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1 Magnetization data
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Figure S1: Vibrating-sample magnetometer (VSM) data showing specific magnetization versus
applied field strength for 5 um Janus spheres with a 22 nm iron coating. Plot (a) shows the full range
of applied field strengths from £2 x 10* Oe; plot (b) focuses on the range of field strengths relevant
to the experiment +80 Oe. The red marker denotes the remnant magnetization at zero field: 1.1
emu/g. The red line denotes slope of the magnetization-field curve at zero field: 0.0060 emu/g Oe.
We multiply these quantities by the estimated mass of a single Janus sphere, M = 7.5 x 10~ g, to
estimate the permanent particle moment m, = 8.3 x 107! emu (8.3 x 1074 Am?) and the average
polarizability a = 4.5 x 10713 emu/Oe (5.7 x 10718 m?).



2 Particle-substrate height measurement

As detailed in the Methods, optical microscopy is used to determine the location of the substrate
by first focusing on patterned gold mask on the glass substrate (Fig. S2) and then adjusting the
microscope stage along the z-direction by a prescribed distance.

Gold Mask

Figure S2: Bright-field microscopy image of the gold mask on the glass substrate. Scale bar is
50 pm. The inset shows an image of the Janus particle dispersion sealed between a glass cover-slip
and the glass substrate above the gold mask (highlighted in yellow).



3 Particle sedimentation rate

We quantified the rate of particle sedimentation and find that it is slow compared to the experi-
mental time scales. Magnetic Janus particles dispersed above the substrate were allowed to settle
while being monitored by optical microscopy. Particles initially positioned in the focal plane take
several hours to disappear via sedimentation. We measured the particle height from the substrate
every 30 min to better estimate the settling rate (Fig. S3). The measured sedimentation velocity is
U =5 pum/hr (1 x 1072 pm/s). Over the duration of a typical experiment (ca. 20 s), the resulting
particle vertical displacement is negligible (ca. 0.03 pm), indicating that gravitational settling does
not contribute appreciably to the observed particle dynamics.

These sedimentation experiments suggest that the average density of the magnetic Janus par-
ticles is very closely matched to their aqueous surroundings with an estimated density contrast
Ap =~ 9InU/2ga® ~ 0.1 kg/m?, where n = 1 mPas, g = 9.8 m/s?, and a = 2.5 um.
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Figure S3: Sedimentation experiments. Particle height as a function of time measured using
microscopy. The Janus particles were allowed to settle in the quiescent fluid, and the height of
the particle was estimated by the difference in the focal plane of the particle and the underlying
substrate. See Methods for further details.



4 Derivation of the dynamical model

We consider a spherical particle with radius a and magnetic moment m immersed in viscous fluid
at a height h above a solid plane at z = 0 (Fig. S4). The sphere is subject to a AC magnetic field
directed normal to the surface H(t) = Hysinwte,. The particle’s linear velocity U and angular
velocity € are governed by Newton’s laws of rigid body motion

:ZF and — (I- ) ZT (1)

where F; and T; denote the force and torque of type ¢, M is the particle mass, and I is the
inertia tensor. For a homogeneous sphere, the inertia tensor is isotropic and equal to I = [ with
I =2Ma?

5

Hydrodynamic Force & Torque. At low Reynolds number, the hydrodynamic force and torque
on the sphere in a quiescent fluid are linearly related to the linear and angular velocity as

wl--[a o8 @

where A, B, etc. are components of the hydrodynamic resistance matrix.! For a solid sphere above
a solid plane normal to the eg-direction, the components of the resistance matrix have the form

A =6mna [YA((S —e.e,) + XAeZeZ}
B = —B = 6ma® [Ype-e;] (3)
C = 6mna’ [YC((S —ee;) + Xcezez]
where 7 is the fluid viscosity, 8 is the identity tensor, € is the Levi-Civita tensor, and e; denote

unit vectors in the i-direction. The resistance coefficients X 4, Ya, Y, X, and Yo depend on the
dimensionless surface separation & = (h — a)/a as described by semi-analytical solutions.? %

Figure S4: Schematic illustration of a Janus sphere above a plane wall illustrating the lab
frame characterized by unit vectors e,,e,,e. and the particle frame characterized by unit vec-
tors by, by, b,. The director d of the Janus cap (grey) points along the b, direction.



Magnetic Torque. The magnetic field H(¢) = H,(t)e, acts on the particle’s magnetic moment
m to generate a magnetic torque

T = po(m x H) = poH (mye; — mqey) (4)

where g is the vacuum permeability. The spatially uniform field generates no magnetic force:
F,=0.

Magnetic Moment. Based on vibrating-sample magnetometer (VSM) data (see Section 1), the
particle’s magnetic moment m has two primary contributions: a permanent moment m, and an
induced moment m;. The permanent moment is constant in the particle reference frame, changing in
the lab frame only via particle rotation. Using particle-fixed unit vectors b, by, b., the permanent
moment is expressed as

m;,, = mb b, +m)b, + mlb, (5)

The induced moment m; relaxes to an asymptotic value proportional to the applied field o - H,
where a is the magnetic polarizability tensor. Because this tensor is symmetric, its eigenvectors
are orthogonal. We chose the particle-fixed unit vectors to coincide with these principal directions
of a such that

a = o, b, b, + aybyb, + a.b.b, (6)

where «; is the polarizability along the i*" direction of the particle. The unit vectors by, b,, b,
are assigned such that a, < a; < a,. We assume that the induced moment relaxes along these
principal directions with rate constants k., ky, and k. as described by the relaxation rate tensor k

k = k;b,b; + k,b,by, + k.b.b. (7)
The induced moment m; changes in time due to both internal relaxation and external rotation as

dmi

dt

:_k.(mi_a-H)—|—QXmi (8)

Particle Rotation. The orientation of the particle is parameterized by the Euler angles u =
[6,0,%]" using the 323 (zyz) rotation sequence characterized by the rotation matrix

CHCHCY — SpSep CpCoSy + SpCy —CySp

R323(u) = RZ((b)Ry(Q)RZ(w) = | =84COCy — CpSyy  —SpCHSY t CoCyy  S$Sh (9)
50Cy) 505y o
where R;(¢) denotes a coordinate rotation by ¢ about the i-direction, and s, = sinz and ¢,, = cos z.”

A vector v = [vg, vy, v2]" in the lab frame (e,, ey, e.) is related to the same vector v/ = [v],, v}, v]”
in the particle frame (bg, by, b.) as v/ = Rso3v. Similarly, a tensor 7 in the lab frame is related to
the same tensor 7/ in the particle frame as 7/ = R3237'R3TQ3. The Euler angle rates 1 are related to

the angular velocity as = Es93(u)u, where E323(u) is the Euler angle rate matrix

sgcy —Sy 0
E323(u) = | S80Sy Cyy 0 (10)
co 0 1

Similarly, the particle position x, is related to the linear velocity as x, = U. Together, these
equations can be integrated to determine the transient particle position x,(t), orientation u(t), and
induced moment m;.



Non-dimensionization. It is convenient to non-dimensionalize the above equations using the
following characteristic scales

moment: my field: Hy torque:  pompHo

_ tompHo 1 (11)

length: a rate: wo time: wg

6mna’
where wyq is a characteristic rate for field-driven particle rotation. Below, we use the same notation
to refer to dimensionless quantities, which corresponds to setting the characteristic scales to unity
in the dynamical equations above (e.g., a — 1).

4.1 1D rotation about the y-axis

The above model simplifies considerably when the particle is constrained to rotate about a single
axis. Assuming mirror symmetry about the y-direction, we set the Euler angles ¢ and ¢, the
moments m;, and mp,, and the angular velocities €2, and €2, to zero .

The remaining Euler angle 6(¢) is governed by the dimensionless dynamics

e, = —;ch — (ml, +mP cosf + mi sinf)sinwt  and f=10, (12)
where € = pompHo/6mna® < 1 is a small inertia parameter, and Y, = (YaYo — Y3)/Y4 is the
mobility coefficient for particle rotation about the y-direction, which depends on the surface sepa-
ration £ = (h — a)/a (Fig. Sba). While the mobility coefficient can be incorporated into the rate
scale wq to further simplify the equation, this choice obscures the role of the surface separation in
influencing the particle dynamics.

The particle position x,(t) evolves as

= U= 280, (13)
Ya

where the ratio Yp/Y, is a positive constant characterizing the strength of rotation translation
coupling. This ratio—sometimes known as the traction® and denoted & in prior work?'%—varies
from zero when the particle is far from the surface and approaches an asymptotic value of 1/4 as
the surface separation tends to zero (Fig. S5b).

Finally, the induced moment m;(t) is governed by the dimensionless equations

ml = Q,ml + 2 (— (ks + ko)mb + (k. — kg)ml cos 20 — (k. — kp)m! sin 20)
+ %(k‘zaz — kyay) sin 26 sin wt

b = —Quml + 3 (= (k. + kz)mb — (ks — kg)ml sin 20 — (k, — k,)ml, cos 20)
+ %((kzaz + kyay) + (kyo, — kypay) cos 20) sin wt

(14)

Together, equations (12)—(14) describe the transient position and orientation of the particle.

4.2 Parameter estimates

To guide the analysis of the model, we use the experiment conditions and observations to estimate
the relative magnitude of the many parameters. Some of these parameters are specified or known:
the particle radius ¢ = 2.5 um; the applied field strength pgHg = 8 mT, the fluid viscosity
n = 1 mPas, the particle mass M = 7.5 x 107 kg (based on 20 nm of chromium and 22 nm
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Figure S5: Sphere-plane mobility coefficients as a function of the scaled surface separation & =
(h — a)/a. (a) Rotational mobility coefficient Y. for a sphere subject to a torque perpendicular
to the surface normal. The dashed curves show asymptotic approximations for small and large
separations.® (b) Surface traction x describing the strength of rotation-translation coupling. The
dashed curves show asymptotic approximations for small and large separations.?

of iron onto a polystyrene core). Others are approximated from independent measurements: the
permanent moment m, ~ 8.3 X 107" Am? and the average polarizability a ~ 5.7 x 10718 m3
(see Fig. S1). With these estimates, the characteristic relaxation rate for magnetic rotation is
wo = pompHp/6mna’ ~ 2200 rad/s (or 360 Hz). The characteristic ratio between the field-induced
moment and the permanent moment is aHy/m,, =~ 0.44.

In the rolling regime (h ~ a), the frequency-dependent rolling speed of Figure 2B suggests a
phase-locked frequency window, in which the particle rotates in synchrony with the oscillating field
(one particle revolution per cycle, Q2 = w). In dimensional units, the above model suggests that
U = kaw under this assumption, where K = Yp/Y( is the traction. The fitted slope of experimental
data for U vs. w is 0.085 pm, which corresponds to a traction x = 0.034. Based on the theoretical
relationship between traction x and surface separation £ for the sphere-plane geometry (Fig. S5b),
this estimate suggests a surface separation £ ~ 0.23 (0.59 um), which is physically reasonable.
With this estimate, the relevant mobility coefficient for particle rotation parallel to the surface
is Y. &~ 0.61, which is not much smaller than its asymptotic value Y. — 3/4 for large surface
separations h — oo.

The critical frequency w. above which synchronized particle rotation breaks is approximately
we/2m ~ 47 Hz from the data in Figure 2B. This value corresponds to a dimensionless frequency
ratio of we/wp =~ 0.13. The internal relaxation rates k;, ky, k. are largely unknown; however, we will
assume that they are considerably faster than the driving frequency w and the rotational relaxation
rate wp. Moreover, we will assume isotropic relaxation with k, = k, = k., = k to further simplify
the analysis. Finally, while the average polarizability o = %(az + oy + ;) is estimated from VSM
data, the magnitude of any anisotropy is less clearly established. For the Janus cap geometry (with
director d parallel to the b, direction of the particle), it is often the case that oy, < a, ~ a:
larger moments are induced perpendicular to the Janus director than along the parallel direction.
For rotation about the director (as observed in experiments on rolling particles), the anisotropy
o, — ay # 0 will become relevant. We assume this anisotropy is small compared to the average
polarizability.



5 1D rolling in an oscillating field

Here, we consider a simplified model for 1D particle rotation in an oscillating field. Starting from
equations (12)—(14), we neglect inertial effects ¢ — 0 and assume instantaneous, isotropic relaxation
k — oco. The resulting dimensionless equation for the particle orientation is

6 =0 =-Y.(1(as — ag)sin 20 sinwt + mP cos + mP sin ) sin wt 15
Y 2 z Y

To simplify the analysis of this equation, we introduce a new rescaled time ¢ = Y.t and frequency
@ = w/Y.. Introducing the polarizability difference A,, = %(az — a;) > 0 and parameterizing the

permanent moment as mh = siné and mY = cosd, this rescaled equation becomes

(jg = — A, sin 20sin® Of — sin(6 + 0) sin &f (16)
This equation depends on three parameters: (1) the small polarizability difference A,, < 1, (2)
the driving frequency @, and (3) the orientation of the permanent moment 4.

Figure S6a presents a numerical phase diagram showing the time-averaged angular velocity
(Qy) as a function of the field frequency @ and moment orientation § for A,, = 0.01. This data
is obtained by numerical integration of equation (16) for 200 cycles and averaging the angular
velocity over the last 100 cycles. For moment angles 0 < 0 < m/2, the time-averaged velocity
increases with frequency as (Qy) = w up to a critical value @, above which it falls sharply toward
zero (Fig. S6b). Notably, the orientation of the permanent moment between the higher and lower
polarizability directions—mnamely, o, and a,—selects a favored direction of rotation. Here, (€2,) > 0
for 0 < § < m/2; however, the direction of rotation reverses for —w/2 < § < 0. Rotation about
the y-axis (as opposed to the z-axis) is simply a consequence of our chosen coordinate system.
This model predicts particle rotation about any direction in the plane of the surface as observed in
experiment.
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Figure S6: (a) Time-averaged velocity <Qy> as a function of moment angle § and frequency @ for
a small polarizability difference €, = 0.01. The black curve separates phase-locked rolling regime
(& < @c(9)) from the unlocked regime. (b) Time-averaged velocity (€,) as a function frequency @
for § = w/4 and A,, = 0.01. The dashed line denotes the phase-locked result (Q,) = @. The inset
shows the phase portrait of the 27-periodic solution for @ = 0.1. All quantities are presented in
dimensionless units: frequency and angular velocity are scaled by Y. wy.



No rolling for A,, — 0. When the polarizabilities a;; and «, are equal (A,, — 0), the particle
orientation 6 oscillates in time with zero time-averaged velocity. In this limit, equation (16) can be
integrated exactly to obtain

0(f) = —6 + 2arctan [exp (- Cosf”g)] (17)

w

For small frequencies (@0 < 1), the particle orientation rocks between 6 + ¢ ~ 0 and 7 (or 0 and
—m) as the permanent moment aligns with the external field.

Effect of particle height. In this 1D model, the height h of the particle above the solid substrate
influences the mobility coefficient Y, and thereby the scaled frequency w. The critical frequency w,
below which the particle rotates in synchrony with the oscillating field depends on scaled surface
separation as we = Y¢(€)We(Ayz, ). Figure S6a shows how the scaled critical frequency @e(Agyz, d)
depends on the moment angle § for a constant A,, = 0.01. Similarly, Figure S7a shows how
@c(Azz,0) depends on the polarizability difference A,, for a constant 6 = 7/4. For a constant
applied frequency w, increasing the surface separation acts to reduce the resistance to rotation
thereby increasing the critical frequency and facilitating synchronized particle rotation in the driving
field.
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Figure S7: (a) Scaled critical frequency w. = w./Y. vs. polarizability difference A,, = %(az —ay)
computed numerically for the moment angle § = 7/4. The solid curve shows a fitted interpolant:
. = (1.354 — 1.032In A,,)~"L. (b) Critical frequency we = Ye(£)@e(Ayz,d) vs. scaled surface
separation & = h — 1 for different values of the polarizability difference A,, computed for the
moment angle 0 = /4.
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6 Inertial effects are negligible

Using experiments and theory, Aronson and co-workers showed that a ferromagnetic sphere with
radius a and permanent magnetic moment m;, can—under certain conditions—rotate steadily in an
oscillating magnetic field H(t) = Hpsinwte,.!'’ Their dynamical model considers (i) the magnetic
torque on the particle in the external field, (ii) the viscous resistance to rotation, and (iii) the parti-
cle’s rotational inertia. Here, we parameterize the magnetic moment by the angle 0 in the xz-plane

as m = sin fe; + cos fe.; the resulting magnetic torque is Ty, = my, x B = —pugmpHo sin 0 sinwt ey,
where pg is the vacuum permeability. The equation of motion for rotation about the y axis is
d%0 dé
I— = —(— — pompHosin 0 sin wt 18
gz = “Srgp  HomeHo (18)

where I = %pcﬁ is the particle’s moment of inertia, and ¢, = 87na® is the viscous drag coefficient
for particle rotation. Scaling time as 7 = wt, the dynamics can be non-dimensionalized as

2
d9:_<Cr>d@_<MompHo> sin @ sin 7 (19)

dr? wl ) dr W2l

which depends on two dimensionless parameters: & /wl and pompHo/ w?I. Using these parameters,
Aranson and co-workers construct a phase-diagram showing the conditions required for spontaneous
rolling in the oscillatory field (see Figure 5a of their paper!!).

For the present experiments, we have polystyrene spheres with density p = 1.05 g/cm? and
radius ¢ = 2.5 um immersed in water with viscosity » = 1 mPa-s. For a typical driving field of
magnitude poHy = 8 mT and frequency f = w/2m = 40 Hz, the first parameter is approximated as

G _ 15
wl  wpa?

~ 0.9 x 10* (20)

This value is more than three orders of magnitude larger than that of Aronson and co-workers, who
used larger nickel spheres (a = 60 um, p = 8.9 g/cm?).

To estimate the second dimensionless parameter for our particles, we use the VSM measurement
of my, = 8.3 x 10~ A m? for the permanent moment. With this estimate, the second dimensionless
parameter is even larger than the first, indicating that inertial effects are small relative to both the
magnetic torque and the viscous drag

pomyp Ho

7 ~0.6% 10° (21)

Again, this value is considerably larger than that of the Aronson system. The present conditions are
not represented on the reported phase diagram, which limit the values of (;/wI and pomy,Hy Jw?I
to 2 and 3, respectively.

6.1 Analysis for vanishing inertia

To assess the possibility of steady rotation, we first non-dimensionalize equation (18) using the
characteristic time scale w; ¢ /ompHy to obtain

d*0 do
ST T sin @ sin wt (22)

where ¢ = w%] /pmompHy < 1 is a small parameter. For simplicity of notation, we use the same
variables to denote the dimensionless time wot — t and frequency w/wy — w.

11



We use a perturbation analysis based on multiple scales to derive approximate solutions in the
small inertia limit. In this approach, we distinguish a fast time variable 7 = ¢ and a slow time
variable T' = et and expand the solution as

O(t,e) = 0o(1,T) + b1 (1, T) + O(c?) (23)

The total time derivatives in the governing equation are expressed by the following partial deriva-
tives

d 26 ,
a = 0,0+ ¢e0rf and @ = 0r70 + 260,70 + 010 (24)

Leading order O(c%). In the overdamped limit of no inertia (¢ — 0), equation (22) simplifies as
follows
0,6y = —sin by sinwt (25)

This equation is separable and can be integrated exactly to obtain
Oo(7,T) = 2arctan (A(T)ecos(m)/w> (26)

where A(T) is a function of the slow time variable. The initial condition #(0) = #° implies the
following condition at leading order O(e?)

00(0,0) = 6 = 2 arctan (A(O)el/w> = A(0) = e ¥ tan(6¢/2) (27)

First order correction O(e). At first order in the inertia parameter ¢, the governing equation
becomes
({97—790 = —8T00 - 8791 — 91 COS 90 sin wT (28)

Multiplying this equation by the integrating factor 1/sinfy and making use of the zeroth order
solution 6y, we can write simplify this equation as

Or L = — (?TGO + wcos wT — sin? wr cos 0y (29)
sin 0y sin 6y

To ensure that 67 is bounded and 27 /w-periodic in 7, we require that this equation average to zero
over one fast period

0
0= <— 900 + wcoswT — sin2w700s90> (30)

sin 6y -

This solvability condition (30) can be used to derive a differential equation for the function A(T).
The zero-order solution (26) implies the identity

Oabp 1 orfy A
= — = — 1
sinfy A = sin 6y A (31)
which is independent of 7. The solvability condition (30) therefore simplifies as
A(T) = —A(T) (sin® wr cos g ) _ (32)

subject to the initial condition (27).

12
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Figure S8: Transient moment angle 6(¢) versus time for ¢ = 0.05, w = 1, and #° = 0.1. The solid
curve is obtained by numerical integration of equation (22). The dashed curve is the analytical
approximation of equation (34).

At long times (7' — oo), the function A(T') approaches zero as the moment angle 6 approaches
0. In this limit when |0y| < 1 and cosfp =~ 1, equation (32) simplifies as
A(T)=-1A(T) = A(T)=A(0)e T2 = A(0)e =2 (33)

The zeroth order solution (26) simplifies as

Oo(r, T) = 2A(T)e®@N/w = g(t) = 2A(0) exp <C°S£°"t) - ;at> (34)

Over a time scale 2/e, particle inertia acts to orient the particle’s magnetic moment along the
direction of the applied field. In addition this this asymptotic solution for 6y — 0, there exists an
analogous solution with 8y — 7, in which the moment points in the negative z-direction. There
is no steady rotation of the particle for ¢ <« 1. These analytical results are further supported by
numerical integration as illustrated in Figure S8 for € = 0.05 and w = 1.

To summarize, this model suggests that a ferromagnetic sphere will not rotate steadily in an
oscillating field in the low inertia regime, ¢ < 1. Instead, the particle will align its magnetic moment
along the axis of the oscillating field on a time scale 2/ewy. For our magnetic Janus spheres, this
time scale is estimated to be ~2 s (e &~ 7 x 1074, wy /27 ~ 270 Hz).

13



7 3D rotation in an oscillating field

We now consider particle rotation in three dimensions for fast internal relaxation (k — oo) and
negligible inertia (¢ — 0). The Euler angles ¢, 0, evolve as

b= (Qucostp + Qy, sine)) csc
0 = Q, cos) — Qysinep (35)
= — (25 cos Y + Q, sine)) cot §
where the components of the angular velocity are proportional to the magnetic torque
Y, 1 Q, = [sindsin(¢p + ) cos 1 4 (sin d cos(¢ + ) cos @ + cos § sin @) sin 1] sin wt

[(A — Agz)sin2¢sinfcos) — (Azz + (Ayz — Azz) sin? ¢) sin 20 sin 1/)] sin? wt

= [sind sin(¢ + ) siny) — (sin d cos(¢ + v) cos 6 + cos ¢ sin #) cos ¢] sin wt

[(Ayz — Agz)sin2¢sinfsiny + (Ag. + (Ayz — Ayz)sin gb) sin 26 cos w] sin? wt

(36)

Here, we have parameterized the permanent moment by the polar angle § and the azimuthal angle
7 such that m;, = cosvysind b, + sinysind b, + cosd b,. The two polarizability differences are
A, = %(Ozz —oay) > 0and Ay, = %(az — ay) > 0. The angular velocity in the z-direction is
identically zero. As in Section 5 above, we can rescaled time as t = Y,t, frequency as @ = w/Y,
and angular velocity as Q= /Y. to remove the dependence on Y. from the angular evolution
equations.

When the permanent moment lies in the b,-b, plane of the particle (i.e., when v = 0), which—
by definition—is also the plane of higher polarizability, we recover the 1D rolling model of the
previous section. The Janus director b, orients perpendicular to the applied field, and the particle
rotates about this axis. The addition of a small component of the permanent moment in the b,
direction breaks this simple 1D rotation, reproducing some of the features observed in experiment.

7.1 In-plane rotation for & > @,

Above the critical frequency, the addition of a small component of the permanent moment along the
Janus director d = b, can lead to in-plane particle rotation similar to that observed in experiment
(Fig. 3e). Figure S9 shows the angular orientation of the in-plane rotation vector IPR =d — (e, -
d)e, vs. time for model parameters § = 7/4 and A,, = 0.01 (as in Fig. S6). Additionally, the
average polarizability is %(am + ay + ;) = 0.4 (from VSM), the yz polarizability difference is set
to Ay, = (ozz ay) = 0.2, the azimuthal angle of the permanent moment is v = 0.1 rad, and the
driving frequency is @ = 0.5 (ca. three times the critical value). For these conditions, the Janus
director remains approximately perpendicular to the e, direction of the oscillating field, but rotates
back and forth in the zy plane alternating between steady clockwise and counterclockwise rotation.
These results suggest that apparent in-plane rotation is possible even in the absence of external
torques and angular velocities in the e, direction.

14
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Figure S9: In-plane rotation in an oscillating field as predicted by numerical integration of
equations (35) and (36). The angle § measures the orientation of the in-plane rotation vector
IPR =d — (e, - d)e; in the xy plane. Dimensionless model parameters are: § = /4, v = 0.1,
Az, =0.01, Ay, = 0.2, @ = 0.5. See also Supplementary Movie 2.
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8 Spectral analysis of particle speed

In contrast to torque-driven rolling in a continuously rotating magnetic field, propulsion driven
by an out-of-plane oscillating field is predicted to produce temporal oscillations in the particle
speed. To test this prediction experimentally, we analyze the frequency content of the particle’s
instantaneous speed extracted from tracked trajectories.

From tracked centroid coordinates (X, Y;) sampled at times ¢;, we compute the frame-to-frame

displacement

Ary = /(X = Xi1)? + (Y; — Yig)? (37)
and define the scalar speed magnitude v; at time ¢; as

Ari

= Ati with Ati == ti - ti—l (38)

Uy

For each experimental condition (driving frequency f and particle height h), we remove the mean
(DC) component to isolate the oscillatory contribution to the speed

1
U,L'OSC = 'U,L' — N Z 'U,L' (39)
%

where N is the number of time steps. Subtracting the mean speed suppresses the non-oscillatory
contribution at zero frequency, which would otherwise dominate the spectrum and obscure periodic
features near the driving frequency.

We analyze the oscillatory component of the particle speed using its power spectral density
(PSD) to identify the dominant temporal modulations. The PSD shows clear peaks at the applied
magnetic driving frequency f and at its second harmonic 2f (Fig. S10). Consistent with the
proposed rotation mechanism, the dominant peak occurs at 2f, reflecting particle reorientation
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Figure S10: (a-d) Power spectral density PSD(v) of the oscillatory particle speed vesc for hybrid
motions measured at magnetic field frequencies f = 20, 30, 35, and 40 Hz respectively at h ~ 18 um.
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upon each polarity reversal of the oscillatory field. The peak at f is not predicted by the idealized
model and likely arises from weak symmetry-breaking effects, such as a small DC component in the
applied magnetic field, which breaks the equivalence between the two half-cycles of the oscillatory
drive.
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9 Polar tilt of Janus patch

We quantify the tilt of the Janus director relative to the imaging direction by measuring the two-
dimensional projected area of the metal patch. Image stacks are imported into ImageJ, converted
to grayscale, and thresholded to isolate the metallic patch. The patch is a hemispherical cap on
a spherical particle of radius a, so its projected area depends only on the out-of-plane tilt angle ¢
and is independent of in-plane rotation. The maximal projected area is Apyax = ma®. The observed
projected area A(¢) satisfies the conditions

A0) = A, A(T/2) = Amar/2, A7) =0, (40)

corresponding to a fully visible, half-visible, and fully hidden patch, respectively. We approximate
the projected area using a simple parametric form that satisfies these conditions

A(p)  1+coso
Amax B 2

(41)

The tilt angle ¢ is estimated by inverting this relation. This approximation captures the leading
order dependence of the projected area on tilt and is sufficient for estimating relative changes in ¢
across experimental conditions.

Figure S11 shows the extracted tilt angle ¢(t) for particles at different heights and driving
frequencies. The measured tilt remains approximately constant at ¢ =~ 7/2 across all conditions,
indicating that the metal patch is oriented sideways. These observations are consistent with our
conclusion that gravitational torques are much weaker than magnetic torques in setting the particle
orientation.
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Figure S11: Polar tilt of the metal patch of Janus, ¢ in particle dynamics in Figure 3 of manuscript

(a-c) Plot of ¢ vs time at f =35 Hz at h ~ 2.5 pm, h ~ 18 px m, and h ~ 36 p m, respectively.
(d-f) Plot of ¢ vs time at f =40 Hz at h ~ 2.5 p m, h ~ 18 pm, and h ~ 36 um, respectively.
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10 Gravitational torques are small but relevant

The center of mass of a Janus sphere is displaced from its geometric center by the dense magnetic
layer deposited onto one hemisphere. To estimate this displacement, we assume line-of-sight depo-
sition of a metal layer with density py, and thickness A\ onto a sphere of radius a. The mass of the
metal layer is My, = pma®). Assuming that A < a, the center of mass of the deposited metal is
shifted from the sphere center by a distance dy, = %a along the Janus director. The torque on the
particle in a gravitational field g = —ge, is

Ty = Mypdy X g (42)

which has a characteristic magnitude My, dy,g = %’T pa’g.

To assess the relevance of this torque, we compare to the characteristic magnetic torque pomypHo
discussed in the previous sections. For an a = 2.5 ym Janus sphere with a 20 nm chromium layer
(7.19 g/cm?®) and a 22 nm iron layer (7.87 g/cm?®), the metal thickness is A = 42 nm with an
average density py, = 7.5 g/cm3. The gravitational torque is estimated to be Ty ~1.0x 10719 N-m.
The magnetic torque is estimated to be pompHp ~ 6.6 x 1076 N-m based on VSM data and the
applied field strength. The ratio of this estimate to the magnetic torque is G = My dmg/pomyHo ~
1.5 x 107* <« 1. Nevertheless, despite its small magnitude, the gravitational torque can influence
the trajectory of rolling particles near the surface and contribute to in-plane rotation far from the
surface.

With the addition of the gravitational torque, equation (36) for the angular velocities contains
additional terms proportional to G

Y, ' Q, = —G (cos ¢ costp — sin ¢ cos O sin 1))

+ [sin d sin(¢ + y) cos 1 + (sin d cos(¢ + v) cos @ + cos I sin 0) sin ¢] sin wt

— [(Ayz — Azz)sin2¢sinfcost) — (Azz + (Ayz — Azz) sin? ¢) sin 260 sin w] sin? wt
Y, 1 Q, = —G (cos ¢sin ) + sin ¢ cos § cos 1))

+ [sin d sin(¢ + ) sinyp — (sin d cos(¢ + ) cos O + cos 0 sin #) cos ] sin wt

— [(Ayz — Agz)sin2¢sinfsiny + (A + (Ayz — Asz) sin? ¢) sin 26 cos 1/)] sin? wt

(43)

Together with equation (35), these equations can be integrated to simulate the orientational dy-
namics of the Janus sphere.

10.1 In-plane rotation for @ < @,

Below the critical frequency (v < @), out-of-plane rotation at the driving frequency @ is accom-
panied by a slower in-plane rotation due to gravity. Figure S12 illustrates this behavior for model
parameters 6 = /4 and A,, = 0.01 (as in Fig. S6). The permanent moment is assumed to lie
in the b,b, plane of the Janus equator (corresponding to v = 0). In the absence of gravity, the
critical frequency is &, = 0.164 as described by Figure S7a. With the addition of a small gravity
parameter G = 1074, the in-plane rotation angle § increases steadily with time at average rate
much slower than the driving frequency: (d3/dt) < @ (Fig. S12a).

The direction of this in-plane rotation is determined by the “handedness” of the particle. For
a “right-handed” particle (0 < § < 7/2) that rotates out-of-plane with angular velocity €2 - b, ~ 1,
the slower in-plane rotation rate is positive (rotation in the positive e, direction). By contrast,
“left-handed” particles (—7/2 < § < 0) with - b, ~ —1 rotate in the opposite direction. When
rolling across a surface, both right- and left-handed particles turns towards their Janus cap in the
direction of travel.
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Figure S12b shows the speed of in-plane rotation as a function of the driving frequency @ for
three different values of the gravity parameter G. Below the critical frequency, the IPR speed does
not vary strongly with frequency, but increases linearly with the gravity parameter G. For particles
moving near a surface, such in-plane rotation leads particles to roll along circular trajectories with
a radius of R = xw/(dB/dt). For example, with & = 0.1, G = 1074, and x = 0.034, the radius is
predicted to be R = 1.9 (in units of particle radii a). This prediction conflicts with experimental
observations of linear trajectories; however, different parameter estimates can help to resolve the
discrepancy. For example, by increasing the dimensionless polarizability difference A, from 0.2 to

0.6, the trajectory radius increases from R = 1.9 to 20.6.
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Figure S12: In-plane rotation due to gravitational torques. (a) In-plane rotation angle 3 vs.
time for model parameters: 6 = 7/4, v = 0, A;, = 0.01, Ay, = 0.2, ©® = 0.1, and G = 1074
(Supplementary Movie 2). (b) Average in-plane rotation rate (d3/dt) vs. driving frequency & for
different gravity parameters G. The vertical dashed line denotes the critical frequency for G = 0.

Other parameters are the same as in (a).
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11 Hydrodynamic memory effects

Linear motion. The linear motion of a small rigid sphere of radius a through an unbounded,
quiescent fluid due to a time-dependent force F(t) is given by!?

dU 1 dU t 1 dU
M, 2= = F(t) — 6mnaU — M~ — 6mna® | ——— 224 14
v~ F() = Gmnal = 5 Mg = 6mia /_OO Tt —r) dr (44)

where M, is the mass of the particle, My is the mass of the fluid displaced by the particle, and
v = p/p is the kinematic viscosity of the fluid. In addition to the Stokes drag (term 2), this
description includes also the added mass (term 3), which describes the extra inertia the particle
seems to have when it accelerates in the fluid, and the Basset force (term 4), which accounts for the
history-dependent viscous drag arising from the diffusive spread of vorticity shed by the accelerating
sphere. These two effects are not included in our models of particle motion detailed in the previous
sections.

To estimate the magnitude of these neglected terms, consider that the particle velocity U
oscillates in time with magnitude U and frequency w. Dividing through by the Stokes drag 6mnal,
the inertia terms scale linearly with the Reynolds number Re = wa?/v as

M, dU 2p, My dU 1

— ~ —R d ———~-R 45

6mnal dt 9p ¢ a 12nalU dt 9 ¢ (45)

At small Reynolds numbers (here, Re ~ 1073 for w/27 = 40 Hz and a = 2.5 um), these contri-

butions are negligible (see also Section 6). By contrast, the Basset (history) force scales as Re!/?,

which while small is considerably larger than the neglected inertial effects

6mna’ / t 1 dU 1 45

- " dr ~—Re" 46

6mnal J oo \/mv(t —T) dT V2 (46)

Rotational motion. A similar analysis applies to the rotational motion of a small sphere in an
unbounded, quiescent fluid due to a time-dependent torque T(¢). In addition to the Stokes drag,

there is a history-dependent contribution of the form!?
5ot s
0 =T(t) — 8mna*Q — 8;\7}; . L — V/mexp (s?) erfe(s) EdT (47)

where s> = v(t — 7)/a®. Here, we have neglected the comparatively small inertial contributions.
For oscillatory variations in the angular velocity € with frequency w, the history term is a factor
of Re'/? = (wa?/v)Y/2 smaller than the drag term.

Particle-wall interactions. Importantly, hydrodynamic memory effects are expected to depend
on the particle-wall separation. According to our model of particle rotation, the particle does not
rotate steadily but rather in periodic bursts accompanying the changing direction of the oscillating
field. The effects of such bursts diffuse through the surrounding fluid reaching the proximal surface
on a time scale h2/v. Our model of particle rotation based on the pseudo-steady Stokes’ equation for
low Reynolds number flow assumes that this diffusion rate is fast compared to the driving frequency:
wh?/v < 1. For h = 30 ym and w/27 = 40 Hz, this dimensionless parameter is wh?/v = 0.2, which
may make non-negligible contributions to the particle’s motion. Moreover, as seen above with the
effects of gravity (Section 10), even small torques on the particle can influence its in-plane rotation.
We hypothesize that history-dependent, particle-wall interactions are responsible for the complex
trochoidal trajectories observed in experiment; however, a detailed model reproducing these effects
is beyond the scope of the present work.
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