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Section S1: Detailed Derivation of Closed-Form Analytical Solutions

S1.1 Assumptions

Diffusion is assumed to occur with the same effective diffusivity inside and outside the
source, characterized by the diffusion coefficient D such as DNA-immobilized hydrogels.!-* The
source is assumed to have a symmetric geometry in 1D, 2D, or 3D systems to allow the reduction
of the spatial coordinate from the center of the source to a variable . The 1D model—the system
length is significantly longer than width and height of the system leading to negligible height and
width—provides intuitive insights into gradient formation along a single spatial axis, suitable for
narrow channels.? The 2D model—height negligible compared to length and width—extends this
understanding to planar geometries relevant in thin films or surface patterning', while the 3D
model encompasses volumetric systems with spherical sources, such as lipid vesicles, hydrogel
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microparticles, or polymer coacervates*. These model frameworks provide the capacity for the
prediction and design of concentration fields across a spectrum of geometries in biological tissues,
engineered DNA reaction-diffusion networks, and microfabricated devices.>

S1.2 One-Dimensional Configuration

For one-dimensional configurations, we consider systems where the length dimension
significantly exceeds both width and height, creating effectively linear diffusion along the
longitudinal coordinate. The governing steady-state reaction-diffusion equations reduce to
ordinary differential equations in Cartesian coordinates (x (=r), y, z):

2
O:Dczrf—kC+rp, where » <R (S1)
d’C
O:Da]2 —kC, where r >R . (S2)
r

The general solution approach involves assuming exponential forms consistent with the
characteristic equation. For the homogeneous parts of both equations, the characteristic equation
is D/?—k = 0 yielding characteristic length (1 =Vk/D). For Eq. S1 (with source term), we seek

c(r) = cle’lr + ce

-Ar
solutions of the form: +7p/k For Eq. S2 (homogeneous), the solution takes

_ Ar - Ar .
the form: €(") = 3" + ¢4 ™™ \yhere 1 represents the inverse decay length.
The physical constraints of our system translate into mathematically precise boundary

conditions that capture realistic molecular behavior. At the system center, symmetry demands zero
flux to prevent unphysical molecular accumulation:

dC

— =0 (S3)

r=0

At the source boundary (» = R), physical continuity requires that both concentration and flux
remain constant as molecules transition from the production region to the decay-only region:

Cin (R) = Cout (R) (S4)
dCin _ dCout (SS)
dr|,_y dr |

Finally, the requirement that concentration vanishes at infinite distance ensures finite total
molecular populations and reflects the dominance of degradation over production in extended
systems:

limC(r)=0 . (S6)

r—©0

These boundary conditions with the steady-state condition that concentration fields reach temporal



equilibrium (0C/0t=0) transform the piecewise differential equations into a well-defined boundary
value problem with unique solutions. The detailed process to derive the analytical solutions is
described in the SI.

Using the boundary conditions (Eqs S3-S6), the constants (c;-c4) can be derived. Using the

_ Ar - Ar
symmetry condition at origin (Eq. S3), differentiating the inner solution: 4¢/dr = c1Ae™ - cAe ™

At r =0, ¢; — ¢; = 0. therefore ¢; = c,. Also, using decay condition at infinity (Eq. S6):
lim C(r) = 0 : . .

roe , we require ¢; = 0. For continuity conditions at the boundary (Eqs. S4 and S5),
concentration continuity at » = R requires ¢, and c4:

r

c=c,= 2—‘;{@“ (S7)
r, .

¢, =Lsinh(R) . (S8)

The final analytical solution for 1D configuration is obtained as follows,

C(r) = %’(1 — e cosh(4r) ), where r <R (S9)

C(r) = %smh(m)e-”, where # >R . (S10)

S1.3 Two-Dimensional Configuration

Two-dimensional configurations represent planar systems where both length and width
dimensions significantly exceed the height, creating effectively cylindrical diffusion patterns. This
geometry is relevant for thin films, membranes, or confined planar reactor systems where out-of-
plane diffusion is negligible.

In cylindrical coordinates with radial symmetry, the governing equations become:

O:Dli rd—cj—kC+r,wherer<R (S11)
rdr\ dr P
O:Dli(rd—c —kC, where r >R . (S12)
rdr\ dr

Let x = Ar where A =Vk/D and y = C. The equations transform to:

2 r
x2%+x%—(x2+0)y=—;px2, where r <R (S13)



2
xzd—f+xﬂ—(x2+0)y20, where r <R . (S14)
dx dx
These are modified Bessel equations of order zero. The homogeneous equation has general
solution: Y = ¢1Ko(¥) + ¢2lo(¥) \where I, and K, are modified Bessel functions of the first and
second kind, respectively. /y(x) is an exponentially growing function for large x, finite at x = 0.
Ko(x) is an exponentially decaying function for large x, K((0) = oo at x = 0. For derivatives, /y'(x) =
I1(x), Ko'(x) = -K;(x).

For the inhomogeneous equation (inside region), the particular solution is o/, giving
y(x) =€) = 1 Ko(Ar) + colo(r) + /K For the homogeneous equation (outside region):
y(x) = C(r) = c5Ko(Ar) + ¢41o(AT) Using the boundary conditions (Eqs S3-S6), the constants (ci-cs)
can be derived. For the finite concentration at origin, we require ¢; = 0 since K((0) = «. For decay
at infinity, we require ¢4 = 0 since Io(x) ~ ¢*/(27x)% as x goes to co. Using continuity conditions at
r = R, ¢, and ¢3 can be obtained:

¢, =—2 Ky (AR) (S15)
k 1,(ARYK,(AR) —I.(AR)K,(AR)
o=l 1,(AR) (S16)

Tk IL(ARKL(AR) - I(AR)K,(AR)

This can be simplified with /;'(x) = I;(x) and K,'(x) = —K;(x) and Wronskian relationship, Zo(x)K;(x)
+ [(x)Ko(x) = 1/x:

r
¢, ==L ARK,(7R) (S17)

r
¢ :;”/IRII(JR) , (S18)

The final analytical solution for 2D configuration is derived as follows,

C(r) = %’(1 _ ARK,(AR)I,(Ar)), where r <R (S19)

C(r)= %’/wl (AR)K,(Ar), where r >R . (S20)

S1.4 Three-Dimensional Configuration

Three-dimensional configurations represent fully volumetric systems where all spatial
dimensions are comparable. This geometry applies to spherical reactors, droplets, or bulk phase
systems where diffusion occurs isotropically in all directions. In spherical coordinates with radial



symmetry, the governing equations are:

1 d( ,dC
O:Dr_zﬁ[r Ej_kCJrrp’ where r <R (S21)
O:D%i(rz Ej—kC, where 7 > R . (S22)
r°dr dr

Let y = rC to simplify the spherical Laplacian. The equations become:

2 r
%_ﬁzy:—gpr, where 7 <R (523)
,
2
d—f—ﬂzy =0, where r >R . (524)
,

These are linear second-order ODEs with constant coefficients. For Eq. S23, the

_ Ar - Ar . . .
homogeneous solution is Ya = €1¢" ¥ €€ = The particular solution for the inhomogeneous term

_ . . _ _ Ar -Ar
is ¥» = (/K" Therefore, the complete solution is: ¥ = (T =¢1€" F e T ("o/K)" . For Eq. S24,
and Y =Cr= c3e’lr + c4e_’1r.

Using the boundary conditions (Eqs S3-S6), the constants (c;-c4) can be derived. Using the
finite concentration at origin (Eq. S3), we need ¢; = —c,, and the condition of the decay at infinity
(Eq. 6) gives c; = 0. For the continuity at » = R (Eqs S4 and S5), we require ¢; and cy:

r, AR+1
-k =
r, . 1
c, = E(ZR cosh(AR) - smh(ﬂ,R))z . (S26)

The final analytical solution for 3D configuration is derived as follows,

C(r)= %(1 —(AR+1)e ** %(r’m) where r <R (S27)
—Ar
C(r)= %(XR cosh(AR)— sinh(ﬁ.R))eﬂr , where » >R . (S28)

The derived solutions are summarized in Table S1.

Table S1. A summary of the analytical solutions for 1-3D configurations. C is the
concentration, R is the radius of the generator, » is a spatial coordinate from the center of the
generator, A is decay length calculated by (k&/D)", D is diffusion constant, 7, is production rate, k



is degradation rate constant, /o, /;, Ky, and K are the solution of the modified Bessel functions.

Dimension r<R r>R
r r
1D C(r)=-2(1-e* cosh(4 C(r) =-Lsinh(AR)e™
() : ( e ™" cosh( r)) (r) : sinh(AR)e
2D C(r) = %(1 — ARK,(AR)I,(Ar)) C(r) = %’ﬂRll (AR)K,(Ar)
: —Ar
3D cpoz%@fQM+nawﬁggkg (Xﬂ:%{ﬂ%mMﬂm—mmuanr

Section S2: Gradient Characteristic Parameters

S2.1 Surface Concentration Analysis

The surface concentration occurs at the surface of the source region (r = R) for all
dimensional configurations. This represents the point of the highest concentration outside the
source. The surface concentrations for each dimension are summarized in Table S2.

Table S2. Surface concentration. The surface concentration (C'gyce) can be calculated at the
center concentration (C'(#/R=1)). C' = C(#/R)/(rp/k), @ = R(k/D)">. R is the radius of the generator,
r is a spatial coordinate from the center of the generator, D is diffusion constant, 7, is production
rate, k is degradation rate constant.

Dimension Csurface
1D 1-e™® cosh(d)
2D - ®K, ()], (D)
3D 1-(1+1/®)e™® sinh(®)

S2.2 Half-Width at Half~-Maximum (HWHM) Analysis

The HWHM represents the distance from the center where the concentration drops to half
surface concentration. This parameter quantifies the spatial extent of the concentration field and is
crucial for applications requiring specific gradient steepness. The HWHM is determined by



solving: C'(F'ywin)=C surtace/2. The HWHM for each dimension is summarized in Table S3.

Table S3. Half-width at half-maximum (HWHM). The HWHM / R (=r'ywru) can be calculated
by solving the equation the position where the concentration is half of the surface concentration:
C ("' awrm)=C'surtace/2. C' = C(r)/(rp/k), @ = R(k/D)">. R is the radius of the generator, r is a spatial
coordinate from the center of the generator, D is diffusion constant, r, is production rate, k is
degradation rate constant.

Dimension Half-width at half-maximum (HWHM)
1D sinh(@)e " ™ —(1—e™® cosh(P))/2=0
2D DL (P)K, (PF ) = (1= OK (D) (@) /2 =0

3D

07’
(® cosh(D) —sinh((D));),—
r

HWHM

~(1-(1+1/®)e " sinh(®) )/ 2=0

Table S4. Experimental data for Figure 3b. Zadorin et al.” used morphogen gradients in 1D
microfluidic devices to direct particle organization. The others (Kim et al.!, Gines et al.!?, Karzbrun
et al.'!) built concentration fields in 2D microfluidic devices. Thiele modulus (®) is R(k/D)%>, A
is (k/D)%3, R is the radius of the source, D is diffusion constant, and k is degradation rate constant.

Ref System Chamber k(s) (Dm R 1/4 o HWHM | HWHM/
' chamber thickness 2175) (um) | (um) (um) R
7.5x1073 1400 | 0.036 | 300 6
5:11 100pum | 1.5x104| 150 | 50 | 1000 | 0.05 | 250 5
D 3 x10+ 700 | 0.07 200 4
Gines microfluidic
ot al device 130 um | 1.2x103| 300 | 17¢@ | 500 | 0.02 125 7.3
Karzb
run et 100 pm - 33 50 | 380 | 0.13 200 4
al.
Zadori 1D 3
net | microfluidic | 200pm | - o R I R R R
al. device




a. microbead size; b. radius of chamber ends; c. chip width

Section S3: Nomenclature and Physical Parameters

Symbol Definition Units
C Concentration mol/m?3
C Dimensionless concentration, C/(ry/k) -
D Diffusion coefficient m?/s
k Degradation rate constant /s
R Source radius m
2 Dimensionless source radius, AR -
r Radial coordinate m
r Dimensionless radial coordinate, 7/R -
T Production rate mol/(m?3-s)
A Inverse decay length, V(k/D) 1/m
Iy, I Modified Bessel functions of the first kind -
Ky, K; Modified Bessel functions of the second kind -
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