B.2), (B.4) and (B.7), combined with initial conditions (B.8) and boundary condi-
tions (B.9)-(B.16), then form the closed model.

(B.16)

:/'I’CM

B.4 Model Simplification

We apply several simplifying assumptions prior to nondimensionalisation. O’Dea, Waters, and
Byrne [17] built on several studies [18, 19] to show that the interphase drag coefficient is
large for flow in a bioreactor. Since the length scales of colony-biofilm growth are similar to
a bioreactor [17], the same large-drag assumption applies. Taking k — oo requires u,, = u,,
for the momentum source terms to remain bounded. Therefore, one simplification is that both
phases move at the common mixture velocity uw = w,, = u,,. Furthermore, although the precise
composition of the colony biofilm is complex, the active and passive biomass phases consist

of water, extracellular polymeric substances (EPS), and cellular material. Therefore, we can
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assume that both phases have common density and viscosity, p, = p,, and p, = f,. The

strength of biofilm—substratum adhesion may depend on the agar density, but can also be

assumed the same across the two phases, A = \,, = \,,. Owing to the similarity of other physical

properties, the pressure, p = p, = pm, is also assumed the same for both phases. Under these

assumptions, the model reduces to (where all PDEs apply in (¢), except the equation for g,

which applies in ;)

0p, 0

o o
Oop 0%u 0% w0
T @z+mﬂ+3m
Oop 02w 0%w i 0
_ﬁhﬂ«aﬁ a%)*gm

Oou Qw

% + E = ¢n¢n9b7

09, . 6293
o P < o2 *

0 0%gs
3, (ow) = Dy ( 32
u  Ow
M+m>0’
ou  Ow
m*m)Q

o (8] + o (Dutt) = gy — v
0%g,
022
8291)
022

and is subject to the initial conditions (B.8) and boundary conditions

B 0h au_aw +8u Ow
Dz \dz 02/ 0z

[ fomyou o on fou
—# 0x ) Ox 0z 0z \ 0z

T

D, %is =—Q (95 — %)
Db%ib =—Q (95 — %)
w=20

ugZ:)\u

_p, (29 0h gy
W)= 0x Oz 0z

AN A
0x 0z ox )

2
()

3
%
0x

10
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on
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on

on

on

> - 77¢ngb7

(B.17a)
(B.17b)

(B.17¢)
(B.17d)
(B.17e)

(B.17f)

z=—H,, (B.18a)

z =0, (B.18b)
z=0, (B.18c)
2 =0, (B.18d)
z=0, (B.18e¢)
z=h, (B.18f)
z=h, (B.18g)
> = h, (B.18h)
z=h. (B.18i)



B.5 Nondimensionalisation

We nondimensionalise by introducing dimensionless variables denoted with hats, and the scalings

X 7 D, . eD
t= 208 (1,2) = (X3,6X08),  (u,w) = (b@’ €Dy ) |
o X " X (B.19)
. . D, . -
s = Ggsa gy = ng, and p= %p,
b

where X, = S(0) is the initial colony-biofilm size, and ¢ = H,/X, = H,/X, < 1 is a small
thin-film parameter. The dimensionless governing equations are then (where all PDEs apply in

Qp(t), except the equation for g; which applies in )

gz N {%Zf . (B.20a)
D0 g () o (6010) = Wy — Wahs, (B.20b)
%ib b2 (g + () = 20 L0 g (B20g)

i

Op | ,0%w  *w 10 (Ou L o ow
0z 0x2 022 30

—0, (B.20f)
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subject to the boundary conditions,

0gs B
3, 0 on z=-1/4, (B.2la)
0gs Q' _
0z - _5 (gs - gb) on z =0, (B21b)
%g; =—Q"(9: =) on =2=0, (B2l
w=0 on z=0, (B.21d)
ou
—— )\t =
5, AMu on  z=0, (B.21e)
oh _ 0gy Oh 1 Og, -
oh oh
5 + umgo=w on z= h, (B.21g)

Oh [(Ou  Qw 1 0u  Ow On\? [ Ou dw
—2@ (695 — az> + ?E—{_E — (6:1:) <6z+€2ax> = 0 on z = h, (B.th)
2 (du  dw ,(0n\? du _dw
p+3<6x+6z> = [28 <6I> E‘FQE
5o on  z=h (B.21i)
oh (Ou  , 0w
"oz (aﬁg axﬂ

1+¢&? @2_32
c 0x

In writing (B.20) and (B.21), we have introduced the dimensionless parameters

X X7 X7 D
5=t \pn:M7 \de:biwd? D=2
X Dy Dy Dy (B.22)
=—, Q'= , and A= —.
D, Dy o

Previously, we assumed that the substratum and colony biofilm were of similar size in Tam et al.
[4]. Here, we account for the difference in length scales in the colony biofilm and substratum by
defining the parameter ¢. After introducing the dimensionless parameters (B.22), we subsequently
consider the distinguished limit in which QT and AT are of O(e?) size as € — 0. This small A
limit represents weak adhesion suitable for biofilm expansion by sliding motility, and small
Q' represents slow nutrient transfer across the biofilm-substratum interface. Accordingly, we
rescale QT and AT by setting QT ~ £2Q* and AT ~ £2)\*, where Q* and \* are O(1) quantities as
e — 0. In terms of the rescaled quantities @* and \*, the boundary conditions (B.21b), (B.21c)

12



and (B.21e) then become

09, *

agz = _82% (gs - gb) on z=0,

0

% = —e’Q* (gs—g) on  z=0,
% =&2\*u on  z2=0.
0z

B.6 Thin-Film Approximation

(B.23a)
(B.23b)

(B.23¢)

We now apply the thin-film (long-wave) approximation to obtain a model to leading order in ¢.

We expand variables in power series of 2,

h(z,y,t) ~ ho(z,y,t) + i (z,y,t) + O(*),

(B.24)

and so on, where the expansions for the other variables take the same form as (B.24). To leading

order in ¢, the governing equations are then

aUO awo
Bz 0z
0ng 0 0
ot + @ (¢n0u0) + E (¢n0w0)
62g30
022
62gbo

022
62UO

022

apo 62’11]0 10 <8u0 8w0>

T T2 T30\ 0 0

and the leading-order boundary conditions become

0950 .
0z =0
6gbo
o _ g
0z
8u0
0y
0z
Wy = 0
0ho 0ho
Wo =gy TR,
oy 20u0 40w
Po 30r 30z
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= \yn¢nogb07

= \Ijn(bnogbo - qjd¢n07

=0,

on z=-1/4,0,
on 2z =0, hy,

on z=0,hg,
on z=0,

on z = hyg,

on 2z = hyg.

(B.25a)
(B.25b)
(B.25c¢)
(B.25d)
(B.25e)

(B.25f)

(B.26a)
(B.26b)

(B.26¢)
(B.26d)

(B.26e)

(B.26f)



As expected for an extensional flow, the systems (B.25) and (B.26) indicate that the leading-order
nutrient concentrations g, and gy, and the leading-order horizontal velocity uy do not depend

on z. To proceed, we also define the depth-averaged cell volume fraction

_ ho
Gol,t) = ;0 [ ol 1) = (B.27)

On defining (B.27), we exploit the z-independence and integrate the mass-balance equa-

tions (B.25a) and (B.25b) with respect to z from 0 to hy, yielding

oh 0 ,

6750 T3 (uoho) = Wndogsoho, (B.28a)
0 /- 0 /- _ N
5 <¢0h0) + 3 (¢0Uoho> = WU,dogn0ho — Yadoho, (B.28b)

where we have applied Leibniz’s integral rule in obtaining (B.28b).

Since the leading-order equations for gy, gsy, and ug yielded z-independence, to obtain gov-
erning equations for these variables we consider the higher-order correction terms. Using the
dimensionless model and thin-film expansions (B.20), (B.21) and (B.24), the relevant equations
at O(e?) are

a2951 . l 0950 - 62930

0:2 D ot 022 (B.292)
8291, agb 8 8 6291,
6221 = 78150 + a (gbouO) + @ (gb0w0> - axQO + T¢n09b07 (B‘29b>
621,&1 . apg 62u0 10 aUO awo
02 ~ ¢ 0 30z\ 0z | 0z) (B.25¢)
with boundary conditions
051 =0 on z=-1/0 (B.30a)
0z ’
095 Q"
621 --% (gso — Goo) on z=0, (B.30Db)
agbl _ * —
W = —Q (gSO — gbo) on z = O, (BSOC)
8gb1 . agbo 8h0 aho .
5, = op Br o (w0 —wo on z=hg, (B.30d)
0
% = AN ug on z=0, (B.30e)
aul . aho alLQ E)wo 8w0 .
5, = 2 N ( T ) ~ o on z=hy. (B.30f)

Integrating the correction terms for the nutrient concentration (B.29a) and (B.29b) with respect

to z and applying the boundary conditions (B.30a)—(B.30d) yields equations for the leading-order
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nutrient concentrations,

6950 _ 62950
ot =D 022

0 0 0 0 -
g:o + = Oz (Uohogbo) = % (h 69170) + Q (gso - gbo) - T¢ogboho- (Bglb)

" (9s0 = 9vo) » (B.31a)

ho

A similar depth-integration procedure yields an equation for the leading-order horizontal velocity,
ug. First, we rewrite the correction for the z-component of momentum (B.29¢) using the mass
balance (B.25a) to obtain

62'&1 . apo _9 82’&0 82100 Z‘P 0

022 Ox 0x2 6x8z+ 3 x (énogeo) - (B.32)

Integrating the correction term for the horizontal velocity (B.32) once with respect to z and

applying the boundary conditions (B.30e) and (B.30f) yields, on application of Leibniz’s integral

rule for pressure and volume fraction terms,
aho (8@&0 811)0 ahO

awo " . i ho
2 O0x \ Ox 0z zh()) 0z o — A= Ox ( o o dz) ~polho) 5 Ox

Pug  [Buwe]™ 29, D [ fho 20, dho
—QhO‘[ax]o R A Rl B e v

(B.33)

Derivatives of wy with respect to x cancel. To solve for the leading-order pressure pgy, we
integrate (B.25f) to obtain

— + C(x). (B.34)

Applying the boundary condition (B.26f) for the leading-order pressure on z = hg determines

the constant of integration

6UO 4 awo 2 auo aUO 4\11 811)0

Cla) ==y = W= =gty gy = 2 g o = 2 o (B39

where we have used the mass balance (B.25a) to obtain two alternative forms for py. Substituting

the expression for pressure (B.35) into the integrated O(e?) momentum equation (B.33) then

yields
aho auo awo 0 ho 4\11 aUO
2 - — g = 5= [ S bnggn 252 d
0x (E)x 0z |,_p, 0= 9z \Us 3 Gmol — oz
aho Bwo Z\Ifn
2019 20 — 2 0(h B.36
R o>gbo] (B.36)
0%ug  2¥, 0 ho 20, Ohyg
—9 — B— —_—
ho Q2 3 Oz (/0 ProGso dz) 3 Pno(h0)gno Oz
After evaluating the integrals and simplification, we arrive at the leading-order governing
equation
8 ou . 0
6 (ho 8x0> Nug =29, "p (qbogboho) (B.37)
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Equations (B.28), (B.31) and (B.37) then constitute a system of five spatially one-dimensional
PDEs for the leading-order quantities ho, @0, gsgs gbo, and ug. Recall that Equations (B.37),
(B.28a), (B.28b) and (B.31b) are defined within the colony biofilm = < S(¢). The nutrient
concentration in the substratum (B.31a) is defined for the Petri dish, 0 < x < 1/4. Since nutrient
depletion from the substratum can only occur in regions occupied by the colony biofilm, we
modify (B.31a) to write

0950 _ 62gso
ot =D 02

—0Q" (gso — goo) H(S(t) —2) on 0<z<1/4, (B.38)

where H () is the Heaviside step function.

It remains to specify the initial and boundary conditions for PDEs (B.28), (B.37), (B.38)
and (B.31b). The initial conditions are

9so(@,0) =1, (B.39a)
goo(2,0) =0, (B.39b)
¢o(x,0) =0, (B.39¢)
ho(x,0) = Ho (1—2?) (B.39d)

5(0)=1 (B.39%)

These conditions reflect that there are initially no nutrients or dead cells in the colony biofilm.
The substratum nutrient concentration gy, and colony-biofilm half-width S are initially unity
because nutrients are scaled by the initial nutrient concentration, and x is scaled by the initial
colony-biofilm width. Since the initial cell density in experiments is several orders of magnitude
less than the cell density of a mature colony biofilm [20], we expect Hy to be small, even with

the thin-film approximation applied.

The boundary conditions for the spatially one-dimensional model consist of no-flux conditions

for the nutrients, which become

09, 0
%:O on x=0,1/4, and %:0 on z=0. (B.40)
We also apply the following symmetry conditions at z = 0:
Oh 0¢
a—;:(), ag‘iozo, uw=0 on x=0. (B.41)
We obtain the second boundary condition for g, using the same scaling argument as Tam et al.
[4], yielding
0
% =0 on x=375(1t). (B.42)

The boundary condition for ug comes from imposing zero normal stress, o,,, at = S(t). Using
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Ope = —p — 2u(uy + w,) /3 + 2uu,, we arrive at the condition

6@60 1 -

o ?I%(bogbo on 1z =.5(t). (B.43)
B.7 Summary

The complete thin-film, extensional-flow model addressed in this work then consists of the
differential equations (dropping the zero subscript on leading-order quantities and the overbar

on averaged quantities)

oh 0
= + e (uh) = V,0g,h on 0<z<S(t), (B.d4ba)
6615 (oh) + 6695 (puh) = Wpdgph — Vaph on 0<z<S(t), (B.44b)
aagts = %gs —0Q" (9s — gp) H(S(t) — z) on 0<z<1/0, (B.44c)
h% + 9 (uhgy) = i 0g, + Q" (g9s — g) — Yogph on 0<z<S(t), (B.44d)
ot Ox Ox 8
0 Ou . 0

4@ (hax> — \N'u = 2%% (pgph) on 0<xz<S(t), (B.dde)

ds

initial conditions

gs(xa 0) = 17 (B45a)
gv(2,0) =0, (B.45b)
¢(z,0) =0, (B.45¢)
h(z,0) = Ho (1-2?), (B.45d)
S(0) =1, (B.45¢)
and boundary conditions
oh

I =0 on x=0, (B.46a)
gf =0, on x=0, (B.46b)
aais —0 on x=0,1/4, (B.46¢)
%gxb =0 on x=0,5(t), (B.46d)
u=20 on x =0, (B.46e)

ou 1
e §\Ifnqz5gb on x=5(t). (B.46f)
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An alternative form of the active-phase mass-balance equation is available by expanding (B.44h)

using the product rule and using (B.44a) to obtain

0 0
6(f+ua(£ =o[Vag (1—¢) -V, on 0<az<S(t). (B.47)

The form (B.47) is useful for the numerical method, which we now outline.

C Numerical Methods

To solve the model numerically, we map the moving-boundary problem on 0 < x < S(t) to the

unit interval using the change of variables

e 9 1.0 9 d &9
«n=(551) = == smw w0

(C.1)

To circumvent the Heaviside step function, we write Equation (B.44c) for the substratum
nutrient concentration in piecewise form, and use the symbol g,, defined for S(t) <z < 1/4,
to denote the nutrient concentration in the region of the Petri dish unoccupied by the colony
biofilm. Consequently, gs is then the nutrient concentration in the substratum, restricted to
0 <z < S(t). In distinguishing between g5 and g,, we also impose that the nutrient concentration
in the agar defined over the entire Petri dish is a C'! function, such that g,(S(¢),t) = g,(S(t),t)
and ¢.(S(t),t) = ¢, (S(t),t). The transformed model in terms of the new independent variables

¢ and 7 to solve numerically is then

or S 0S¢
00 N lu—fu(l,T)] 00

0h  &u(l,7) Oh N 10 (uh) = U, dgh, (C.2a)

or 5 % = [Wag (1 —¢) — Vg, (C.2b)

dgs  &u(l,7) 0g, D 0%g,

T T R R OF (C.2¢)

"%g;o B fug, 7) 369f N 52 %1920, (C.2d)

poo Sl Tk aagg T ;62 (uhgy) = Slai (h%?) £ Q (g — @) — Togh,  (C.2)
j‘j —u(l,7). (C.2¢)

All PDEs are solved for 0 < 7 < T, such that the PDEs (C.2a)—(C.2¢), (C.2¢) and (C.2f)
are defined for 0 < £ < 1 and (C.2d) applies for 1 < £ < 1/0S(7). The corresponding initial

conditions are

gs(ga 0) - 17 go(fa O) - 17 gb(ga O) = 07 ¢(§, 0) - O’

C.3
h(§,0) = Ho (1-€%), S(0)=1, (©3)
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and the boundary conditions are

Ohl . %1 _,
&lon  %lorn
0g5)  _ 99 _o Yol _ O _
65 (0,7) 7 66 (1/68,7) ’ 85 (0,7) af (1,7) ’ (C 4)
(L7 = (L), 2% _ Do |
s\L, T) = go\L,T), - 5
ag (1,7) af (1,7)
(0,7 =0, 24 SO0 .
0 | 1.y 2

To describe the numerical scheme, we use the notation ug = u(¢j, ) to represent the value of
variables at grid points. We define the temporal grid 7, = (I — 1)A7, for [ = 1,..., M, such
that M is the number of time steps, and A7 =T/(M — 1) is the constant time-step size. We
define the spatial grid for the colony biofilm to be &; = (j — 1)A& for j =1,..., N, where N is
the number of grid points, and A = 1/(N — 1) is the constant grid spacing. In unoccupied
regions of the substratum, we define {7 = 1 + (j — 1)A£°, where the constant grid spacing
A = (1/0S —1)/(N — 1) is chosen such that £% = 1/65. Since the grid £° depends on 7, we
reinitialise it every time step after updating S. We use a Crank—Nicolson method to solve (C.2),
similar to Tam [3] and Tam et al. [4]. We use an upwind spatial discretisation for the advection

term in (C.2a), and central differences for spatial derivatives arising from applying the change

19



of variables to derivatives with respect to t. At interior grid points, this leads to the scheme

Bl pl 1 hHl/Q . hl+1/2 ul~hl-+1/2 _d hlilm
J J _ fJuN Jj+1 J°" j=1%-1 an¢§gb§h§+l/2’ (C.5a)

AT St 2A¢& STAE
¢§+1 B é ué _ 5J'ué\f ¢2‘111/2 ¢l+1/2 I+1/2 l
g5 —gsh gy [ ger® = gugi”
AT St 2A¢
(C.5¢)
D 952111/2 _ 2935}1/2 +gsl+l/2 /2 z
S5 Ag2 —0Q" (955" — ).
goé-H B goé’ o S)u{f\f 902111/2 - gog'tll/2 — 2 902111/2 29 l+1/2 + golH/Q (C 5d>
AT St 2A¢&° S A§02 ’ '
pl+ gbéﬂ gbé' o §j“§v Qbéill/z _gbé+11/2 i J+1hé++1 béill/Q hl+1 bé+11/2
J AT St 2A¢ 2A§Sl
(h” + hl+1) ( béiﬂ — % é+1/2) (hl+1 + hl+1) (g éJrl/2 gbéﬂillﬂ) (C.5e)
2512 AE2
I
2 (Hr +85) (uhor =) = (W hi) (=)
qi2 Ag2 A
! lLopl ! I opl (C.51)
_ & ¢j+1gbj+1hj+1 - ¢j—1gbj—1hj_1
St A& ’
Sl+1 . Sl +1/2
= (C.58)
AT 2

forj=2,...,N—1,andl=1,... M — 1. In (C.5), for compactness we write the scheme with
some terms approximated halfway between time steps. In practice, we approximate these terms

using centred averages, for example

I+1 l

wtt — b
u§+1/2 - %’ (C.6)
and so on for other variables. Since £° depends on S, after updating S based on (C.5g) we
interpolate linearly to update the nutrient concentrations g; and g,, to maintain compatibility

with the updated colony-biofilm domain.

It remains to specify the numerical schemes for the boundary conditions. By the same argument
as Ward and King [11], since h(S(0),0) = 0 the PDE (B.44a) guarantees that h(S(t),t) = 0 for
all t. Therefore, for convenience we impose hy = 0 directly. To ensure continuity of the nutrient
concentration in the substratum, we apply the Dirichlet conditions gs(1,7) = ¢,(1,7) = a. The
correct value of a is such that 0ggs(1,7) = 0gg,(1,7), and we obtain this value numerically

using the Newton-Raphson method, using gs at £ = 1 from the previous time step as the initial
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guess. Once we have found a, the numerical schemes for the boundary conditions read

—3hy + 4hy — by

DAL 0, (C.7a)
hy =0, (C.7b)
—3¢1 +4¢h — ¢ _
DAL =0, (C.7c)
N =y I+1/2 l !
Ao = on T [Tl (1-0ly) = W) (C.7d)
I+1 l 1+1/2 1+1/2
9s — Ys 2D Js — Js * I+1/2
Bt ( e ) ~6Q" (077 ~ ). 79
gsn ' = a (C.7f)
9011“ = a, (C7g>
goljdl_l - goé\[ _ @ goé'tllﬂ - go§+1/2 (C 7h>
AT St AL’ ’ '

Bl gbllJrl - gbl1 4 hlfrlgblfr1 —3Ul1 + 4Ul2 - ué
! AT St 2A¢ 1
i

hEFL 4 plt gb12+1/2 B gbll+1/2
(L) (0 7o) L (-0 ) - Tl
hl+1 o 4hl+1 hl+1 -1
ol = QU [ aly (TR | )
2A¢
ub =0, (C.7k)
Suby —duby_ | +uly , SN,

= . 71
2AE 9 PnGon (C.71)

The expression (C.7j) arises by expanding the PDE (C.2¢), applying h = 0 and 0.g, = 0 at
¢ = 1, and discretising the resulting expression. Together with the initial conditions (C.3), this

completes the scheme for solving the full model (B.44)-(B.46) numerically.

C.1 Parameter Optimisation Tests

Repeated Parameter Estimation: Table C.1 presents parameter-estimation results for five
independent runs of the optimisation routine with the mean experimental data. These results
confirm that the optimisation procedure converges to a very similar local minimum in p(6*, a)

each run.

Numerical Grid Convergence: Since each evaluation of the objective function in the
parameter estimation method requires solving the model numerically once, the parameter
estimation procedure is computationally expensive. With N¢ = 401 grid points and N, = 1601
time steps, obtaining the optimal parameters for one set of experimental data took approximately
6.5 hours on an Intel Core i7-3770 CPU @ 3.40GHz x 4 running Linux Mint 22.2. Owing to the
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Table C.1: Optimal dimensionless parameters 6*(a), expressed to four significant figures, for each
agar density based on mean experimental data and 5 repetitions of the optimisation routine.

Run a v, U, Q* T A* p(0*, a)
0.6 0.3030 0.007766 7.400 7.881 0.6733 0.04374

. 0.8 0.3651 0.007471 6.539 7.336 1.042 0.05364
1.2 0.4093  0.007551 4.481 6.462 1.848 0.06360

2.0 0.3022 0.008347 3.270 5.007 2.670 0.06254

0.6 0.3009  0.007768 7.601 7.861 0.6693 0.04372

5 0.8 0.3651  0.007473 6.533 7.332 1.042 0.05364
1.2 0.4091 0.007552 4.480 6.459 1.847 0.06360

2.0 0.3022 0.008346 3.271 5.009 2.670 0.06254

0.6 0.3011 0.007765 7.602 7.867 0.6696 0.04372

0.8 0.3650 0.007471 6.551 7.335 1.041 0.05364

’ 1.2 0.4095 0.007551 4.474 6.463 1.849 0.06360
2.0 0.3023  0.008344 3.275 5.015 2.671 0.06254

0.6 0.3013 0.007766 7.579 7.869 0.6700 0.04372

1 0.8 0.3646 0.007472 6.561 7.330 1.041 0.05364
1.2 0.4099  0.007548 4.479 6.475 1.850 0.06360

2.0 0.3022 0.008347 3.272 5.008 2.670 0.06254

0.6 0.3009  0.007767 7.610 7.862 0.6692 0.04372

0.8 0.3648 0.007473 6.550 7.330 1.041 0.05364

° 1.2 0.4092 0.007553 4.477 6.457 1.848 0.06360
2.0 0.3024 0.008344 3.273 5.014 2.672 0.06254
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constraint of computational cost, we use a relatively coarse numerical grid to obtain the results.
These numerical solutions will contain numerical error, so we repeat the parameter estimation
using different grid spacing and time step sizes, to ensure that our conclusions remain valid as

the numerical grid is refined.

Table C.2: Parameter-estimation results for different grid spacing and time-step sizes, and 0.6%
agar.

Parameter Ne N 101 201 401 801 1601
25 0.3014 0.3033 0.3016 0.3019 0.3009
. 51 0.3008 0.3029 0.3014 0.3023 0.3012
" 101 0.3002 0.3023 0.3010 0.3018 0.3009
201 0.2993 0.3018 0.3002 0.3008 0.3002
101 0.2982 0.3009 0.2995 0.2998 0.2992
25 0.007536  0.007662  0.007662 _ 0.007695  0.007699
., 51 0.007639  0.007721  0.007720  0.007754  0.007754
101 | 0.007687  0.007768  0.007768  0.007802  0.007802
201 | 0007720  0.007811  0.007808  0.007843  0.007844
401 | 0007759  0.007844  0.007840  0.007875  0.007876
25 11.31 10.20 10.08 9.942 9.961
) 51 9.316 8.549 8.455 8.291 8.349
@ 101 8.292 7.617 7.501 7.462 7.498
201 7.721 7.060 7.062 6.986 6.996
401 7.413 6.757 6.744 6.692 6.704
25 8.745 8.780 8.747 8.759 3.733
. 51 8.219 8.228 8.203 8.223 8.206
101 7.890 7.882 7.862 7.879 7.867
201 7.664 7.648 7.623 7.637 7.628
401 7.504 7.490 7.470 7.479 7.467
25 0.6958 0.7239 0.7300 0.7354 0.7352
N 51 0.6608 0.6839 0.6900 0.6963 0.6960
101 0.6424 0.6640 0.6694 0.6750 0.6752
201 0.6305 0.6518 0.6569 0.6614 0.6623
401 0.6223 0.6436 0.6492 0.6532 0.6539
25 0.03920 0.03967 004041  0.04045  0.04040
) 51 0.04136 004162 004234 0.04241  0.04236
pl0:a) 101 0.04230 0.04310 0.04372 0.04379 0.04375
201 0.04413 004430  0.04485 0.04488  0.04483
401 0.04487 004516  0.04573  0.04573  0.04565

23



Table C.3: Parameter-estimation results for different grid spacing and time-step sizes, and 2.0%
agar.

Parameter Ne N 101 201 401 801 1601
25 0.3032 0.3059 0.3043 0.3054 0.3042
51 0.3016 0.3042 0.3041 0.3048 0.3044
¥ 101 0.3001 0.3023 0.3022 0.3031 0.3028
201 0.2979 0.3002 0.2999 0.3005 0.3003
401 0.2954 0.2979 0.2976 0.2983 0.2979
25 0.008137 0.008201 0.008203 0.008230 0.008238
v, 51 0.008216 0.008281 0.008276 0.008309 0.008308
101 0.008282 0.008352 0.008346 0.008378 0.008377
201 0.008342 0.008411 0.008407 0.008437 0.008439
401 0.008392 0.008460 0.008455 0.008486 0.008488
25 4.950 4.635 4.626 4.573 4.580
. 51 4.063 3.813 3.767 3.716 3.726
@ 101 3.525 3.299 3.273 3.225 3.228
201 3.205 2.996 2.967 2.936 2.938
401 3.028 2.810 2.789 2.760 2.768
25 6.287 6.240 6.213 6.228 6.201
" 51 5.57H 5.519 5.505 5.497 5.497
101 5.102 5.015 5.010 5.001 5.000
201 4.771 4.679 4.664 4.657 4.658
401 4.548 4.446 4.436 4.429 4.432
25 2.990 3.088 3.098 3.124 3.117
. 51 2.724 2.801 2.824 2.842 2.843
A 101 2.585 2.650 2.670 2.687 2.689
201 2.495 2.556 2.574 2.587 2.590
401 2.434 2.493 2.511 2.524 2.526
25 0.05883 0.05908 0.05996 0.05978 0.05981
(0% a) 51 0.06039 0.06058 0.06145 0.06128 0.06131
101 0.06161 0.06170 0.06254 0.06237 0.06240
201 0.06253 0.06266 0.06344 0.06327 0.06330
401 0.06322 0.06336 0.06416 0.06397 0.06399
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The convergence results in Tables C.2 and C.3 suggest that /N, has no consistent effect on
the estimated parameter values when N, > 201. Consequently, we consider the results with
N, = 1601 to be approximately independent of time-step size, A7. However, the results may not
be independent of A, because the parameter estimates in Tables C.2 and C.3 vary with V.
Doubling the number of grid points and time steps yields small changes in ¥,,, ¥;, and A\*, and
up to 10% variation in @Q* and Y. These results align with the sensitivity analyses in the main
manuscript, where (Q* was more difficult to identify, and * and T tended to vary in concert
with each other. The variation in optimal parameters could also be due to randomness inherent
in the optimisation procedure, in addition to the grid spacing. As Tables C.2 and C.3 indicate,

these variations do not affect the qualitative conclusions of the manuscript.

C.2 Heat Maps

See below of additional parameter-pair heat maps indicating how model parameters influence
p(0,a), the distance between the model and experimental results. Figure C.1 shows that the

parameter trends on high-density agar are similar to the trends on low-density agar.
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Figure C.1: Parameter-pair heat maps for hard 2.0% agar. Plots represent the distance between
the numerical solution and experimental data, p(6, a), for given parameter combination. Unless
otherwise stated, parameters take the optimal values. When varied, each parameter ranges from
zero to three times the optimal value.



D

Code and Data Availability

Experimental data, numerical code, and additional results for image processing and solving the

thin-film model are available on GitHub.
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