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I. DERIVATION OF EQN (6) AND (7)

We follow the formulation of Sec. 86, Problem 4 in Ref. 1, which considers a plane-parallel
layer (region 2) situated between vacuum (region 1) and another medium (region 3). By
invoking the principle of optical reversibility among the incident, reflected, and transmitted

waves, the reflection amplitude is given by

T2+ a3 exp(2iy)
A

_ , S1
1 + 719793 exp(2i7)) (S1)

where 1) = wL\/ €y — €1 5in? 6y /c denotes the phase accumulation across a layer of thickness L,
w is the angular frequency, c is the speed of light, €5 is the permittivity of region 2, and 6, is
the angle of incidence with respect to the surface normal.
The interface reflection coefficient 7;;, defined as the amplitude ratio of the reflected to
incident field at the boundary between media i and j in the limit L — oo, is given by*
VEicost; — | /f€ cos b;
= , (S2)
V€ cos b + NGEE 0;

where Snell’s law relates the angles via \/€;sin6; = | /¢;sin ;. Substituting this into eqn (52)

Tij

yields

_ VEicost — /€ — € sin” 0; (S3)
6 cost; + /e, — e;sin 0;
j

In the limit L — 0, eqn (S1) reduces to

Tz’j

r12 + 23
- - S4
13 1 + 712723 ( )
which can be rearranged as
T2 — T3
ro3 = ———————. S5
% r1o713 — 1 ( )
If both media 1 and 3 are vacuum (713 = 0), then 793 = —rj5.

The reflectance is calculated as

B 2 [712|% + |ros]? exp[2i(v) — *)] + 11275 exp(—2i*) + riyras exp(2it)
ra = |ral” = CTID) : . — —
1+ |r12]?|723]|? exp[2i (1) — ¥*)] + 112793 exp(2it)) + riyriy exp(—2iy*)
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The transmission amplitude is given by!

(1=t exp(iv)
1 + 12723 exp(2z¢) ’

with the corresponding transmittance:

¢ _ ‘tA‘2 _ (1 - |T12|)2 eXp[i(¢ - W)] (SS)
e 1+ |r12]?|ras|? exp[2i(yp — ¥%)] 4 119723 exp(2it)) 4 riyrss exp(—2ig*)

For normal incidence (6y = 0) and vacuum in region 1 (n; = 1), the phase is

v =wly/es Jc = wL(ny + iky)/c, (S9)
and we find,
exp(2it)) = exp(2wL(ing — k2)/c), (S10)

where ny and ko are the real and imaginary parts of the complex refractive index of region 2.

When media 1 and 3 are both vacuum (r13 = 0), then 793 = —7r12 and the reflectance becomes
B r12]? [1 + e72*L — 2 cos(2wLny /c)e L] (s11)
T |712]%e20L — 2 [Re(ry) cos(2wLngy/c) — Im(r2,) sin(2wLng /c)] e=L’
with a@ = 2wky/c. The transmittance is given by
1— 2 —al
Lrans = ( |T12|) ¢ (812)

1+ |rigfte=20L — 2 [Re(r?,) cos(2wlng/c) — Im(r},) sin(2wLng/c)| e=oL"

To account for random initial phase 0, we let ¢ = wL,/€;/c+6, resulting in cos(2wLnsy/c+20)
and sin(2wLny/c + 20) terms. In principle, averaging should be performed after comput-
ing the effective reflectivity Reg, but for simplicity, we perform a pre-averaging over § using
fo% dd cos(2wlng/c+20)/(27) = 0, fo% dé sin(2wLny/c+26)/(27) = 0 and similar terms. By ex-
panding in series and using trigonometric identities, we obtain the phase-averaged reflectance:?

s 7122 [1 + (1 — 2[(Re712)? — (Im715)?]) exp (—2aL)]
i 1 —|riaf*exp (—2aL) ’

(S13)

where Rers and Imrjy denote the real and imaginary parts of r15. In deriving eqn (S13), we
used the identities Re(r%,) = (Re712)? — (Im715)? and Im(r?,) = 2 Re(r12) Im(rq2). For normal
incidence (Im(r12) = 0), eqn (S13) reduces to

[T12]2(1 — |r12|*)? exp (—2alL)
1 — |ria|*exp (—2aL)

re = |rio|® + (514)

S3



This expression corresponds to eqn (7). Similarly, the transmittance becomes

b (1 = |r2])*exp (—al)
T — Jre|texp (—2al)’

(S15)

which corresponds to eqn (6). Eqn (S13) and (S15) can also be derived from eqn (S11) and

(S12), respectively, without resorting to a series expansion, by applying the following integral

identities,>
1 2 " cos(z + 26) B Ch ($16)
27 Jo 1+ C? + 0% — 20, cos(z + 20) + 2Cysin(x +20) 1 —C? —C3’
1 2 1 1
o ), ®irerrorac i 11— -3 (517)
0 z 2 pcos(x + 20) + 2Cysin(z +20) 1 —CF —C3

which are valid under the conditions 1 > C? + C% and (C? + Cy)Y/* < 1. The latter condition

ensures that |rys| < 1.
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II. TRANSFER MATRIX DERIVED FROM SCATTERING MATRIX

For convenience, we rewrite eqn (5) in the form used in the transfer matrix method,

I Ty, T I
Al _ 11 412 1 7 (S18)
JA Ty T J1
where the elements are given by,
- ligtor
T11 = tll — = (1 — R) eXp(—aL), (819)
22
12
Tiy = — = Rexp(—al), (520)
loo
T21 = —T12 = —Rexp(—aL), (821)
1 1 - R? —2alL
Ty =——= R exp(~2al) (S22)

ts (1 - R)exp(—al)

For the second layer from the top, let I5 denote the portion of incident photon flux that enters
from above without being reflected at the interface, and let j, denote the flux transmitted
upward from the layer, originating from incident light that has entered the layer from both

sides. Neglecting light absorption by air, we have,

1 1-R R I
2] = . (S23)
J2 -R 1+R Jja
By eliminating /4 and j4 using eqn (S18) and (S23), we obtain,
I, 1-R R (1 — R)exp(—al) Rexp(—al) I,
= R 14R _ Rexp(—alL) 1 — R%exp(—2alL) N E (524)
J2 Lt A A T Ry exp(—al) )\
We define the transfer matrix Ty (for downward transfer) from eqn (5S24) and obtain,
I, 1
=) (525)
Im 1

SH



where Ty is given by,

. 1-R R (1= R)exp(—al)  Rexp(—alL) (826)
- 1 — R?exp(—2al)
"R 1+R —Rexp(—alL) (1 — R) exp(—al)
14 (1 - 2R) exp(—2aL)
(= 2R)expl=al) B0 5 cp(~al)
1+ R — 2R%*exp(—2al)
(1 - R)exp(—al)

(S527)
—2Rexp(—al)

Let Ay and Ay be the eigenvalues of Ty, with A\; > A\y. Then,

4R sinh(aL)

0
1-r

Tr(Ty) = A\ + Ay = 2 cosh(al) +

and det(Tq) = My = 1. We define the characteristic polynomial of the 2 x 2 matrix Ty as
fA) = (A= A)(A = Ag). Note that f(0) = det(7y) = 1 > 0, and the minimum of f(\)
occurs at Tr(Ty)/2 > 0. Since f(1) = 1 — (A 4+ A2) + Mda = 2 — A1 — Ag < 0, it follows

that Ay > 1 > Ay > 0. The discriminant of the characteristic polynomial confirms that the

eigenvalues are real and distinct, A\; — Ay = \/(/\1 + X9)2 — 4N\ > 0.
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III. EXACT SOLUTION FOR AN INFINITE STACK OF LAYERS

By noticing that K, the fraction of light absorbed by a single layer with absorption coefficient
a and thickness L, is identical for each layer, and that the total photon flux entering each layer
from above and below, without being reflected at the interfaces, is given by >0~ (I + Jm+1),
the EQE under the assumption of an IQE equal to unity is expressed as,

Abs =K Z ([m +jm+1) /[0 (828)
m=1

Mg

m + Jmt1) /11, (529)

m=1

where I} = (1 — R)Iy, and the transmitted light, scaled by the factor (1 — R), is assumed to be
absorbed by the particle layers.

Using eqn (9) and eqn (10), each component can be expressed as,

)\mfl . )\mfl ' /\m72 . )\mfZ
I, = ﬁ [(Ta)11 11 + (Ta)1241] — ﬁ)\l)\Zhy (S30)
‘ )\mfl . )\mfl ‘ /\m72 - )\mfZ ‘
Im = ﬁ [(Ta)o1 11 + (Ta)22j1] — ﬁ)\l)\lh' (S31)

Summing over m yields,

A=A [T — ) Iy + (Ta)iaji]
2 In= (1= A1) (A — o)

m=1

A=) ((T) = M) L+ (Ta)rojr] (S32)
(1 — )\2)(/\1 - >\2)

ZN: (M = AN (T Ly + (Ta)az — A2) ji]

— (1—=X) (A1 — A2)
(e MY (T Ly + (Ta)22 — M) i) (S33)

(1= ) (A — A2 '
Using the relation Rogy = R + ji/Ip and Aps = 1 — Reg, we obtain

 Rg—R, 1-An—R
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For sufficiently large value N, and given that A\; > 1 > Xy > 0, eqn (S32) and (S33) can be

approximated as

[(Td)u — /\2] I + (Td)12 J1

mz::l]m ~ (=AY) =) — X)) (S35)
> e (o) Teln it (U 2 Aal1 (530

(1= A1) (A1 = A9)

2

3
[

Substituting eqn (S35) and (S36) into eqn (S29), and eliminating j; using eqn (S34), yields a

closed-form expression for Ay,

% ~ Z (L + Jmt1) /T (S37)
—~ [T+ (Ta)ar — A2 (Ta)iz+ (Ta)aa — A2 1 —Aps— R
~ (A7) { (1= A (M — A2) I-M)(M—X)  1-R (538)

Rearranging eqn (S38) leads to

B (3 (o) Qe Qe —0a)

1-R (1 —=X1)(A1— M)
Ta)11 + (Ta)ar + (Ta)12 + (Ta)22 — 22
oy e . (S39
(=) (1= A1) (A — Aa) (839)
Taking the limit N — oo, we finally obtain
(Ta)11 + (Ta)or + (Ta)12 + (Ta)22 — 22
As=(1-R : 540
be = ) (Ta)12 + (Ta)22 — Ao (540)
_(1-R) |1+ (Ta)11 + (Ta)ar — Ao (S41)

(Ta)rz + (Ta)22 — A2
Eqn (S41) can be considered exact, since the approximations made in eqn (S35) and (S36) are
fully justified in the limit N — oo. Here, we considered an infinite stack of layers, thereby
avoiding the need to impose a boundary condition at the bottom layer when the incident light
enters from the top. Eqn (16) and (S41) yield the characteristic polynomial A% — Tr(Ty) Ay +
det(T4) = 0, which follows from the fact that A\, is one of the eigenvalues of the 2 x 2 matrix

Ty. Therefore, these equations are found to be exactly equivalent.
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IV. ESTIMATION OF SOLAR-TO-HYDROGEN (STH) CONVERSION EFFICIENCY

The solar-to-hydrogen (STH) conversion efficiency is calculated by integrating the product
of the quantum efficiency (or quantum yield), Y'(A), and the spectral photon flux of the incident

solar spectrum over the relevant wavelength range. It is expressed as

STH(%) = 1'212 eV / dNY (\) B(N) x 100, (S42)

in

2s7nm™1), X is the wavelength

where ®(\) is the spectral photon flux (in units of photons cm™
in nanometers, and 1.23 eV corresponds to the Gibbs free energy required to drive overall water
splitting under standard conditions. The incident power density, P,,, is taken as the total
integrated irradiance of the Air Mass 1.5 Global (AM 1.5G) solar spectrum, approximately
100 mW cm~2 (equivalent to 1.0 kW m™=2).” Eqn (S42) assumes 100% Faradaic efficiency and
neglects kinetic, catalytic, and overpotential losses.

When considering only IQE, under the assumption that all absorbed photons generate charge
carriers, Y () is given by [,.(\). When carrier generation follows a depth-dependent profile
governed by the Lambert—Beer law, Y (\) = I.()) is evaluated using eqn (S46), incorporating
the wavelength-dependent absorption coefficient a(\) obtained via DFT/HSE(06 calculations.®
For the special case of uniform carrier generation, Y'(\) is approximated by a constant value I,
derived from eqn (33). These calculations enable quantitative comparisons of STH efficiency
under different spatial profiles of carrier generation.

To account for optical losses due to incomplete absorption, Y () is expressed as the product
I,e(N) Aps(X), where Apg(A) denotes the spectral absorptance of the photocatalyst. In this
framework, I,.(\) may be approximated by I, while Ays(A) may be replaced by either Apg(A)
or Apsem(A), depending on the optical model adopted.

The solar-to-hydrogen (STH) efficiencies, accounting only for optical losses, are:

Single layer:  2.10%, 5.37%, 6.65%, 10.3%
Stacked layer: 6.55%, 9.22%, 10.2%, 12.9%

for L = 200nm, 1 gm, 2 pm, and 20 pm, respectively.
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The STH efficiencies, accounting for Lp = 80 nm with nonuniform carrier generation, are:

Single layer:  1.92%, 1.87%
Stacked layer: 5.97%, 2.67%

for L = 200nm and 2 pm, respectively.

The STH efficiencies, accounting for L = 1 ym with nonuniform carrier generation, are:

Single layer:  2.39%, 5.25%
Stacked layer: 3.98%, 9.00%

for Lp = 80nm and 800 nm, respectively.
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V. KUBELKA-MUNK SPECTRUM OF Gd;TizO5S,

Gd2Ti205S2 Flux Gdz2Tiz0sS2 SSR ol § #
(CaCl2/LiCl) (Solid-state reaction)
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FIG. S1. (a) Scanning electron micrographs (SEM) of GdaTisO5Sy prepared by flux growth (GTOS,
flux) and by solid-state reaction (GTOS, ssr).? (SEM images taken from Ref. 10 and 9 for flux and
ssr, respectively.) In this work, we focus primarily on GTOS (flux). (b) Conventional unit cell of
GdaTia05S2; Gd (purple), Ti (blue), S (yellow), and O (red). In (c) and (d), open circles denote the
measured absorptance, and the thick green line denotes the KM spectrum of GTOS (flux). (Data
reproduced from Ref. 10.) (c) Thick black solid line: KM spectrum calculated by effective-medium
theory [eqn (26) with R., obtained from Rep, in eqn (24)]; black dashed line: absorptance from the
single-layer model [eqn (3)] with L = 1 pm. The measured absorptance follows both the calculated
KM spectrum and the single-layer model. (d) KM spectra of GTOS (flux; thick green) and GTOS (ssr;
thin green). (Data for ssr are reproduced from Ref. 9.) Black lines show effective-medium theory with
L =1 pm (thick) and L = 2 ym (thin). Red solid line: (1 — R)?/(2R), with R calculated by DFT;
the theoretical KM spectrum follows this relation at wavelengths shorter than the KM maximum.
Red dashed lines: absorption coefficient a (thin dashed line is 3.5 x «); the theoretical KM spectrum
follows these near the band edge. Overall, agreement between experiment and theory is better for

GTOS (ssr) than for GTOS (flux).
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VI. INTERNAL QUANTUM EFFICIENCY WHEN THE LIGHT PENETRATION
DEPTH IS SMALLER THAN THE PARTICLE SIZE

We solve the steady-state diffusion equation for the minority carrier density p(r) using the
radial coordinate r, incorporating both bulk recombination and photogeneration according to

the Lambert—Beer law:
DV?p(r) — kp(r) + go exp [—a(a — r)] = 0, (S43)

where V2 = 9%/9r? + (2/r)d/0r is the Laplacian operator in spherical coordinates, and g is
the generation rate at the particle surface (r = a,a = L/2). We assume isotropic diffusion in a
spherical particle of radius a, and impose the perfectly absorbing boundary condition p(a) = 0.

The radial current density j(r) is defined as

Op(r)

j(r) = —4mr*D
.

(S44)

The internal quantum efficiency 7 is then defined as the ratio of extracted carriers to the total

number of photogenerated carriers:

_ j(a)
Loe = Jydrdmriggexp [—a(a — )] (545)

An analytical expression for I, is obtained as

20 L2 L 23
Lpe = {a3a2LD [(1 + 225D a2L%> coth (%) e N P - Pt oL}

a D

exp(—aa)esch (Li)} } / {(1=a*L2)* [2(1 — aa - exp(—aa)) + a%a?] } . (346

D

_2aL%

As expected, this expression reduces to I, = 1 in the limit Lp — oo. We have numerically
confirmed that 0 < I,. <1 for representative values of Lp, o, and a.

In the limit aa < 1 and aLp < 1, eqn (S46) simplifies to

I (1 + aa) coth(a/Lp) — (Lp/a)(1 + 2ca) + QO;L]QD tanh <2£D>

Le=3"2
! a 1+%aa

(S47)

In the further limit o — 0, corresponding to uniform carrier generation, eqn (S47) reduces to

the well-known result, eqn (33)."
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VII. OPTICAL PROPERTIES OF SrTiO3
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FIG. S2. Optical properties of SrTiOs. In (a), the dashed curve shows the raw measured extinction
coefficient k, which is orders of magnitude smaller than its peak yet remains positive above 388 nm
(3.2 eV, the band gap). (Data of refractive index (n) and k are reproduced from Refs. 12 and 13.)
The solid curve replaces the dashed data between 344 and 388 nm using the relation in (b). (a)
Refractive index (n) and extinction coefficient (k) versus wavelength for a single crystal measured
by spectroscopic ellipsometry.'>13 (b) \/k/X (with A the wavelength). The straight line indicates
the indirect—semiconductor relation used near the band edge (3.2 eV). (c) Reflectance and absorption
coefficient computed from the n, k in (a): o = 4nk/X and R = [(n—1)?+k?] /[(n+1)* + k?]. Curves
derived from the raw (dashed) and modified (solid) k are compared. (d) Real (¢;) and imaginary (e;)

parts of the dielectric function, obtained from €, = n?> — k% and ¢ = 2nk.
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VIII. KUBELKA-MUNK SPECTRUM OF SrTiO;

(a) 3. 160 T T T (b) 3- 12 T T T T T
< (o} .
Z 14 O —— 83.2nm- <
o o .
o (V) 0.8+
2 10 1 Q -
n )
4 m 4 L
= 0.8 = 0.6
= 0.6 . S s
T 04 . o
%‘) 0.2 i % 0.2r
Q : 000000 O Q
< 00 ! T < 0.0 T
300 350 400 450 500 20 25 30 35 40 45 50
Wavelength (nm) eV (nm)

FIG. S3. Circles denote experimental Kubelka-Munk (KM) spectra of SrTiOs. (Data for (a) and (b)
are reproduced from Refs. 14 and 15, respectively.) Lines show effective-medium calculations using
the extinction coefficient without modification (the dashed k in Fig. S2a). (a) KM spectra for mean
particle sizes of 83.2 nm (black) and 135.7 nm (red).'* (b) KM spectrum measured for dispersed
particles with sizes between 100 nm and 1 mm." The line is calculated assuming a representative
particle size of 200 nm. The band-edge absorption observed in (a) may originate from defects and/or

impurities.
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IX. ABSORPTANCE AND KUBELKA-MUNK SPECTRUM OF SrTiO;3
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FIG. S4. Open and closed circles denote the experimental Kubelka—Munk (KM) spectrum and the

absorptance of SrTiOs:Al (Al content 0.96 mol%), respectively. (Data reproduced from Ref. 16.)

Particle sizes are 200-500 nm.'® Solid and dashed lines are effective-medium calculations using, re-

spectively, an extinction coefficient modified to match the intrinsic band-gap absorption of SrTiOj

and the unmodified extinction coefficient. Black lines correspond to a single particle size of 300 nm,

while red lines use the particle-size distribution shown in Fig. 9 (d). (a) KM spectrum of SrTiOs. (b)

Absorptance and KM spectrum.
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