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S1. DETAILS OF BASIS FUNCTION ϕ j

The descriptor xi used in the MLFF method [1, 2], as implemented in VASP [3, 4], is a vector

comprising two-body and three-body contributions [5].

xT
i →

(√
β (2)x(2)Ti ,

√
β (3)x(3)Ti

)
, (S1)

Here, β (2) and β (3) (= 1−β (2)) denote the weights of the two-body and three-body descriptors,

x(2)i and x(3)i , respectively. The vectors x(2)i and x(3)i collect the expansion coefficients of the two-

body and three-body distribution functions with respect to orthonormal radial and angular basis

sets [2, 5]:

ρ(2)
i (r) =

1√
4π

N0
R

∑
n=1

cniχn0 (r) , (S2)

ρ(3)
i (r,s,θ) =

Lmax

∑
l=0

Nl
R

∑
n=1

Nl
R

∑
ν=1

√
2l +1

2
pnν liχnl (r)χν l (s)Pl (cosθ) . (S3)

The two-body and three-body distribution functions, ρ(2)
i and ρ(3)

i , are defined as follows [5]:

ρ(2)
i (r) =

1
4π

∫
ρi (rr̂)dr̂, (S4)

ρ(3)
i (r,s,θ) =

∫∫
dr̂dŝ δ (r̂ · ŝ− cosθ)

[
ρi (rr̂)ρi (sŝ)−∑

j ̸=i
ρi j (rr̂)ρi j (sŝ)

]
, (S5)

ρi (r) =
N

∑
j=1

ρi j (r) , (S6)

ρi j (r) = fcut
(∣∣r j − ri

∣∣)g
(
r−

(
r j − ri

))
(S7)

The function g is a smoothed δ function, and fcut is a cutoff function that smoothly eliminates

contributions from atoms located beyond a specified cutoff radius Rcut. In the function ρ(3)
i , the

self-terms appearing in the power spectrum proposed by Bartók and co-workers [6, 7] are removed

to ensure that the three-body distribution is represented exclusively. In this work, normalized

spherical Bessel functions χnl = jl(qnr) and Legendre polynomials of order l are employed for

χnl and Pl , respectively. Equation (3) in the main text can then be derived by defining the basis
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function ϕ j as follows:

ϕ j(r) =
1√
4π

c jiχ j0 for ρ(2)
i (r), (S8)

ϕ j(r,s,θ) =
√

2l +1
2

χnl (r)χν l (s)Pl (cosθ) for ρ(3)
i (r,s,θ), (S9)

where the index j in Eq. (S9) denotes a set of quantum numbers n, ν , and l. The basis functions

satisfy the following orthonormality conditions:

∫ ∞

0
ϕ j(r)ϕk(r)r2dr = δ jk for ρ(2)

i (r), (S10)

∫ ∞

0

∫ ∞

0

∫ π

0
ϕ j(r,s,θ)ϕk(r,s,θ)r2drs2dssinθdθ = δ jk for ρ(3)

i (r,s,θ). (S11)

S2. DERIVATION OF EQUATION (5)

For simplicity, we introduce braket notation. Equation (3) in the main text can then be expressed

as:

|ρi⟩=
ND

∑
j

c ji |ϕ j⟩ , (S12)

and the orthonormality conditions given in Eqs. (S10) and (S11) can be written as:

⟨ϕ j|ϕk⟩= δ jk, (S13)

where ρi can be either ρ(2) or ρ(3). From the orthonormality condition given in Eq. (S12), the

expansion coefficient c ji can be written as:

c ji = ⟨ϕ j|ρi⟩ . (S14)

A variation in ρi leads to a corresponding variation in c ji as follows:

δc ji = ⟨ϕ j|δρi⟩ . (S15)
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Since the atomic energy Ei is a function of the expansion coefficients {c ji | j = 1, . . . ,ND}, as

shown in Eq. (4) of the main text, the variation of Ei induced by a variation in ρi can be written as:

δEi =
ND

∑
j=1

∂Ei

∂c ji
δc ji = ⟨

ND

∑
j=1

∂Ei

∂c ji
ϕ j|δρi⟩ . (S16)

By definition of the functional derivative with respect to the inner-product measure, the bracketed

term is equal to δEi/δρi:
δEi

δρi
=

ND

∑
j=1

∂Ei

∂c ji
ϕ j. (S17)

This equation, when combined with Eq. (4) in the main text, leads to Eq. (5) in the main text.
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S3. COMPUTATIONAL WORKFLOW AND PARAMETERS FOR THE LENS ANALYSIS

The information required to compute the functional derivative δEi/δρi in Eq. (5) of the main

text includes the regression coefficients {wiB | iB = 1, . . . ,NB}; the hyperparameters defining the

form of the kernel basis function K and the descriptors xi and xiB; the descriptor values of the

local reference configurations {xiB | iB = 1, . . . ,NB}; and the descriptor values of the structures of

interest, xi. All quantities except xi in Eq. (5) in the main text are available from the VASP MLFF

file, ML_FF, which is written by VASP after training. The descriptor xi can be computed from the

molecular dynamics (MD) trajectory of the target system, which is written to the XDATCAR file

during the MD simulation. Accordingly, we developed a code that reads the required hyperparam-

eters and regression coefficients from the ML_FF file and computes xi from the trajectory stored

in the XDATCAR file. The hyperparameters for the descriptors and kernel basis functions listed in

Table S1 were used for the LENS analysis (see the definitions of the symbols in Refs. [2, 5, 8, 9]).

For simplicity, the weight on the two-body descriptors, β (2), was set to zero, and thus, descriptors

of only angular distributions ρ(3)
i were used. To achieve sufficient spatial resolution, the Gaussian

width of the atomic distribution function g in Eq. (S7) was set to a small value of 0.16 Å, and the

maximum angular momentum number Lmax was set to a relatively large value of 6 in the LENS

analysis. The regression coefficients were obtained by training the MLFF on the dataset described

in the next section using these hyperparameters. MD trajectories were generated by 20 NVT-

ensemble MD simulations at 300 K, each run for 500 ps with a time step of 0.5 fs. From the total

of 10 ns of MD trajectories, 100,000 snapshots were selected. The functional derivative δEi/δρi

was computed from xi for each snapshot using the regression coefficients and hyperparameters,

and the results were averaged over all snapshots.

The numerical grids for the rotationally invariant coordinates r = (r,s,θ) were set to 100 points

in each range from 0 to the cutoff radius, R(3)
cut , for r and s, and from 0 to π for θ . Prior to ap-

plying LENS, we performed a numerical test to verify whether the analytical functional derivative

given by Eq. (5) in the main text agrees with the numerical derivative obtained using a finite-

difference method. In this test, one snapshot was selected from the MD trajectory, and the func-

tional derivative δEi/δρi was computed using Eq. (5) in the main text. Next, an expansion co-

efficient c ji = pnν li was displaced by a small value of ±ε(= ±0.003), and the corresponding

distribution functions ρ±
i and local energies E±

i were calculated using Eq. (S3) and Eq. (4) in the

main text, respectively. Here, A± denotes the quantity A evaluated with the small displacement ±ε
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applied to the expansion coefficient. We then examined whether the following relation is satisfied:

E+
i −E−

i =
∫ ∞

0

∫ ∞

0

∫ π

0

δEi

δρi

[
ρ+

i (r,s,θ)−ρ−
i (r,s,θ)

]
r2s2sinθdrdsdθ . (S18)

The numerical test indicated that the equation was satisfied within a relative error of 0.05 %. Con-

sequently, the formulation and numerical settings accurately reproduce the functional derivative.

The calculations were performed on 16 cores of Intel Xeon Platinum 6548N (2.8 GHz). The

measured wall time was approximately 15,700 s for the LENS analysis of 100,000 snapshots,

which is negligible compared with the computational cost of the training and production runs

required to compute the free-energy changes explained in the next section. The computational

bottleneck lies in the evaluation of the expansion coefficients c ji = pnν li in Eq. (S3), whose cost

scales linearly with the number of atoms, indicating that the method is applicable to large systems.

Table S 1. Parameter sets of the descriptors and kernel basis functions used in the LENS analysis. The units
of R(3)

cut and σ (3)
atom are Å.

ζ 4 β (3) 1.0 R(3)
cut 5.0 σ (3)

atom 0.16 N(3)
R 24 L(3)

max 6
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S4. THERMODYNAMIC INTEGRATION

Here, we describe the MLFF-aided FP-TI approach. The reaction free energy ∆AML is calcu-

lated by integrating the derivative of Hamiltonian
〈
∂HML/∂λ

〉
λ along a coupling path λ from the

reactant state at λ = 0 to the product state at λ = 1 using MLFFs:

∆AML =
∫ 1

0

〈
∂HML

∂λ

〉
λ

dλ . (S19)

The symbol HML denotes the Hamiltonian in which the potential energy is evaluated as λEML
1 +

(1−λ )EML
0 , where EML

0 and EML
1 are the MLFF-calculated potential energies of the reactant and

product states, respectively. The residual error of the MLFFs caused by incompleteness in short

range interactions and lack of long-range interactions is then accurately corrected by an additional

TI performed from the MLFF potential energy surface to that obtained from the FP method, as

follows:

∆AFP−ML
λ =

∫ 1

0

〈
∂HFP−ML

λ
∂η

〉
dη . (S20)

The symbol HFP-ML
λ denotes the Hamiltonian in which the potential energy is evaluated as ηEFP

λ +

(1− η)EML
λ , where EFP

λ denotes the FP potential energy for the reactant (λ = 0) and product

(λ = 1) states. The FP reaction free energy ∆AFP is obtained as ∆AML +∆AFP-ML
1 −∆AFP-ML

0 .

In practical calculations, the computational standard hydrogen electrode (CSHE) method [10]

is employed, whereby ∆A is approximated using a linear approximation [11] as ∆AOH + eU , with

e denoting the elementary charge, U the electrode potential referenced to the standard hydrogen

electrode (SHE), and ∆AOH the reaction free energy of the reduction reaction OH∗ + 1/2 H2 →

H2O. The quantity ∆AOH can be decomposed into the sum of two contributions: the reaction free

energy ∆A1 associated with bond formation between the adsorbed OH∗ species and a hydrogen

atom at the solid-liquid interface, OH∗ + H → H2O, and the reaction free energy ∆A2 correspond-

ing to the dissociation of an H2 molecule, 1/2 H2 → H [12, 13]:

∆AOH = ∆A1 +∆A2. (S21)

∆A2 is evaluated using a simple ideal-gas model, whereas ∆A1 is obtained via MLFF-aided TI, car-
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ried out from a noninteracting hydrogen atom and a solid-liquid interface containing OH∗ without

H to the fully interacting hydrogen atom, which covalently bonds with OH∗ to form H2O at the

interface. From ∆AOH, the redox potential UOH of the reaction, OH∗ + H+ + e− → ∗ + H2O, is

calculated as:

UOH =−AOH

e
. (S22)

This approach enables a precise evaluation of the reaction free energy, referenced to the free en-

ergy of a well-defined ideal gas of H2, by explicitly accounting for anharmonic fluctuations of

interfacial molecules at finite temperature through MD calculations.

For light hydrogen atoms, nuclear quantum effects contribute to the free energy difference.

These effects were incorporated using the harmonic correction employed in previous studies [12,

14]. The parameters and computational settings are identical to those used in our previous publi-

cation; see Ref. [12] for details.
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S5. INTERFACIAL MODELS

The interfaces between water and pristine Pt(111) surfaces in the presence of an alkaline cation

X+ (X = Li, K, or Cs) and a homogeneously distributed positive background charge are modeled

as shown in Fig. S1. As explained in the main text and in our previous work [12], this study adopts

the method introduced by Nørskov and co-workers [10] to calculate the redox potential of OH

formation. This approach assumes that the effect of interfacial electric fields is small and evaluates

redox potentials using electrically neutral interfacial models, based on a first-order approximation

with respect to the interfacial excess charge [11]. Accordingly, the solid surfaces are approximated

by four-layer slabs with a 3×2
√

3 surface periodicity.

One OH adsorbate per unit cell was placed on one side of the slab, corresponding to an OH

coverage of 1/12 ML, and one hydrogen atom was introduced during the TI using the MLFF to

generate an additional water molecule at the interface.

The interfacial model was constructed as follows. The lattice parameter of Pt was set to 4.03 Å,

based on bulk pure Pt calculated using the FP method [15]. A water layer containing one alkaline

cation was inserted into the vacuum gap between the slabs. To prepare the initial configurations

of water and the cation, a 1 ns classical MD simulation of bulk liquid water was performed using

the polymer consistent force field (PCFF) [16]. The equilibrated solution layer was then placed

between the slabs. The number of water molecules was set to 47 and 48 for the Pt slabs with and

without the OH adsorbate, respectively. After further relaxation of the interfacial structures by

100 steps of structural optimization using the FP method, active-learning MD simulations were

carried out to generate the MLFFs. Once the MLFFs were constructed, the unit-cell length along

the direction perpendicular to the surface was equilibrated using a 100 ps NPzT ensemble MD

simulation with the generated MLFFs. The cell length was then adjusted to the equilibrated value,

and production runs were performed using these structures as the initial configurations.
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Figure S 1. Interfacial models used in the MD calculations and LENS analyses.
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S6. TRAINING OF MLFFS AND THEIR ACCURACY

The MLFFs were trained following the same protocol as that used in our previous study [12].

The reference points {xiB | iB = 1, . . . ,NB} and the structures providing training data for ener-

gies, forces, and stress-tensor components were collected on the fly during active-learning MD

simulations implemented in VASP [1–4]. The hyperparameters used for the MLFFs in the MD

calculations are summarized in Table S2. The Bayesian framework enables accurate predictions

of energies, forces, and their associated uncertainties, thereby allowing efficient on-the-fly sam-

pling of reference structures during MD simulations of the target systems. A single MLFF was

trained for each surface system described in Section S5. For both the reactant and product states,

a 100 ps heating simulation from 300 to 500 K followed by a 100 ps cooling simulation from 500

to 300 K was performed. For uncertainty estimation, the spilling factor proposed by Miwa and

Ohno [17] was employed, with the threshold set to 0.005. By the end of the cooling simulations,

the MLFFs ceased collecting structures and reference points, indicating that they had sufficiently

learned the information required for the simulations.

The numbers of collected structures (Nst) and reference points (NB) for each MLFF are listed

in Table S3. Consistent with previous studies [1, 2, 5, 8, 12, 18–23], Nst ranges from 180 to 308.

Scatter plots comparing energies, forces, and stress-tensor components predicted by the MLFFs

with those obtained from FP calculations are shown in Fig. S2. The same figure also presents the

root mean square errors (RMSEs) of the MLFFs for test structures that appear during the TI from

the MLFFs to the FP potential energy surface. The generated MLFFs achieve RMSEs of 1.6-3.8

meV atom−1 for energies, 0.052-0.063 eV Å−1 for forces, and 0.96-1.62 kbar for stress-tensor

components, which are comparable to values reported in previous studies [1, 2, 5, 8, 13, 18–23].

In all FP calculations, exchange-correlation (XC) interactions between electrons were treated

using the RPBE+D3 functional [24–26]. As shown in Table S4, the RPBE functional reproduces

the experimental adsorption energies of O, OH, and CO on the Pt(111) surface in vacuum [27–30]

more accurately than the state-of-the-art XC functional such as r2SCAN [31]. For CO, RPBE

has also been shown to best reproduce results obtained from the random phase approximation

(RPA), an accurate beyond-DFT method [32]. We therefore employed RPBE augmented with the

D3 dispersion correction, which is known to provide a reasonable description of the structural

and diffusional properties of liquid water [33, 34]. It should be noted that RPBE+D3 slightly

overestimates these adsorption energies and yields values close to those obtained with the r2SCAN
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functional. The plane-wave cutoff energy was set to 520 eV, and Brillouin-zone integrations were

performed using a 3×3×1 k-point mesh. The projector-augmented-wave (PAW) atomic reference

configurations were 1s1 for H, 1s22s1 for Li, 2s22p4 for O, 3s23p64s1 for K, 5s25p66s1 for Cs, and

5d96s1 for Pt [35].
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Table S 2. Parameter sets of the descriptors and kernel basis functions for the MLFFs used in the MD
calculations. The units of R(2)

cut , R(3)
cut , σ (2)

atom and σ (3)
atom are Å.

ζ 4 β (2) 0.5 R(2)
cut 6.0 σ (2)

atom 0.5 N(2)
R 8

β (3) 0.5 R(3)
cut 4.0 σ (3)

atom 0.5 N(3)
R 6 L(3)

max 2

Table S 3. The number of structures Nst calculated using the FP method to generate the training data and
the number of kernel basis functions NB for the MLFFs.

Cation type X+ Nst NB (H) NB (O) NB (Pt) NB (X)
Li+ 264 19395 8151 2294 263
K+ 180 15579 6955 1845 180
Cs+ 308 21048 8708 2841 290
Background charge 260 6250 2405 707

Table S 4. Adsorption energies of O, OH, and CO on the Pt(111) surface in vacuum calculated using four
representative exchangecorrelation (XC) functionals and compared with experimental values. Energies are
given in eV.
XC functional O OH CO
PBE 4.24 2.19 1.69
RPBE 3.79 1.92 1.42
RPBE+D3 3.90 2.17 1.82
R2SCAN 4.08 2.11 1.80
Exp. 3.48a 1.5-2.5b 1.37c

a Experimental data taken from Ref. [27].
b Experimental results and estimations taken from Ref. [28, 29].
c Experimental data taken from Ref. [30].

13



Figure S 2. Energies, forces, and stress-tensor components predicted by the MLFFs versus those calculated
using the FP method for 15,000 test data points from the X++48H2O/Pt(111) system and 15,000 test data
points from the X++OH+47H2O/Pt(111) system (X = Li, K, Cs, and background charge), taken from the
TI calculations from the MLFF to the FP potential energy surface. The symbols σE, σF, and σS denote the
root mean square errors for the energy, force, and stress-tensor data, respectively.
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S7. COMPUTATIONS OF INTERFACIAL DIFFUSION COEFFICIENT Dint

The diffusion coefficient Dint of the alkaline cations Li+, K+, and Cs+ along the direction

parallel to the Pt(111) surface was calculated from the slope of the mean square displacement

(MSD) of each cation. A total of twenty 500 ps NVT-ensemble MD simulations, starting from

different initial positions and velocities, were performed, and the resulting diffusion coefficients

were averaged. Figure S3 shows the averaged MSDs. In all MD simulations, the cations remained

localized at the interface, indicating that the computed diffusion coefficients reasonably represent

interfacial diffusion.

Figure S4 shows the correlation between the computed redox potential UOH and the interfacial

diffusion coefficient Dint. Smaller cations are more strongly trapped by OH∗ through attractive

interactions. Consequently, both Dint and UOH decrease with decreasing ionic radius.
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Figure S 3. Mean square displacements (MSDs) of alkali ions along the direction parallel to the Pt surface.
The shaded regions indicate the error bars, evaluated as the standard deviation divided by the square root of
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0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.0 0.5 1.0 1.5 2.0

U
O

H
(V

 v
s.

 S
H

E)

Dint109 (m2s1)

Li+
K+

Cs+Homogeneous 
background charge

Figure S 4. Computed redox potential UOH versus the computed interfacial diffusion coefficient Dint of the
cations. The horizontal line indicates the result obtained with the diffusive uniform homogeneous back-
ground charge.

16



S8. BADER CHARGE AND ELECTRONIC STRUCTURE ANALYSES

Bader charge analysis shows that OH∗ and the alkali cations in all three interfacial systems

stably carry charges of −0.5e and +0.9e, respectively, throughout the MD simulations, as shown

in the insets of Fig. 1 in the main text. The partial density of states (PDOS) analysis indicates

that the majority of the s-states of the alkali cations lie about 2 eV above the Fermi level, as

shown in Fig. S5. These charge and electronic structure analyses clearly indicate that all cations

have lost electrons and are in a state close to +1e. Accordingly, the interactions between the

cations and OH∗ are mainly electrostatic. These interactions are neither covalent, arising from the

occupation of hybridized bonding orbitals, nor due to polarization. Although all ions carry nearly

identical monopole charges, their sizes differ. The smaller Li+ cation can approach OH∗ more

closely, resulting in stronger electrostatic interactions than for the other ions. The role of the Pt

surface is not merely that of a spectator; by stabilizing a negatively charged OH∗ species through

metaladsorbate hybridization, it indirectly enables electrostatic coupling with the cation.

Bader charge analysis [36] was performed on 100 interfacial structures randomly selected from

the 10 ps NVT-ensemble FPMD trajectories generated in the second TI step described in Sec-

tion S4. The parameters for the FP calculations were set to be the same as those described in

Section S6. The Bader charges of OH∗ and the alkali cations, averaged over these 100 config-

urations and shown in Fig. 1 of the main text, indicate that OH∗ carries a negative charge of

approximately −0.5e, while the alkali cations retain positive charges close to +0.9e regardless of

the cation species, where e denotes the elementary charge. The standard deviations of the charges

across the 100 samples were small, with values of 0.02e for OH∗ and 0.005e for the cations. PDOS

analyses were executed on 10 snapshots taken from the MD trajectories.
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S9. THREE-BODY DISTRIBUTIONS

Figure S6 shows the three-body probability distribution ρ(3)
i (r,s,θ), which represents the prob-

ability density of finding an H atom at a distance r to r+dr from this O atom and a cation X+ (X =

Li, K, or Cs) at a distance s to s+ds from the same O atom, with ∠HOX = θ = 110°, as illustrated

in the insets. The absolute value of ρ(3)
i for Li+ is orders of magnitude larger than those for K+

and Cs+ because Li+ is sharply localized much closer to the O atom than the larger cations.

Figure S 6. The three-body probability distribution ρ(3)
i (r,s,θ) of finding an H atom at a distance r to r+dr

from this O atom and a cation X+ (X = Li, K, or Cs) at a distance s to s+ ds from the same O atom, with

∠HOX = θ = 110°, as illustrated in the insets.
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