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I. DERIVATION OF EQN (6) AND (7)

We follow the formulation of Sec. 86, Problem 4 in Ref. 1, which considers a plane-parallel

layer (region 2) situated between vacuum (region 1) and another medium (region 3). By

invoking the principle of optical reversibility among the incident, reflected, and transmitted

waves, the reflection amplitude is given by

rA =
r12 + r23 exp(2iψ)

1 + r12r23 exp(2iψ)
, (S1)

where ψ = ωL
√
ε2 − ε1 sin

2 θ0/c denotes the phase accumulation across a layer of thickness L,

ω is the angular frequency, c is the speed of light, ε2 is the permittivity of region 2, and θ0 is

the angle of incidence with respect to the surface normal.

The interface reflection coefficient rij, defined as the amplitude ratio of the reflected to

incident field at the boundary between media i and j in the limit L→ ∞, is given by1

rij =

√
εi cos θi −

√
εj cos θj√

εi cos θi +
√
εj cos θj

, (S2)

where Snell’s law relates the angles via √
εi sin θi =

√
εj sin θj. Substituting this into eqn (S2)

yields

rij =

√
εi cos θi −

√
εj − εi sin

2 θi
√
εi cos θi +

√
εj − εi sin

2 θi
. (S3)

In the limit L→ 0, eqn (S1) reduces to

r13 =
r12 + r23
1 + r12r23

, (S4)

which can be rearranged as

r23 =
r12 − r13
r12r13 − 1

. (S5)

If both media 1 and 3 are vacuum (r13 = 0), then r23 = −r12.

The reflectance is calculated as

rfl = |rA|2 =
|r12|2 + |r23|2 exp[2i(ψ − ψ∗)] + r12r

∗
23 exp(−2iψ∗) + r∗12r23 exp(2iψ)

1 + |r12|2|r23|2 exp[2i(ψ − ψ∗)] + r12r23 exp(2iψ) + r∗12r
∗
23 exp(−2iψ∗)

. (S6)
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The transmission amplitude is given by1

tA =
(1− r212) exp(iψ)

1 + r12r23 exp(2iψ)
, (S7)

with the corresponding transmittance:

trans = |tA|2 =
(1− |r12|)2 exp[i(ψ − ψ∗)]

1 + |r12|2|r23|2 exp[2i(ψ − ψ∗)] + r12r23 exp(2iψ) + r∗12r
∗
23 exp(−2iψ∗)

. (S8)

For normal incidence (θ0 = 0) and vacuum in region 1 (n1 = 1), the phase is

ψ = ωL
√
ε2 /c = ωL(n2 + iκ2)/c, (S9)

and we find,

exp(2iψ) = exp(2ωL(in2 − κ2)/c), (S10)

where n2 and κ2 are the real and imaginary parts of the complex refractive index of region 2.

When media 1 and 3 are both vacuum (r13 = 0), then r23 = −r12 and the reflectance becomes

rfl =
|r12|2

[
1 + e−2αL − 2 cos(2ωLn2/c)e

−αL
]

1 + |r12|4e−2αL − 2 [Re(r212) cos(2ωLn2/c)− Im(r212) sin(2ωLn2/c)] e−αL
, (S11)

with α = 2ωκ2/c. The transmittance is given by

trans =
(1− |r12|)2e−αL

1 + |r12|4e−2αL − 2 [Re(r212) cos(2ωLn2/c)− Im(r212) sin(2ωLn2/c)] e−αL
. (S12)

To account for random initial phase δ, we let ψ = ωL
√
ε2/c+δ, resulting in cos(2ωLn2/c+2δ)

and sin(2ωLn2/c + 2δ) terms. In principle, averaging should be performed after comput-

ing the effective reflectivity Reff , but for simplicity, we perform a pre-averaging over δ using∫ 2π

0
dδ cos(2ωLn2/c+2δ)/(2π) = 0,

∫ 2π

0
dδ sin(2ωLn2/c+2δ)/(2π) = 0 and similar terms. By ex-

panding in series and using trigonometric identities, we obtain the phase-averaged reflectance:2

rfl ≈ |r12|2 [1 + (1− 2 [(Re r12)2 − (Im r12)
2]) exp (−2αL)]

1− |r12|4 exp (−2αL)
, (S13)

where Re r12 and Im r12 denote the real and imaginary parts of r12. In deriving eqn (S13), we

used the identities Re(r212) = (Re r12)
2 − (Im r12)

2 and Im(r212) = 2Re(r12) Im(r12). For normal

incidence (Im(r12) = 0), eqn (S13) reduces to

rfl = |r12|2 +
|r12|2(1− |r12|2)2 exp (−2αL)

1− |r12|4 exp (−2αL)
. (S14)
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This expression corresponds to eqn (7). Similarly, the transmittance becomes

trans ≈
(1− |r12|)2 exp (−αL)
1− |r12|4 exp (−2αL)

, (S15)

which corresponds to eqn (6). Eqn (S13) and (S15) can also be derived from eqn (S11) and

(S12), respectively, without resorting to a series expansion, by applying the following integral

identities,3–6

1

2π

∫ 2π

0

dθ
cos(x+ 2θ)

1 + C2
1 + C2

2 − 2C1 cos(x+ 2θ) + 2C2 sin(x+ 2θ)
=

C1

1− C2
1 − C2

2

, (S16)

1

2π

∫ 2π

0

dθ
1

1 + C2
1 + C2

2 − 2C1 cos(x+ 2θ) + 2C2 sin(x+ 2θ)
=

1

1− C2
1 − C2

2

, (S17)

which are valid under the conditions 1 > C2
1 + C2

2 and (C2
1 + C2)

1/4 < 1. The latter condition

ensures that |r12| < 1.
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II. TRANSFER MATRIX DERIVED FROM SCATTERING MATRIX

For convenience, we rewrite eqn (5) in the form used in the transfer matrix method,IA
jA

 =

T11 T12

T21 T22

I1
j1

 , (S18)

where the elements are given by,

T11 = t11 −
t12t21
t22

= (1−R) exp(−αL), (S19)

T12 =
t12
t22

= R exp(−αL), (S20)

T21 = −T12 = −R exp(−αL), (S21)

T22 =
1

t22
=

1−R2 exp(−2αL)

(1−R) exp(−αL)
. (S22)

For the second layer from the top, let I2 denote the portion of incident photon flux that enters

from above without being reflected at the interface, and let j2 denote the flux transmitted

upward from the layer, originating from incident light that has entered the layer from both

sides. Neglecting light absorption by air, we have,I2
j2

 =

1−R R

−R 1 +R

IA
jA

 . (S23)

By eliminating IA and jA using eqn (S18) and (S23), we obtain,

I2
j2

 =

1−R R

−R 1 +R


(1−R) exp(−αL) R exp(−αL)

−R exp(−αL) 1−R2 exp(−2αL)

(1−R) exp(−αL)


I1
j1

 . (S24)

We define the transfer matrix Td (for downward transfer) from eqn (S24) and obtain,Im
jm

 = Tm−1
d

I1
j1

 , (S25)
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where Td is given by,

Td =

1−R R

−R 1 +R


(1−R) exp(−αL) R exp(−αL)

−R exp(−αL) 1−R2 exp(−2αL)

(1−R) exp(−αL)

 (S26)

=

(1− 2R) exp(−αL) R1 + (1− 2R) exp(−2αL)

(1−R) exp(−αL)

−2R exp(−αL) 1 +R− 2R2 exp(−2αL)

(1−R) exp(−αL)

 . (S27)

Let λ1 and λ2 be the eigenvalues of Td, with λ1 > λ2. Then,

Tr(Td) = λ1 + λ2 = 2 cosh(αL) +
4R sinh(αL)

1−R
> 0,

and det(Td) = λ1λ2 = 1. We define the characteristic polynomial of the 2 × 2 matrix Td as

f(λ) = (λ − λ1)(λ − λ2). Note that f(0) = det(Td) = 1 > 0, and the minimum of f(λ)

occurs at Tr(Td)/2 > 0. Since f(1) = 1 − (λ1 + λ2) + λ1λ2 = 2 − λ1 − λ2 < 0, it follows

that λ1 > 1 > λ2 > 0. The discriminant of the characteristic polynomial confirms that the

eigenvalues are real and distinct, λ1 − λ2 =
√

(λ1 + λ2)2 − 4λ1λ2 > 0.
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III. EXACT SOLUTION FOR AN INFINITE STACK OF LAYERS

By noticing that K, the fraction of light absorbed by a single layer with absorption coefficient

α and thickness L, is identical for each layer, and that the total photon flux entering each layer

from above and below, without being reflected at the interfaces, is given by
∑∞

m=1 (Im + jm+1),

the EQE under the assumption of an IQE equal to unity is expressed as,

Abs = K
∞∑

m=1

(Im + jm+1) /I0 (S28)

= K(1−R)
∞∑

m=1

(Im + jm+1) /I1, (S29)

where I1 = (1−R)I0, and the transmitted light, scaled by the factor (1−R), is assumed to be

absorbed by the particle layers.

Using eqn (9) and eqn (10), each component can be expressed as,

Im =
λm−1
1 − λm−1

2

λ1 − λ2
[(Td)11I1 + (Td)12j1]−

λm−2
1 − λm−2

2

λ1 − λ2
λ1λ2I1, (S30)

jm =
λm−1
1 − λm−1

2

λ1 − λ2
[(Td)21I1 + (Td)22j1]−

λm−2
1 − λm−2

2

λ1 − λ2
λ1λ2j1. (S31)

Summing over m yields,

N∑
m=1

Im =
(1− λN1 ) [((Td)11 − λ2) I1 + (Td)12j1]

(1− λ1)(λ1 − λ2)

− (1− λN2 ) [((Td)11 − λ1) I1 + (Td)12j1]

(1− λ2)(λ1 − λ2)
, (S32)

N∑
m=2

jm =
(λ1 − λN+1

1 ) [(Td)21I1 + ((Td)22 − λ2) j1]

(1− λ1)(λ1 − λ2)

− (λ2 − λN+1
2 ) [(Td)21I1 + ((Td)22 − λ1) j1]

(1− λ2)(λ1 − λ2)
. (S33)

Using the relation Reff = R + j1/I0 and Abs = 1−Reff , we obtain

j1 =
Reff −R

1−R
I1 =

1− Abs −R

1−R
I1. (S34)
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For sufficiently large value N , and given that λ1 > 1 > λ2 > 0, eqn (S32) and (S33) can be

approximated as

N∑
m=1

Im ≈
(
−λN1

) [(Td)11 − λ2] I1 + (Td)12 j1
(1− λ1)(λ1 − λ2)

, (S35)

N∑
m=2

jm ≈
(
−λN1

) (Td)21 I1 + [(Td)22 − λ2] j1
(1− λ1)(λ1 − λ2)

. (S36)

Substituting eqn (S35) and (S36) into eqn (S29), and eliminating j1 using eqn (S34), yields a

closed-form expression for Abs,

Abs

K(1−R)
≈

N∑
m=1

(Im + jm+1) /I1 (S37)

≈
(
−λN1

) [(Td)11 + (Td)21 − λ2
(1− λ1)(λ1 − λ2)

+
(Td)12 + (Td)22 − λ2
(1− λ1)(λ1 − λ2)

· 1− Abs −R

1−R

]
. (S38)

Rearranging eqn (S38) leads to

Abs

1−R

(
1

K
+
(
−λN1

) (Td)12 + (Td)22 − λ2
(1− λ1)(λ1 − λ2)

)
=

(
−λN1

) (Td)11 + (Td)21 + (Td)12 + (Td)22 − 2λ2
(1− λ1)(λ1 − λ2)

. (S39)

Taking the limit N → ∞, we finally obtain

Abs = (1−R)
(Td)11 + (Td)21 + (Td)12 + (Td)22 − 2λ2

(Td)12 + (Td)22 − λ2
, (S40)

= (1−R)

[
1 +

(Td)11 + (Td)21 − λ2
(Td)12 + (Td)22 − λ2

]
. (S41)

Eqn (S41) can be considered exact, since the approximations made in eqn (S35) and (S36) are

fully justified in the limit N → ∞. Here, we considered an infinite stack of layers, thereby

avoiding the need to impose a boundary condition at the bottom layer when the incident light

enters from the top. Eqn (16) and (S41) yield the characteristic polynomial λ22 − Tr(Td)λ2 +

det(Td) = 0, which follows from the fact that λ2 is one of the eigenvalues of the 2 × 2 matrix

Td. Therefore, these equations are found to be exactly equivalent.
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IV. ESTIMATION OF SOLAR-TO-HYDROGEN (STH) CONVERSION EFFICIENCY

The solar-to-hydrogen (STH) conversion efficiency is calculated by integrating the product

of the quantum efficiency (or quantum yield), Y (λ), and the spectral photon flux of the incident

solar spectrum over the relevant wavelength range. It is expressed as

STH(%) =
1.23 eV

Pin

∫
dλY (λ) Φ(λ)× 100, (S42)

where Φ(λ) is the spectral photon flux (in units of photons cm−2 s−1 nm−1), λ is the wavelength

in nanometers, and 1.23 eV corresponds to the Gibbs free energy required to drive overall water

splitting under standard conditions. The incident power density, Pin, is taken as the total

integrated irradiance of the Air Mass 1.5 Global (AM 1.5G) solar spectrum, approximately

100 mW cm−2 (equivalent to 1.0 kW m−2).7 Eqn (S42) assumes 100% Faradaic efficiency and

neglects kinetic, catalytic, and overpotential losses.

When considering only IQE, under the assumption that all absorbed photons generate charge

carriers, Y (λ) is given by Iqe(λ). When carrier generation follows a depth-dependent profile

governed by the Lambert–Beer law, Y (λ) = Iqe(λ) is evaluated using eqn (S46), incorporating

the wavelength-dependent absorption coefficient α(λ) obtained via DFT/HSE06 calculations.8

For the special case of uniform carrier generation, Y (λ) is approximated by a constant value Iqe0,

derived from eqn (33). These calculations enable quantitative comparisons of STH efficiency

under different spatial profiles of carrier generation.

To account for optical losses due to incomplete absorption, Y (λ) is expressed as the product

Iqe(λ)Abs(λ), where Abs(λ) denotes the spectral absorptance of the photocatalyst. In this

framework, Iqe(λ) may be approximated by Iqe0, while Abs(λ) may be replaced by either Abss(λ)

or Absem(λ), depending on the optical model adopted.

The solar-to-hydrogen (STH) efficiencies, accounting only for optical losses, are:

Single layer: 2.10%, 5.37%, 6.65%, 10.3%

Stacked layer: 6.55%, 9.22%, 10.2%, 12.9%

for L = 200 nm, 1µm, 2µm, and 20µm, respectively.

S9



The STH efficiencies, accounting for LD = 80 nm with nonuniform carrier generation, are:

Single layer: 1.92%, 1.87%

Stacked layer: 5.97%, 2.67%

for L = 200 nm and 2µm, respectively.

The STH efficiencies, accounting for L = 1µm with nonuniform carrier generation, are:

Single layer: 2.39%, 5.25%

Stacked layer: 3.98%, 9.00%

for LD = 80 nm and 800 nm, respectively.

S10



V. KUBELKA–MUNK SPECTRUM OF Gd2Ti2O5S2

(a)

splitting, because sulfide ions (S2!) tend to undergo photo-
oxidation during the reaction. Therefore, it is unlikely that
sulfide-based photocatalysts will ever be able to drive stable
and efficient overall water splitting. In contrast, oxysulfides
exhibit suitable photo-stability in aqueous solutions under
visible light. Y2Ti2O5S2 and Ln2Ti2O5S2 (Ln=Pr, Nd, Sm, Gd,
Tb, Dy, Ho or Er) are capable of evolving H2 and/or O2 and
are resistant to photocorrosion.[8] In particular, Y2Ti2O5S2

loaded with cocatalysts has been shown to promote overall
water splitting. The synthesis, modification and charge
carrier dynamics of Y2Ti2O5S2 have thus been actively
studied to assess potential practical applications of this
material in solar-driven water splitting systems.[9]

Among the Ln2Ti2O5S2 series, Gd2Ti2O5S2 (GTOS) has a
light-absorption-edge wavelength of approximately 650 nm
and exhibits the highest water splitting activity in the
series.[8b] Nevertheless, the apparent quantum efficiency
(AQY) of GTOS with regard to the HER was only 0.1% in
the visible-light region of the spectrum. In prior work, large
polycrystalline GTOS particles having irregular morpholo-
gies were prepared using preliminary techniques based on a
solid-state reaction (SSR) or thermal sulfidation followed by
cocatalyst loading via impregnation or photodeposition. In
this previous research, the effects of the type of cocatalyst
and of the loading method were not investigated in detail.
Significant advances in the synthesis of single-crystal partic-
ulate photocatalysts along with surface treatments and
composite cocatalyst co-loading techniques have been
reported, together with studies of charge carrier
dynamics.[9b,10] Ongoing research along these lines is ex-
pected to eventually allow the development of oxysulphide
photocatalysts that are responsive to visible light and have
enhanced STH efficiencies.

In the work reported herein, plate-like, single-crystal
GTOS particles with atomically ordered surfaces were
prepared by a flux method combined with an etching
treatment. An ultrafine Pt-IrOx composite cocatalyst was
subsequently deposited on the GTOS using microwave
heating and this cocatalyst was then coated with amorphous
Cr2O3 via a photodeposition process. The resultant GTOS
particles demonstrated significantly enhanced HER activity
under visible light, providing a remarkable AQY of 30%
during the HER at 420 nm in an aqueous methanol solution.
This photocatalyst was also found to be stable and active
during the OER in an aqueous Ag+ solution. An analysis of
charge carrier dynamics identified the factors responsible for
the enhanced activity of this material. A comprehensive
approach to tailoring photophysical processes so as to
optimize photocatalysis is presented.

Results and Discussion

GTOS was synthesized by reacting precursor oxide and
sulfide materials in the presence of a CaCl2/LiCl flux and an
excess of sulfur. The resulting powder was calcined in air
and then etched with aqueous H2SO4. The X-ray diffraction
(XRD) pattern for this material established the presence of
a single GTOS phase (Figure S1a). Ultraviolet-visible-near

infrared diffuse reflectance spectroscopy (UV/Vis_NIR
DRS) indicated a light absorption edge at approximately
650 nm, corresponding to a band gap energy of approx-
imately 1.9 eV (Figure S1b). Images acquired using scanning
electron microscopy (SEM, Figures 1a and b) demonstrated
that the GTOS particles had a plate-like structure with a
basal size and thickness of approximately 1 2m and 100 nm,
respectively. Transmission electron microscopy (TEM, Fig-
ure 1c) and selected-area electron diffraction (SAED, Fig-
ure 1d) analyses confirmed the single-crystal nature of these
particles and showed that the basal planes comprised {001}
facets while the side planes were {100} and {010} facets.

Close inspection of the GTOS particles in these images
indicated the presence of an amorphous layer on the particle
surfaces following calcination in air (Figure 1e). This coating
is believed to comprise sulfate species originating from the
oxidization of the GTOS (Figure S2). This amorphous oxide
layer was removed by treatment with aqueous H2SO4 to
produce crystalline and atomically ordered GTOS surfaces
(Figure 1f).

IrO2 and Pt were sequentially deposited on the GTOS as
cocatalysts by microwave-assisted oxidation in water and
reduction in ethylene glycol, respectively (with the materials
denoted respectively as IrO2(mw) and Pt(mw)). Following

Figure 1. a, and b, SEM images, c, TEM image and d, SAED pattern of
GTOS particles. Annular dark field (ADF)-STEM images of GTOS
particle surface e, after calcination in air and f, after treatment with
aqueous H2SO4.
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crystals are expected to be arranged in a Ruddlesden–Popper
phase, where the perovskite (having Ti2O5 octahedra) and
rocksalt (composed of Gd2S2) layers are stacked alternatingly
along the c axis. From XRD refinement, the estimated lattice
parameters are a = 3.802 Å, b = 3.802 Å, and c = 22.908 Å. On the
basis of the XRD, transmission electron microscopy (TEM), and
selected-area electron diffraction results, it was concluded that
the flux method led to preferential growth of YTOS crystals
along the a and b axes.16 Similar conclusions have been
reported for GTOS prepared by a flux method.17 Therefore, we
assign the basal plane as the ab plane and the side facets as the
ac and bc planes [Fig. 1(a)]. Fig. 1(c) shows the atomic structure
of GTOS, where Y was replaced with Gd in a tetragonal structure
of YTOS. Density functional theory (DFT) calculations using the
Perdew–Burke–Ernzerhof (PBE)18 exchange–correlation func-
tional and the Heyd–Scuseria–Ernzerhof (HSE06)19 functional
were carried out to obtain the electronic and optical properties
of GTOS (Fig. S2–S5, ESI†). Details of the DFT calculations are
included in the Experimental section. The GTOS conventional
unit cell with optimized lattice parameters a = 3.812 Å, b =
3.812 Å, and c = 23.072 Å [Fig. 1(c)] is shown in the ESI.†
Calculations of the electronic band structure using the PBE
functional provided an underestimated bandgap energy of
0.755 eV at G and Z k-mesh points (Fig. S2, ESI†). However,
the bandgap energy was estimated to be 1.875 eV using
computationally expensive HSE06 calculations [Fig. 1(d)], which

is consistent with the estimates based on the light-absorption
edge and PL peak energy. Irrespective of the functional type,
partial density of states (PDOS) calculations suggested that the
major contributors to the CB and VB are Ti-3d and S-3p orbitals,
respectively; similar results were obtained for YTOS.15 The PDOS
of the valence orbitals of different GTOS elements are shown in
Fig. S3 of the ESI.† On the basis of the parabolic fit in Fig. 1(d),
the calculated effective masses for electrons (holes) are 0.55me

(0.81me), 0.57me (0.55me), and 48.2me (73.1me) along G–X, G–N,
and G–Z, respectively. The imaginary part of the dielectric
function (Fig. S4, ESI†) was calculated using the PBE functional
and was further used to implement a bandgap correction
method.20 In Fig. S5 of the ESI,† various optical parameters
obtained after bandgap correction (i.e., the dielectric function,
refractive index, extinction coefficient, reflectivity, and absorp-
tion coefficient spectra) are presented. These spectral features
govern the light absorption and reflection properties of GTOS
and are also critical for the analysis of transient optical spectro-
scopy measurements. For instance, the determination of absorp-
tion coefficient aabs at a pump photon energy of 3.1 eV is critical
for accurately estimating the parameters of the GTOS. The
absorption coefficient aabs is on the order of 104 cm!1 in the
energy range from 2.75 to 4 eV [Fig. 1(e)], which is one order of
magnitude lower than the aabs values of other direct-bandgap
organic and hybrid photoactive materials but greater than the
aabs of the indirect-bandgap semiconductor Si.21 Recently, the

Fig. 1 Properties of the GTOS photocatalyst. (a) SEM image of GTOS particles. (b) Measured (top) and simulated (bottom) XRD patterns of GTOS and
YTOS photocatalysts. (c) Conventional cell after relaxation of the unit cell of GTOS with space group I4/mmm. (d) Electronic band structure obtained
from DFT and HSE06 calculations. (e) Absorption coefficient obtained by the PHS method (see Fig. S5, ESI† for details). (f) Diffuse reflectance spectra of
GTOS, indicating an optical bandgap energy of 1.88 eV and a pump photon energy of 3.1 eV.
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FIG. S1. (a) Scanning electron micrographs (SEM) of Gd2Ti2O5S2 prepared by flux growth (GTOS,

flux) and by solid-state reaction (GTOS, ssr).9 (SEM images taken from Ref. 10 and 9 for flux and

ssr, respectively.) In this work, we focus primarily on GTOS (flux). (b) Conventional unit cell of

Gd2Ti2O5S2; Gd (purple), Ti (blue), S (yellow), and O (red). In (c) and (d), open circles denote the

measured absorptance, and the thick green line denotes the KM spectrum of GTOS (flux). (Data

reproduced from Ref. 10.) (c) Thick black solid line: KM spectrum calculated by effective-medium

theory [eqn (26) with R∞ obtained from Rem in eqn (24)]; black dashed line: absorptance from the

single-layer model [eqn (3)] with L = 1 µm. The measured absorptance follows both the calculated

KM spectrum and the single-layer model. (d) KM spectra of GTOS (flux; thick green) and GTOS (ssr;

thin green). (Data for ssr are reproduced from Ref. 9.) Black lines show effective-medium theory with

L = 1 µm (thick) and L = 2 µm (thin). Red solid line: (1 − R)2/(2R), with R calculated by DFT;

the theoretical KM spectrum follows this relation at wavelengths shorter than the KM maximum.

Red dashed lines: absorption coefficient α (thin dashed line is 3.5× α); the theoretical KM spectrum

follows these near the band edge. Overall, agreement between experiment and theory is better for

GTOS (ssr) than for GTOS (flux).
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VI. INTERNAL QUANTUM EFFICIENCY WHEN THE LIGHT PENETRATION

DEPTH IS SMALLER THAN THE PARTICLE SIZE

We solve the steady-state diffusion equation for the minority carrier density p(r) using the

radial coordinate r, incorporating both bulk recombination and photogeneration according to

the Lambert–Beer law:

D∇2p(r)− kp(r) + g0 exp [−α(a− r)] = 0, (S43)

where ∇2 = ∂2/∂r2 + (2/r)∂/∂r is the Laplacian operator in spherical coordinates, and g0 is

the generation rate at the particle surface (r = a, a = L/2). We assume isotropic diffusion in a

spherical particle of radius a, and impose the perfectly absorbing boundary condition p(a) = 0.

The radial current density j(r) is defined as

j(r) = −4πr2D
∂p(r)

∂r
. (S44)

The internal quantum efficiency Iqe is then defined as the ratio of extracted carriers to the total

number of photogenerated carriers:

Iqe =
j(a)∫ a

0
dr 4πr2g0 exp [−α(a− r)]

. (S45)

An analytical expression for Iqe is obtained as

Iqe =

{
α3a2LD

[(
1 +

2αL2
D

a
− α2L2

D

)
coth

(
a

LD

)
− LD

a
− αLD − α2L3

D

a
+ α3L3

D

−2
αL2

D

a
exp(−αa)csch

(
a

LD

)]}/{(
1− α2L2

D

)2 [
2 (1− αa− exp(−αa)) + α2a2

]}
. (S46)

As expected, this expression reduces to Iqe = 1 in the limit LD → ∞. We have numerically

confirmed that 0 ≤ Iqe ≤ 1 for representative values of LD, α, and a.

In the limit αa < 1 and αLD < 1, eqn (S46) simplifies to

Iqe = 3
LD

a

(1 + αa) coth(a/LD)− (LD/a)(1 + 2αa) +
2αL2

D

a
tanh

(
a

2LD

)
1 + 3

4
αa

. (S47)

In the further limit α → 0, corresponding to uniform carrier generation, eqn (S47) reduces to

the well-known result, eqn (33).11
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VII. OPTICAL PROPERTIES OF SrTiO3
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FIG. S2. Optical properties of SrTiO3. In (a), the dashed curve shows the raw measured extinction

coefficient k, which is orders of magnitude smaller than its peak yet remains positive above 388 nm

(3.2 eV, the band gap). (Data of refractive index (n) and k are reproduced from Refs. 12 and 13.)

The solid curve replaces the dashed data between 344 and 388 nm using the relation in (b). (a)

Refractive index (n) and extinction coefficient (k) versus wavelength for a single crystal measured

by spectroscopic ellipsometry.12,13 (b)
√
k/λ (with λ the wavelength). The straight line indicates

the indirect–semiconductor relation used near the band edge (3.2 eV). (c) Reflectance and absorption

coefficient computed from the n, k in (a): α = 4πk/λ and R =
[
(n− 1)2+k2

]/[
(n+1)2+k2

]
. Curves

derived from the raw (dashed) and modified (solid) k are compared. (d) Real (εr) and imaginary (εi)

parts of the dielectric function, obtained from εr = n2 − k2 and εi = 2nk.
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VIII. KUBELKA–MUNK SPECTRUM OF SrTiO3
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FIG. S3. Circles denote experimental Kubelka–Munk (KM) spectra of SrTiO3. (Data for (a) and (b)

are reproduced from Refs. 14 and 15, respectively.) Lines show effective-medium calculations using

the extinction coefficient without modification (the dashed k in Fig. S2a). (a) KM spectra for mean

particle sizes of 83.2 nm (black) and 135.7 nm (red).14 (b) KM spectrum measured for dispersed

particles with sizes between 100 nm and 1 mm.15 The line is calculated assuming a representative

particle size of 200 nm. The band-edge absorption observed in (a) may originate from defects and/or

impurities.
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IX. ABSORPTANCE AND KUBELKA–MUNK SPECTRUM OF SrTiO3
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FIG. S4. Open and closed circles denote the experimental Kubelka–Munk (KM) spectrum and the

absorptance of SrTiO3:Al (Al content 0.96 mol%), respectively. (Data reproduced from Ref. 16.)

Particle sizes are 200–500 nm.16 Solid and dashed lines are effective-medium calculations using, re-

spectively, an extinction coefficient modified to match the intrinsic band-gap absorption of SrTiO3

and the unmodified extinction coefficient. Black lines correspond to a single particle size of 300 nm,

while red lines use the particle-size distribution shown in Fig. 9 (d). (a) KM spectrum of SrTiO3. (b)

Absorptance and KM spectrum.
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