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Stationary particles

One dimension

We start by considering only one dimension, as these results will prove use-
ful for the two-dimensional situation. We write the observed position of a
particle in one dimension, X̃(t), as

X̃(t) = X(t) + Ξ(t)

where X(t) is the real position of the particle and Ξ(t) is the error in lo-
calisation. Naturally, when considering stationary particles, we assume that
the real position of the particle is independent of time, that is, X(t) = X.
Furthermore, the error in localisation we assume to be a (one-dimensional)
normally distributed stochastic variable with 0 mean and a standard devia-
tion equal to the localisation imprecision, σ, viz.

Ξ(t) ∼ N (0, σ2).

Importantly, we assume that the localisation imprecision for different times,
t, are independent.

In one dimension, the change in direction corresponding to Equation (1)
of the main text is given by

cos Θ̃ =
∆X̃∆τ ,0∆X̃τ+∆τ ,τ

|∆X̃∆τ ,0||∆X̃τ+∆τ ,τ |
(1)
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where

∆X̃∆τ ,0 ≡ X̃(∆τ)− X̃(0) ≡ X + Ξ(∆τ)−X − Ξ(0) = Ξ(∆τ)− Ξ(0) (2)

and

∆X̃τ+∆τ ,τ ≡ X̃(τ +∆τ)− X̃(τ) ≡ X + Ξ(τ +∆τ)−X − Ξ(τ) =

Ξ(τ +∆τ)− Ξ(τ). (3)

We are interested in three different cases. The first case is the change
in direction comparing a displacement from t = 0 to t = ∆τ with itself.
Mathematically this corresponds to τ = 0 (and ∆τ ̸= 0). Clearly the angle
in this case always vanishes, that is, Θ̃ = 0 or cos Θ̃ = 1. This case is trivial
and we will not refer to it much.

The second case is the most interesting one. Here we consider the change
in direction comparing a displacement from t = 0 to t = ∆τ with a displace-
ment from t = ∆τ to t = 2∆τ , that is, a change in direction between suc-
cessive displacement vectors. Mathematically, this corresponds to τ = ∆τ
(and ∆τ ̸= 0).

Finally, we also consider the change in direction comparing a displace-
ment from t = 0 to t = ∆τ with a later displacement than the successive
one. Mathematically, this corresponds to τ > ∆τ (and ∆τ ̸= 0).

Equations (2) and (3) express that ∆X̃∆τ ,0 and ∆X̃τ+∆τ ,τ are both
differences of normally distributed variables of mean 0 and variance σ2 (the
localisation imprecision squared). It is well-known that the difference of two
normally distributed independent variables is also a normally distributed
variable, and specifically, that if the two variables have mean 0 and the
same variance, then their difference has mean 0 and double the variance. In
our case we consequently have

∆X̃∆τ ,0 ∼ N (0, 2σ2) ≡ N (0, σ2
τ )

∆X̃τ+∆τ ,τ ∼ N (0, 2σ2) ≡ N (0, σ2
τ )

(4)

(as long as ∆τ ̸= 0). We have here introduced the standard deviation στ
as it will prove useful to generalise the presentation to the case of particles
moving by Brownian motion.

Distribution of the scalar product

cos Θ̃, and Θ̃ itself even more so, is a complicated stochastic variable as
defined from Equation (1). For simplicity, we thus start by considering just
the numerator

∆X̃∆τ ,0∆X̃τ+∆τ ,τ . (5)
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which is the one-dimensional equivalent of the scalar product of two displace-
ments in two dimensions. The mean of this quantity is also closely related
to the velocity autocorrelation function, Cv, which in our nomenclature is
defined as1

Cv;∆τ =
1

∆τ2
⟨∆X̃∆τ ,0∆X̃τ+∆τ ,τ ⟩. (6)

We will consequently consider also the mean of the scalar product.

As expressed by Equation (5), clearly the scalar product is the product
of two differences of normally distributed random variables as expressed in
Equation (4). To calculate its distribution we thus need to find the distribu-
tion corresponding to a product of normally distributed random variables.
The distribution, fR′ , for the product, R′, of two 0 mean unit variance nor-
mally distributed variables has been derived by Grishchuk2 (and earlier by
Springer3 but with a typo). It is given by

fR′(r′) =
1

π
√
1− ρ2

exp

(
ρr′

1− ρ2

)
K0

(
|r′|

1− ρ2

)
(7)

where K0 is the 0th order modified Bessel function of the second kind and
ρ the correlation coefficient between the two variables. In order to use this
result, we consider the stochastic variables ∆X̃∆τ ,0/στ and ∆X̃τ+∆τ ,τ/στ .
They clearly have unit variance so Equation (7) applies. Furthermore, the
distribution, fR, of R = ∆X̃∆τ ,0∆X̃τ+∆τ ,τ , which is what we are actually
interested in, is given by

fR(r) =
1

σ2
τ

fR′

(
r

σ2
τ

)
=

1

πσ2
τ

√
1− ρ2

exp

(
ρr

σ2
τ (1− ρ2)

)
K0

(
|r|

σ2
τ (1− ρ2)

)
. (8)

The correlation coefficient, ρ, here is the correlation coefficient of the
unit variance variables. It is given by

ρ ≡ cov

(
∆X̃∆τ ,0

στ
,
∆X̃τ+∆τ ,τ

στ

)
=

cov(∆X̃∆τ ,0,∆X̃τ+∆τ ,τ )

σ2
τ

=

⟨∆X̃∆τ ,0∆X̃τ+∆τ ,τ ⟩ − ⟨∆X̃∆τ ,0⟩⟨∆X̃τ+∆τ ,τ ⟩
σ2
τ

=
⟨∆X̃∆τ ,0∆X̃τ+∆τ ,τ ⟩

σ2
τ

(9)

where we have used that ∆X̃∆τ ,0 and ∆X̃τ+∆τ ,τ both have 0 mean. Fur-
thermore, we have that

⟨∆X̃∆τ ,0∆X̃τ+∆τ ,τ ⟩ =
〈(
Ξ(∆τ)− Ξ(0)

)(
Ξ(τ +∆τ)− Ξ(τ)

)〉
=

⟨Ξ(∆τ)Ξ(τ +∆τ)⟩ − ⟨Ξ(∆τ)Ξ(τ)⟩ − ⟨Ξ(0)Ξ(τ +∆τ)⟩+ ⟨Ξ(0)Ξ(τ)⟩. (10)
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Let us now consider our two cases. First, for successive displacements,
that is, τ = ∆τ (but ∆τ ̸= 0), we find

⟨∆X̃∆τ ,0∆X̃τ+∆τ ,τ ⟩ = −⟨Ξ(∆τ)Ξ(τ)⟩ = −σ2 (11)

where we have used that Ξ(t) at different times are indepedent and that
Ξ(t) has variance σ2. Using the definition of στ as expressed in Equation
(4) we then find

ρ =
⟨∆X̃∆τ ,0∆X̃τ+∆τ ,τ ⟩

σ2
τ

= − σ2

2σ2
= −1

2 . (12)

Inserted into Equation (8), we then find that the distribution of the product
R = ∆X̃∆τ ,0∆X̃τ+∆τ ,τ is given by

fR(r) =
1√
3πσ2

exp
(
− r

3σ2

)
K0

(
2|r|
3σ2

)
.

Second, we consider displacements separated in time from each other,
that is, τ > ∆τ (and ∆τ ̸= 0). Again using the independence of Ξ(t) at
different times we then find

⟨∆X̃∆τ ,0∆X̃τ+∆τ ,τ ⟩ = 0 (13)

and consequently
ρ = 0. (14)

From Equation (8) we then have that the distribution ofR = ∆X̃∆τ ,0∆X̃τ+∆τ ,τ

is given by

fR(r) =
1

2πσ2
K0

(
|r|
2σ2

)
.

The mean of the scalar product

As already discussed, the mean of the scalar product is very much related
to the velocity autocorrelation function [Equation (6)], so it is of interest to
also calculate this mean. However, this is something we have largely already
done above in terms of Equations (11) and (13) for successive displacements
and displacements separated in time from each other, respectively. The only
case that remains is the correlation of a displacement with itself, which is
simply the variance of the displacement, so

⟨∆X̃∆τ ,0∆X̃τ+∆τ ,τ ⟩(τ = 0) = σ2
τ = 2σ2

where final equality follows from Equation (4).
Overall, we thus have

⟨∆X̃∆τ ,0∆X̃τ+∆τ ,τ ⟩(τ) =


2σ2 τ = 0

−σ2 τ = ∆τ

0 τ > ∆τ .

(15)
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Distribution of the angle between displacements

In one dimension we can actually use the distribution of the scalar product
to calculate, in a fairly simple fashion, the distribution of the angle between
displacements, Θ̃, or, equivalently, the cosine of this angle, cos Θ̃. In one
dimension this angle can only be 0 or π or, equivalently, cos Θ̃ can only be 1
or −1. The key observation is then that the denominator of Equation (1) is
always positive. Hence it must be the case that the numerator determines
whether the whole expression is −1 or 1; more specifically, it must be the
case that

P [cos Θ̃ = −1] = P [Θ̃ = π] =

∫ 0

−∞
fR(r)dr

and

P [cos Θ̃ = 1] = P [Θ̃ = 0] =

∫ ∞

0
fR(r)dr.

We now tackle the second integral. According to Equation (8) it reads∫ ∞

0
fR(r)dr =

1

πσ2
τ

√
1− ρ2

∫ ∞

0
exp

(
ρr

σ2
τ (1− ρ2)

)
K0

(
|r|

σ2
τ (1− ρ2)

)
dr.

A change of variables to

u =
r

σ2
τ (1− ρ2)

and the trivial observation that |r| = r when r > 0 gives us the integral

1

πσ2
τ

√
1− ρ2

σ2
τ (1− ρ2)

∫ ∞

0
eρuK0(u)du =√

1− ρ2

π

arccos(−ρ)√
1− ρ2

=
arccos(−ρ)

π

where have used Gradshteyn & Ryzhik4 [Equation (6.611)] to evaluate the
integral.

We thus find

P [cos Θ̃ = 1] = P [Θ̃ = 0] =
arccos(−ρ)

π
(16)

and

P [cos Θ̃ = −1] = P [Θ̃ = π] = 1− P [Θ̃ = 0] =
π − arccos(−ρ)

π
. (17)

For successive displacements, we have ρ = −1
2 [Equation (12)] and thus

we find

P [cos Θ̃ = 1] = P [Θ̃ = 0] = 1
3
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and
P [cos Θ̃ = −1] = P [Θ̃ = π] = 2

3 ;

for displacements separated in time from each other, we instead have ρ = 0
[Equation (14)] and thus find simply

P [cos Θ̃ = 1] = P [Θ̃ = 0] = 1
2

and
P [cos Θ̃ = −1] = P [Θ̃ = π] = 1

2

as expected based on the symmetry of the distribution.

Mean cosine of the angle between displacements

From this, we can derive the mean cosine of the angle. Clearly we have

⟨cos Θ̃⟩ = (+1) · P [cos Θ̃ = 1] + (−1) · P [cos Θ̃ = −1] =

2P [cos Θ̃ = 1]− 1 =
2

π
arccos(−ρ)− 1 (18)

using Equation (16). For successive displacements, where we have ρ = −1
2

[Equation (12)], we then find

⟨cos Θ̃⟩ = 2

π

π

3
− 1 = −1

3 (19)

while for displacements separated in time from each other, where we have
ρ = 0 [Equation (14)], we find

⟨cos Θ̃⟩ = 2

π

π

2
− 1 = 0. (20)

Mean angle between displacements

Likewise, we can derive the mean angle between displacements from

⟨Θ̃⟩ = 0 · P [Θ̃ = 0] + π · P [Θ̃ = π] = πP [Θ̃ = π] = π − arccos(−ρ) (21)

using Equation (17). For successive displacements, where again we have
ρ = −1

2 [Equation (12)], we then find

⟨Θ̃⟩ = 2π

3
; (22)

while for displacements separated in time from each other, where we have
ρ = 0 [Equation (14)], we find

⟨Θ̃⟩ = π

2
. (23)
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Two dimensions

Distribution of the scalar product

We now consider the two-dimensional case, where we are interested in the
angle given by

cos Θ̃ =
∆R̃∆τ ,0 ·∆R̃τ+∆τ ,τ

|∆R̃∆τ ,0||∆R̃τ+∆τ ,τ |
. (24)

Again we start by considering only the numerator, that is, the scalar product

∆R̃∆τ ,0 ·∆R̃τ+∆τ ,τ = ∆X̃∆τ ,0∆X̃τ+∆τ ,τ +∆Ỹ∆τ ,0∆Ỹτ+∆τ ,τ . (25)

This is the sum of two independent variables whose distributions we know
from our above discussion of the one-dimensional case. The sum of two
independent variables is a convolution and since the two products have the
same distribution, it is going to be a convolution of a function with itself.

Convolutions are typically easier in Fourier space; if we define our Fourier
transform as

f̃(k) ≡ 1√
2π

∫ ∞

−∞
f(x)eikxdx

with inverse

f(x) =
1√
2π

∫ ∞

−∞
f̃(k)e−ikxdk

then the Fourier transform of the convolution

(f ∗ g)(x) ≡
∫ ∞

−∞
f(ξ)g(x− ξ)dξ

is √
2πf̃ g̃.

To use this, we then need to Fourier transform the distribution given by
Equation (8). This appears to be a bit complicated to perform, so instead
we note that the convolution we are interested in is

(fR ∗ fR)(s) ≡
∫ ∞

−∞
fR(r)fR(s− r)dr =

1

π2σ4
τ (1− ρ2)

∫ ∞

−∞
exp

(
ρr

σ2
τ (1− ρ2)

)
K0

(
|r|

σ2
τ (1− ρ2)

)
×

exp

(
ρ(s− r)

σ2
τ (1− ρ2)

)
K0

(
|s− r|

σ2
τ (1− ρ2)

)
dr =

1

π2σ4
τ (1− ρ2)

exp

(
ρs

σ2
τ (1− ρ2)

)
×∫ ∞

−∞
K0

(
|r|

σ2
τ (1− ρ2)

)
K0

(
|s− r|

σ2
τ (1− ρ2)

)
dr ≡

1

π2σ4
τ (1− ρ2)

exp

(
ρs

σ2
τ (1− ρ2)

)
(g ∗ g)(s) (26)
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where have introduced the function

g(r) ≡ K0

(
|r|

σ2
τ (1− ρ2)

)
and identified the convolution of this function with itself.

To calculate the integral, we thus calculate the Fourier transform of the
latter function

g̃(k) =
1√
2π

∫ ∞

−∞
g(r)eikrdr =

1√
2π

∫ ∞

−∞
K0

(
|r|

σ2
τ (1− ρ2)

)
eikrdr =

1√
2π

2

∫ ∞

0
K0

(
r

σ2
τ (1− ρ2)

)
cos(kr)dr =

1√
2π

2
π

2

1√
k2 + 1

σ4
τ (1−ρ2)2

using Gradshteyn & Ryzhik4 [Equation (6.671)] to evaluate the integral.
Thus we have that the Fourier transform of g ∗ g is

√
2π
(
g̃(k)

)2
=

√
2π

π2

2π

1

k2 + 1
σ4
τ (1−ρ2)2

=
√
2π

π

2

1

k2 + 1
σ4
τ (1−ρ2)2

.

Inverting this, we find

(g ∗ g)(s) = 1√
2π

∫ ∞

−∞

√
2π

π

2

1

k2 + 1
σ4
τ (1−ρ2)2

e−iksdk =

π

2
2

∫ ∞

0

cos(ks)

k2 + 1
σ4
τ (1−ρ2)2

dk = π
π

2
σ2
τ (1− ρ2) exp

(
±s

σ2
τ (1− ρ2)

){
s < 0

s ≥ 0.

where we have again used Gradshteyn & Ryzhik4 [Equation (3.723)] to
evaluate the integral, dealing with the cases s < 0 and s ≥ 0 separately.

We then find for the convolution we are actually interested in [Equation
(26)]

(fR ∗ fR)(s) =
1

π2σ4
τ (1− ρ2)

exp

(
ρs

σ2
τ (1− ρ2)

)
(g ∗ g)(s) =

1

2σ2
τ

exp

(
(ρ± 1)s

σ2
τ (1− ρ2)

){
s < 0

s ≥ 0.
(27)

If we insert the definition of στ as expressed in Equation (4), we then find

(fR ∗ fR)(s) =
1

4σ2
exp

(
(2ρ± 2)s

4σ2(1− ρ2)

){
s < 0

s ≥ 0.

This is the distribution for the numerator, Equation (25).
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For successive displacements, we have ρ = −1
2 [Equation (12)] and find

1

4σ2
exp

(
(−1± 2)s

3σ2

){
s < 0

s ≥ 0
=

1

4σ2

{
e
1
3 s/σ

2

s < 0

e−s/σ2
s ≥ 0

(28)

while for displacements separated in time from each other, we have ρ = 0
[Equation (14)] and find

1

4σ2
e±

1
2 s/σ

2

{
s < 0

s ≥ 0.
(29)

The mean of the scalar product

As already noted, the mean of the scalar product is very much related to
the velocity autocorrelation function, which in two dimensions is defined as

Cv;∆τ =
1

∆τ2
⟨∆R̃∆τ ,0 ·∆R̃τ+∆τ ,τ ⟩. (30)

It is consequently of interest to calculate this mean. However, it follows
immediately from Equation (25) and the results in one dimension [Equation
(15)] that

⟨∆R̃∆τ ,0 ·∆R̃τ+∆τ ,τ ⟩(τ) =


4σ2 τ = 0

−2σ2 τ = ∆τ

0 τ > ∆τ .

(31)

Distribution of the angle between displacements

In two dimensions we cannot use the same simplifying argument as used in
one dimension to calculate the distribution of the angle between displace-
ments from the scalar product Equation (25). Fortunately, it is nevertheless
possible to calculate the distribution and we do so by considering ∆R̃∆τ ,0

and ∆R̃τ+∆τ ,τ to be complex variables. To this end, we define

∆Z̃∆τ ,0 ≡ ∆X̃∆τ ,0 + i∆Ỹ∆τ ,0 (32)

∆Z̃τ+∆τ ,τ ≡ ∆X̃τ+∆τ ,τ + i∆Ỹτ+∆τ ,τ . (33)

The utility of this representation lies in that

∆Z̃∆τ ,0∆Z̃∗
τ+∆τ ,τ =

|∆Z̃∆τ ,0||∆Z̃τ+∆τ ,τ |
(
cos(Θ̃∆τ ,0 − Θ̃τ+∆τ ,τ ) + i sin(Θ̃∆τ ,0 − Θ̃τ+∆τ ,τ )

)
where Θ̃∆τ ,0 and Θ̃τ+∆τ ,τ are the angles corresponding to a polar representa-
tion of the complex variables ∆Z̃∆τ ,0 and ∆Z̃τ+∆τ ,τ , respectively. The angle
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we are interested in, Θ̃, is actually Θ̃∆τ ,0− Θ̃τ+∆τ ,τ in the polar representa-
tion, so we see that if we have the polar representation of ∆Z̃∆τ ,0∆Z̃∗

τ+∆τ ,τ

then, upto the sign and considering that we have thus far only considered an-
gles between 0 and π, we have achieved our goal. Now, by definition ∆Z̃∆τ ,0

and ∆Z̃τ+∆τ ,τ are normally distributed complex stochastic variables and it
turns out that there is literature specifically addressing the joint probabil-
ity distribution of the magnitude and angle of the product of two correlated
normally distributed complex stochastic variables.5 Specifically, for two zero
mean normally distributed complex stochastic variables, the joint probabil-
ity distribution of R = |∆Z̃∆τ ,0||∆Z̃τ+∆τ ,τ | and Θ̃ = Θ̃∆τ ,0 − Θ̃τ+∆τ ,τ is

fR,Θ̃(r, θ) =
2r

πσ2
z∆τ,0

σ2
zτ+∆τ,τ

(1− |ρ|2)
×

exp

(
2rℜ

(
ρe−iθ

)
σz∆τ,0σzτ+∆τ,τ (1− |ρ|2)

)
K0

(
2r

σz∆τ,0σzτ+∆τ,τ (1− |ρ|2)

)
(34)

where ρ now is the (complex) correlation coefficient between ∆Z̃∆τ ,0 and
∆Z̃τ+∆τ ,τ , and, likewise, σ

2
z∆τ,0

and σ2
zτ+∆τ,τ

the (complex) variance of ∆Z̃∆τ ,0

and ∆Z̃τ+∆τ ,∆τ , respectively.

The variance of ∆Z̃∆τ ,0 is given by6

σ2
z∆τ,0

= Var
[
∆Z̃∆τ ,0

]
= Var

[
∆X̃∆τ ,0

]
+Var

[
∆Ỹ∆τ ,0

]
=

σ2
τ + σ2

τ = 2σ2
τ

where we have inserted the known variances ∆X̃∆τ ,0 and ∆Ỹ∆τ ,0. In the
same way we find

σ2
zτ+∆τ,τ

= Var
[
∆Z̃τ+∆τ ,τ

]
= 2σ2

τ .

To calculate the correlation coefficient, we start with the covariance
which is given by6

Covar
[
∆Z̃∆τ ,0,∆Z̃τ+∆τ ,τ

]
=(

Covar
[
∆X̃∆τ ,0,∆X̃τ+∆τ ,τ

]
+Covar

[
∆Ỹ∆τ ,0,∆Ỹτ+∆τ ,τ

] )
+

i
(
Covar

[
∆Ỹ∆τ ,0,∆X̃τ+∆τ ,τ

]
− Covar

[
∆X̃∆τ ,0,∆Ỹτ+∆τ ,τ

] )
=

=
(
Covar

[
∆X̃∆τ ,0,∆X̃τ+∆τ ,τ

]
+Covar

[
∆Ỹ∆τ ,0,∆Ỹτ+∆τ ,τ

] )
+ i
(
0− 0

)
=

= Covar
[
∆X̃∆τ ,0,∆X̃τ+∆τ ,τ

]
+Covar

[
∆Ỹ∆τ ,0,∆Ỹτ+∆τ ,τ

]
where we have used that the x and y directions are independent.
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This expression can be evaluated in the same way as as for the one-
dimensional case, Equation (10); for successive displacements, we then have

Covar
[
∆Z̃∆τ ,0,∆Z̃τ+∆τ ,τ

]
= −σ2 − σ2 = −2σ2,

while for displacements separated in time from each other everything van-
ishes

Covar
[
∆Z̃∆τ ,0,∆Z̃τ+τ,τ

]
= 0.

The correlation coefficient now follows from the covariance6

ρ ≡
Covar

[
∆Z̃τ,0,∆Z̃τ+τ,τ

]
√

Var
[
∆Z̃τ,0

]
Var

[
∆Z̃τ+τ,τ

] =
Covar

[
∆Z̃τ,0,∆Z̃τ+τ,τ

]
σzτ,0σzτ+τ,τ

=

Covar
[
∆Z̃τ,0,∆Z̃τ+τ,τ

]
2σ2

τ

using the variances we calculated above. For successive displacements, we
then find

ρ =
−2σ2

2σ2
τ

= − σ2

2σ2
= −1

2 (35)

and for displacements separated in time from each other

ρ = 0 (36)

just like in real space [Equations (12) and (14), respectively].

Inserting the variances into Equation (34) and using the fact that for
our case the correlation coefficient is real so that

ℜ
(
ρe−iθ

)
= ρ cos θ

and

|ρ|2 = ρ2

we find

fR,Θ̃(r, θ) =
r

2πσ4
τ (1− ρ2)

exp

(
ρr cos θ

σ2
τ (1− ρ2)

)
K0

(
r

σ2
τ (1− ρ2)

)
.

The distribution of the angle, fΘ̃(θ) then follows by integrating over r

fΘ̃(θ) =

∫ ∞

0
2fR,Θ̃(r, θ)dr

11



where the extra factor of 2 comes from the fact that we have only considered
angles between 0 and π. Inserting, we find

fΘ̃(θ) =

∫ ∞

0
2fR,Θ̃(r, θ)dr =

2

2πσ4
τ (1− ρ2)

∫ ∞

0
r exp

(
ρr cos θ

σ2
τ (1− ρ2)

)
K0

(
r

σ2
τ (1− ρ2)

)
dr.

In Gradshteyn & Ryzhik4 we find [Equation (6.624)]∫ ∞

0
xe−αxK0(βx)dx =

1

α2 − β2

(
α√

α2 − β2
ln
(
α/β +

√
(α/β)2 − 1

)
− 1

)
.

However, we have

ln
(
z +

√
z2 − 1

)
= i arccos z

and, furthermore, we may write√
α2 − β2 = i

√
β2 − α2,

so we can rewrite this expression to

∫ ∞

0
xe−αxK0(βx)dx = − 1

β2 − α2

(
α

i
√
β2 − α2

i arccos(α/β)− 1

)
=

1

β2 − α2

(
1− α√

β2 − α2
arccos (α/β)

)
.

Using this, we find for the distribution we are interested in

fΘ̃(θ) =
1

πσ4
τ (1− ρ2)

∫ ∞

0
r exp

(
ρr cos θ

σ2
τ (1− ρ2)

)
K0

(
r

σ2
τ (1− ρ2)

)
dr =

1

πσ4
τ (1− ρ2)

σ4
τ

(
1− ρ2

)2
1− ρ2 cos2 θ

×(
1 +

ρ cos θ√
1− ρ2 cos2 θ

arccos (−ρ cos θ)

)
=

1

π

1− ρ2

1− ρ2 cos2 θ

(
1 +

ρ cos θ arccos (−ρ cos θ)√
1− ρ2 cos2 θ

)
(37)

where we have used that
σ2
τ

(
1− ρ2

)
> 0.

12



This is the distribution of the angle in two dimensions.

For successive displacements, we have ρ = −1
2 [Equation (35)] and hence

fΘ̃(θ) =
1

π

1− 1
4

1− 1
4 cos

2 θ

1− 1
2

cos θ arccos
(
1
2 cos θ

)√
1− 1

4 cos
2 θ

 =

1

π

3

4− cos2 θ

(
1−

cos θ arccos
(
1
2 cos θ

)
√
4− cos2 θ

)
=

1

π

3

3 + sin2 θ

(
1−

cos θ arccos
(
1
2 cos θ

)√
3 + sin2 θ

)
,

while for displacements separated in time from each other, we have ρ = 0
[Equation (36)] and hence

fΘ̃(θ) =
1

π
.

Though it is not apparent, the former equation is equivalent to the ex-
pression previously derived by Hurford,7 as we will now show. We have
that

fΘ̃(θ) =
1

π

3

4− cos2 θ

(
1−

cos θ arccos
(
1
2 cos θ

)
√
4− cos2 θ

)
=

1

π

3

4− cos2 θ

(
4− cos2 θ

4− cos2 θ
−

√
4− cos2 θ cos θ arccos

(
1
2 cos θ

)
4− cos2 θ

)
=

6

2π

4− cos2 θ −
√
4− cos2 θ cos θ arccos

(
1
2 cos θ

)
(4− cos2 θ)2

=

6

2π

4− cos θ
(
cos θ +

√
4− cos2 θ arccos

(
1
2 cos θ

))
(4− cos2 θ)2

=

24− 3 cos θ
(
2 cos θ +

√
4− cos2 θ · 2 arccos

(
1
2 cos θ

))
2π(4− cos2 θ)2

.

From tan(x) = sin(x)/ cos(x) and the trigonometric identity it follows that
for x ∈ (0, 1] we have

arccos(x) = arctan

√
1− x2

x

and hence that

2 arccos
(
1
2 cos θ

)
= 2arctan

√
1− 1

4 cos
2 θ

1
2 cos θ

= 2arctan

√
4− cos2 θ

cos θ

13



Furthermore, for x > 0 we have

arctan
1

x
=

π

2
− arctanx =

π

2
+ arctan(−x)

where we have used that arctan is odd. Hence we find

2 arccos
(
1
2 cos θ

)
= 2

(
π

2
+ arctan

− cos θ√
4− cos2 θ

)
= π+2arctan

− cos θ√
4− cos2 θ

.

We then finally have

fΘ̃(θ) =
24− 3 cos θ

(
2 cos θ +

√
4− cos2 θ

(
π + 2arctan − cos θ√

4−cos2 θ

))
2π(4− cos2 θ)2

(38)

which is the same result as derived by Hurford,7 if we take into account
that we have only considered angles between 0 and π and hence Hurford’s
expression, Equation (6), should be multiplied by a factor of 2.

Mean cosine of the angle between displacements

We can use the distribution of the angle to calculate ⟨cos Θ̃⟩, which of course
is given by

⟨cos Θ̃⟩ =
∫ π

0
fΘ̃(θ) cos θdθ.

Making a change of variables to u = − cos θ changes the integral to

⟨cos Θ̃⟩ =
∫ 1

−1

1

π

1− ρ2

1− ρ2u2

(
1 +

−ρu arccos(ρu)√
1− ρ2u2

)
(−u)

du√
1− u2

=

= − 1

π
(1− ρ2)

∫ 1

−1

(
1 +

−ρu arccos(ρu)√
1− ρ2u2

)
udu

(1− ρ2u2)
√
1− u2

.

The first term is odd, so when integrated over the symmetric interval it
vanishes. We are thus left with the second term

⟨cos Θ̃⟩ = 1

π
(1− ρ2)

∫ 1

−1

ρu2 arccos(ρu)

(1− ρ2u2)3/2
du√
1− u2

≡ 1

π
(1− ρ2)

∫ 1

−1
g(u)du

where we have defined the integrand g(u) in the last step. In general we
have

g(u) = 1
2

(
g(u) + g(−u)

)
+ 1

2

(
g(u)− g(−u)

)
where the first term is even and the second odd. The odd term will disappear
when integrated over the symmetric interval, so we may ignore it. For the
even term we have, however

1
2

(
g(u) + g(−u)

)
=

ρ

2

u2

(1− ρ2u2)3/2
√
1− u2

(
arccos(ρu) + arccos(−ρu)

)
.

14



But we have the identity

arccos(−ρu) = π − arccos(ρu)

and thus

1
2

(
g(u)+g(−u)

)
=

ρ

2

u2

(1− ρ2u2)3/2
√
1− u2

(
π+arccos(ρu)−arccos(ρu)

)
=

πρ

2

u2

(1− ρ2u2)3/2
√
1− u2

.

We then find

⟨cos Θ̃⟩ = 1

π
(1− ρ2)2

∫ 1

0

1
2

(
g(u) + g(−u)

)
du =

1

π
(1− ρ2)2

∫ 1

0

πρ

2

u2

(1− ρ2u2)3/2
√
1− u2

du =

(1− ρ2)ρ

∫ 1

0

u2

(1− ρ2u2)3/2
√
1− u2

du.

To solve this integral we note that the complete elliptic integral of the
first kind is given by8

K (k) =

∫ 1

0

dx√
1− x2

√
1− k2x2

=

∫ 1

0

dx√
1− k2x2 − x2 + k2x4

,

which implies that

dK

dk
=

∫ 1

0
−1

2

−2kx2 + 2kx4(
(1− x2)(1− k2x2)

)3/2dx =

k

∫ 1

0

x2 − x4(
(1− x2)(1− k2x2)

)3/2dx = k

∫ 1

0

x2(1− x2)(
(1− x2)(1− k2x2)

)3/2dx =

k

∫ 1

0

x2dx√
1− x2(1− k2x2)3/2

.

Thus, we have ∫ 1

0

x2dx√
1− x2(1− k2x2)3/2

=
1

k

dK

dk
.

However, according to Gradshteyn & Ryzhik4 [Equation (8.123)] we also
have

dK

dk
=

E (k)

kk′2
− K (k)

k
=

E (k)− k′2K (k)

kk′2
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where k′2 = 1 − k2 and E (k) is the complete elliptic integral of the second
kind,8 so∫ 1

0

x2dx√
1− x2(1− k2x2)3/2

=
1

k

dK

dk
=

E (k)− (1− k2)K (k)

k2(1− k2)
.

We thus find for the mean cosine of the angle

⟨cos Θ̃⟩ = (1− ρ2)ρ

∫ 1

0

u2

(1− ρ2u2)3/2
√
1− u2

du =

(1− ρ2)ρ
E (ρ)− (1− ρ2)K (ρ)

ρ2(1− ρ2)
=

E (ρ)− (1− ρ2)K (ρ)

ρ
. (39)

For successive displacements, when ρ = −1
2 [Equation (35)], this expres-

sion is close to −0.406, while for displacements separated in time from each
other, when ρ = 0 [Equation (36)], this expression reduces to 0 using known
properties of elliptic integrals.8

Mean angle between displacements

Finally, we calculate the mean angle, which naturally is given by

⟨Θ̃⟩ =
∫ π

0
fΘ̃(θ)θdθ.

Again making the change of variables u = − cos θ, we find

⟨Θ̃⟩ =
∫ 1

−1

1

π

1− ρ2

1− ρ2u2

(
1 +

−ρu arccos(ρu)√
1− ρ2u2

)
arccos(−u)

du√
1− u2

=

=
1

π
(1− ρ2)

∫ 1

−1

(
1− ρu arccos(ρu)√

1− ρ2u2

)
arccos(−u)du

(1− ρ2u2)
√
1− u2

≡ 1

π
(1− ρ2)

∫ 1

−1
g(u)du

where we have introduced the function g(u) for ease of notation.
In general we have

g(u) = 1
2

(
g(u) + g(−u)

)
+ 1

2

(
g(u)− g(−u)

)
where the first term is even and the second odd. The odd term will disappear
when integrated over the symmetric interval, so we may ignore it. The
even term, instead, will contribute the same amount for either part of the
symmetric interval so we may write

⟨Θ̃⟩ = 1

π
(1− ρ2)

∫ 1

−1
g(u)du =

1

π
(1− ρ2)2

∫ 1

0

1
2

(
g(u) + g(−u)

)
du =

1

π
(1− ρ2)

∫ 1

0

(
g(u) + g(−u)

)
du.
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What is the integrand in this expression? We have

g(u) + g(−u) =
1

(1− ρ2u2)
√
1− u2

(
arccos(−u)−

ρu arccos(ρu) arccos(−u)√
1− ρ2u2

+ arccos(u) +
ρu arccos(−ρu) arccos(u)√

1− ρ2u2

)
But

arccos(−u) + arccos(u) = π − arccos(u) + arccos(u) = π

and

− ρu arccos(ρu) arccos(−u) + ρu arccos(−ρu) arccos(u) =

ρu
(
− arccos(ρu) arccos(−u) + arccos(−ρu) arccos(u)

)
=

ρu
(
− arccos(ρu)

(
π − arccos(u)

)
+
(
π − arccos(ρu)

)
arccos(u)

)
=

ρuπ
(
arccos(u)− arccos(ρu)

)
so

g(u) + g(−u) =
π

(1− ρ2u2)
√
1− u2

(
1 +

ρu
(
arccos(u)− arccos(ρu)

)√
1− ρ2u2

)
and

⟨Θ̃⟩ = (1− ρ2)×∫ 1

0

1

(1− ρ2u2)
√
1− u2

(
1 +

ρu
(
arccos(u)− arccos(ρu)

)√
1− ρ2u2

)
du. (40)

We start by looking at the second term

(1− ρ2)ρ

∫ 1

0

u

(1− ρ2u2)3/2
√
1− u2

(
arccos(u)− arccos(ρu)

)
du.

We observe that

d

du

( √
1− u2√
1− ρ2u2

)
= −u

1− ρ2

(1− ρ2u2)3/2
√
1− u2

so we can write the second term

− ρ

∫ 1

0

d

du

( √
1− u2√
1− ρ2u2

)(
arccos(u)− arccos(ρu)

)
du =

− ρ

√
1− u2√
1− ρ2u2

(
arccos(u)− arccos(ρu)

)∣∣∣∣∣
1

0

+

ρ

∫ 1

0

√
1− u2√
1− ρ2u2

d

du

(
arccos(u)− arccos(ρu)

)
du
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where we have performed a partial integration. The first term vanishes,
while for the second term we have

d

du

(
arccos(u)− arccos(ρu)

)
= − 1√

1− u2
+

ρ√
1− ρ2u2

so we get

(1− ρ2)ρ

∫ 1

0

u

(1− ρ2u2)3/2
√
1− u2

(
arccos(u)− arccos(ρu)

)
du =

ρ

∫ 1

0

√
1− u2√
1− ρ2u2

(
ρ√

1− ρ2u2
− 1√

1− u2

)
du =

ρ2
∫ 1

0

√
1− u2

1− ρ2u2
du−

∫ 1

0

ρ√
1− ρ2u2

du

where ∫ 1

0

ρ√
1− ρ2u2

du = arccos(−ρ)− π

2
.

This was just the second term in our expression, Equation (40), for the
mean angle. Inserting this into the full expression, we then find

⟨Θ̃⟩ =

(1− ρ2)

∫ 1

0

1

(1− ρ2u2)
√
1− u2

(
1 +

ρu
(
arccos(u)− arccos(ρu)

)√
1− ρ2u2

)
du =

(1−ρ2)

∫ 1

0

1

(1− ρ2u2)
√
1− u2

du+ρ2
∫ 1

0

√
1− u2

1− ρ2u2
du−

(
arccos(−ρ)− π

2

)
=∫ 1

0

1

(1− ρ2u2)

(
1− ρ2√
1− u2

+ ρ2
√

1− u2
)
du+

π

2
− arccos(−ρ) =∫ 1

0

1

(1− ρ2u2)

1− ρ2 + ρ2(1− u2)√
1− u2

du+
π

2
− arccos(−ρ) =∫ 1

0

1√
1− u2

du+
π

2
− arccos(−ρ) =

π

2
+

π

2
− arccos(−ρ) = π − arccos(−ρ). (41)

For successive displacements, we have ρ = −1
2 [Equation (35)] and con-

sequently

⟨Θ̃⟩ = π − arccos(−ρ) =
2π

3
(42)

while for displacements separated in time from each other, we have ρ = 0
[Equation (36)] and thus

⟨Θ̃⟩ = π − arccos(−ρ) =
π

2
. (43)
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Incidentally, this is exactly the same as the results for one dimension (in
contrast to the mean cosine of the angle between displacements).

Particles moving by Brownian motion

One dimension

For particles moving by Brownian motion we now write the observed position
of a particle as

X̃(t) = XBM(t) + Ξ(t)

where XBM(t) is the real position of the particle undergoing Brownian mo-
tion. We now have that

∆X̃∆τ ,0 ≡ X̃(∆τ)− X̃(0) ≡ XBM(∆τ) + Ξ(∆τ)−XBM(0)− Ξ(0) =

XBM(∆τ)−XBM(0) + Ξ(∆τ)− Ξ(0).

As for the case of stationary particles, we have that

Ξ(∆τ)− Ξ(0) ∼ N (0, 2σ2).

Furthermore, we have

XBM(∆τ)−XBM(0) ∼ N (0, 2D∆τ)

where D is the diffusion coefficient. This expression reflects the fact that
particles moving by Brownian motion will distribute according to a nor-
mal distribution where the variance (the mean square displacement) is pro-
portional to 2D∆τ (in one dimension). Both terms above are normally
distributed random variables, and their sum is also a normally distributed
random variable. More precisely, we have

∆X̃∆τ ,0 ∼ N (0, 2D∆τ + 2σ2) ≡ N (0, σ2
τ ) (44)

Similarly, we have

∆X̃τ+∆τ ,τ ∼ N (0, 2D∆τ + 2σ2) ≡ N (0, σ2
τ ). (45)

We observe that if we let D = 0 in these expressions, we regain our descrip-
tion of stationary particles, Equation (4), as expected.

Distribution of the scalar product

Like for stationary particles, we start by considering the product ∆X̃∆τ ,0∆X̃τ+∆τ ,τ .
The derivation can proceed in the same way as for the case of stationary
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particles and hence we have according to Equation (8) that the distribution
of R = ∆X̃∆τ ,0∆X̃τ+∆τ ,τ is given by

fR(r) =
1

πσ2
τ

√
1− ρ2

exp

(
ρr

σ2
τ (1− ρ2)

)
K0

(
|r|

σ2
τ (1− ρ2)

)
. (46)

The correlation coefficient, ρ, however, is different for particles moving by
Brownian motion. Indeed, according to Equation (9) we have

ρ =
⟨∆X̃∆τ ,0∆X̃τ+∆τ ,τ ⟩

σ2
τ

where

⟨∆X̃∆τ ,0∆X̃τ+∆τ ,τ ⟩ =
〈(
XBM(∆τ)−XBM(0) + Ξ(∆τ)− Ξ(0)

)
×(

XBM(τ +∆τ)−XBM(τ) + Ξ(τ +∆τ)− Ξ(τ)
)〉

.

The position of a particle and the localisation error are independent from
each other, so all terms containing a combination of XBM(t) and Ξ(t) vanish.
Furthermore, we have that〈(

XBM(∆τ)−XBM(0)
)(
XBM(τ +∆τ)−XBM(τ)

)〉
= 0

We then end up with the same expression, Equation (10) as for stationary
particles

⟨∆X̃∆τ ,0∆X̃τ+∆τ ,τ ⟩ =
⟨Ξ(∆τ)Ξ(τ +∆τ)⟩ − ⟨Ξ(∆τ)Ξ(τ)⟩ − ⟨Ξ(0)Ξ(τ +∆τ)⟩+ ⟨Ξ(0)Ξ(τ)⟩.

For successive displacements, we then have

⟨∆X̃∆τ ,0∆X̃τ+∆τ ,τ ⟩ = −⟨Ξ(∆τ)Ξ(∆τ)⟩ = −σ2 (47)

using that Ξ(t) at different times are indepedent and that Ξ(t) has variance
σ2. Using the definition of στ as expressed in Equations (44) and (45) we
then find

ρ =
⟨∆X̃∆τ ,0∆X̃τ+∆τ ,τ ⟩

σ2
τ

= − σ2

2D∆τ + 2σ2
= − 1

2 + 2D∆τ/σ2
. (48)

If we let D = 0 in this expression, it reduces to the expression for sta-
tionary particles, Equation (12), as expected. Conversely, for displacements
separated in time from each other we have

⟨∆X̃∆τ ,0∆X̃τ+∆τ ,τ ⟩ = 0, (49)

using that Ξ(t) at different times are indepedent from each other, and hence
simply

ρ = 0. (50)
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For successive displacements, the distribution of ∆X̃∆τ ,0∆X̃τ+∆τ ,τ is
then given by Equation (46) inserting ρ from Equation (48). For displace-
ments separated in time from each other, where ρ = 0 [Equation (50)], the
distribution simplifies to

fR(r) =
1

πσ2
τ

K0

(
|r|
σ2
τ

)
.

In both cases, the distribution reduces to the one for stationary particles if
we let D = 0, as expected.

The mean of the scalar product

As mentioned several times, the mean of the scalar product is very much
related to the velocity autocorrelation function [Equation (6)], so it is of
interest to also calculate this mean. This is something we have already done
in terms of, respectively, Equation (47) and (49) for successive displacements
and displacements separated in time from each other. Furthermore, for the
correlation of a displacement with itself, this is simply the variance of the
displacement, so

⟨∆X̃∆τ ,0∆X̃τ+∆τ ,τ ⟩(τ = 0) = σ2
τ = 2D∆τ + 2σ2

where final equality follows from Equation (44).
Overall, we thus have

⟨∆X̃∆τ ,0∆X̃τ+∆τ ,τ ⟩(τ) =


2D∆τ + 2σ2 τ = 0

−σ2 τ = ∆τ

0 τ > ∆τ .

(51)

Distribution of the angle between displacements

We can derive the distribution of the angle in the same way as for stationary
particles, just reinterpreting the value of the correlation coefficient, ρ. More
specifically, we have according to Equation (16)

P [cos Θ̃ = 1] = P [Θ̃ = 0] =
arccos(−ρ)

π

and according to Equation (17)

P [cos Θ̃ = −1] = P [Θ̃ = π] =
π − arccos(−ρ)

π
.

If we let D = 0, these expressions trivially reduce to the expressions we
previously derived for stationary particles, as they only depend upon ρ,
which we know reduces as expected. For successive displacements, we should
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insert ρ from Equation (48); for displacements separated in time from each
other, the expressions simplifies to the same values as for stationary particles,
viz.

P [cos Θ̃ = 1] = P [Θ̃ = 0] = 1
2

and

P [cos Θ̃ = −1] = P [Θ̃ = π] = 1
2 .

Mean cosine of the angle betwen displacements

Similarly, the mean cosine of the angle between displacements follows from
the results for stationary particles [Equation (18)]

⟨cos Θ̃⟩ = 2

π
arccos(−ρ)− 1.

For successive displacements, we should insert ρ from Equation (48) into
this expression, which results in

⟨cos Θ̃⟩ = 2

π
arccos

(
1

2 + 2D∆τ/σ2

)
− 1

while for displacements separated in time from each other, we have ρ = 0
[Equation (50)] and the expression simplifies to

⟨cos Θ̃⟩ = 0.

If we let D = 0, both of these expressions reduce to the expressions for
stationary particles [Equations (19) and (20)] as expected.

Let us now consider the time dependence of the expression for successive
displacements. For successive displacements τ = ∆τ , so we can formulate it
in either τ or ∆τ ; we choose τ to connect to previous approaches. We then
have

⟨cos Θ̃⟩(τ = 0) =
2

π
arccos

(
1
2

)
− 1 =

2

π

π

3
− 1 = −1

3

as well as

lim
τ→∞

⟨cos Θ̃⟩ = 2

π
arccos(0)− 1 =

2

π

π

2
− 1 = 0.

Thus ⟨cos Θ̃⟩(τ) starts at −1
3 and tends to 0 for large τ .

Mean angle betwen displacements

Finally, from the results for stationary particles [Equation (21)] the mean
angle between displacements is

⟨Θ̃⟩ = π − arccos(−ρ).
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For successive displacements, we should insert ρ from Equation (48) into
this expression, which results in

⟨Θ̃⟩ = π − arccos

(
1

2 + 2D∆τ/σ2

)
,

while for displacements separated in time from each other, we have ρ = 0
(Equation (50)) and the expression simplifies to

⟨Θ̃⟩ = π

2
.

Again, both of these expressions reduce to the expressions for stationary
particles (Equations (22) and (23)) if we let D = 0, as expected.

If we consider the time-dependence of the expression for successive dis-
placements, then we have

⟨Θ̃⟩(τ = 0) = π − arccos(12) = π − π

3
=

2π

3

and
lim
τ→∞

⟨Θ̃⟩ = π − arccos(0) = π − π

2
=

π

2

so ⟨Θ̃⟩(τ) starts at 2π/3 and tends to π/2 for large τ .

Two dimensions

We now turn to particles moving by Brownian motion in two dimensions.
Overall, the derivation we made for stationary particles carries through in
the same way, aside from that we need to re-interpret στ [now given by
Equations (44) and (45)] as well as the correlation coefficient ρ [now given
by Equation (48) for successive displacements or by Equation (50) for dis-
placements separated in time from each other].

Distribution of the scalar product

Using the results from stationary particles, Equation (27), we find

(fR ∗ fR)(s) =
1

2σ2
τ

exp

(
(ρ± 1)s

σ2
τ (1− ρ2)

){
s < 0

s ≥ 0.

For successive displacements, we should insert ρ from Equation (48) into
this expression, while for displacements separated in time from each other,
ρ = 0 [Equation (50)] and the expression simplifies to

(fR ∗ fR)(s) =
1

2σ2
τ

exp

(
±s

σ2
τ

){
s < 0

s ≥ 0.

Both of these expressions reduce to the results for stationary particles when
inserting D = 0, as expected.
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The mean of the scalar product

The mean of the scalar product is intimately related to the velocity auto-
correlation function, which in two dimensions is defined by Equation (30).
Again, it follows immediately from Equation (25) and the results in one
dimension [Equation (51)] that

⟨∆R̃∆τ ,0 ·∆R̃τ+∆τ ,τ ⟩(τ) =


4D∆τ + 4σ2 τ = 0

−2σ2 τ = ∆τ

0 τ > ∆τ .

(52)

The results for τ = 0 and τ = ∆τ correspond to earlier results derived by
Weber et al.9 if one takes into account our assumptions.

Distribution of the angle between displacements

To calculate the distribution of the angle between displacement, we need to
redo the introduction of the complex variables ∆Z̃∆τ ,0 and ∆Z̃τ+∆τ ,τ [Equa-
tion (33)], now with the displacements corresponding to particles moving by
Brownian motion. This causes no difficulties, and just like for stationary
particles we find

σ2
z∆τ,0

= 2σ2
τ

σ2
zτ+∆τ,τ

= 2σ2
τ .

We also find

Covar
[
∆Z̃∆τ ,0,∆Z̃τ+∆τ ,τ

]
= −2σ2

for successive displacements, so that the correlation coefficient, ρ, is given by
the same expression as in one dimension, Equation (48); for displacements
separated in time from each other we instead find

Covar
[
∆Z̃∆τ ,0,∆Z̃τ+∆τ ,τ

]
= 0

so that the correlation cofficient, ρ = 0, just like in one dimension [Equation
(50)]. We can also show that it still holds that

σ2
τ

(
1− ρ2

)
> 0.

The rest of the derivation then follows through, so we may finally conclude
that for particles moving by Brownian motion, the distribution of the angle
is given by

fΘ̃(θ) =
1

π

1− ρ2

1− ρ2 cos2 θ

(
1 +

ρ cos θ arccos (−ρ cos θ)√
1− ρ2 cos2 θ

)
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with ρ given by Equation (48) for successive displacements, while for dis-
placements separated in time from each other, ρ = 0 [Equation (50)] and
the expression simplifies to

fΘ̃(θ) =
1

π
.

Inserting D = 0 we find the same expressions as for stationary particles.

Mean cosine of the angle between displacements

The derivation of the mean cosine of the angle between displacements that
we performed for stationary particles only depends on the expression for the
distribution of the angle, so we can immediately conclude that the mean
cosine of the angle between displacements is given by Equation (39), viz.

⟨cos Θ̃⟩ = E (ρ)− (1− ρ2)K (ρ)

ρ
.

For successive displacements, we should insert ρ given by Equation (48) into
this expression, while for displacements separated in time, ρ = 0 [Equation
(50)] and the expression simplifies to

⟨cos Θ̃⟩ = 0.

As expected, we find the same expression as for stationary particles by
inserting D = 0.

Let us now we consider the time-dependence of the expression for suc-
cessive displacements. For τ = 0, Equation (48) shows that ρ just becomes
−1

2 and consequently that

⟨cos Θ̃⟩(τ = 0) =
E
(
−1

2

)
− (1− 1

4)K
(
−1

2

)
−1

2

= 3
2K
(
−1

2

)
− 2E

(
−1

2

)
=

3
2K
(
1
2

)
− 2E

(
1
2

)
≈ −0.406

using that the elliptic integrals are even. Conversely, for τ → ∞ we have
from Equation (48) that ρ → 0. Gradshteyn & Ryzhik4 [Equations (8.113)
and (8.114)] gives the expansions

K (k) =
π

2

(
1 + 1

4k
2 + · · ·

)
E (k) =

π

2

(
1− 1

4k
2 + · · ·

)
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so we find

lim
τ→∞

⟨cos Θ̃⟩ = lim
ρ→0

E (ρ)− (1− ρ2)K (ρ)

ρ
=

lim
ρ→0

π

2

1 + 1
4ρ

2 + · · · − (1− ρ2)
(
1− 1

4ρ
2 + · · ·

)
ρ

=

lim
ρ→0

π

2

1
4ρ

2 + 1
4ρ

2 + ρ2 + · · ·
ρ

= 0.

Overall, thus ⟨cos Θ̃⟩(τ) starts at 3
2K
(
1
2

)
− 2E

(
1
2

)
≈ −0.406 and tends to 0

for large τ .

Mean angle between displacements

Similarly, the derivation of the mean angle between displacements that we
performed for stationary particles also only depends on the expression for the
distribution of the angle, so we have that mean angle is given by Equation
(41)

⟨Θ̃⟩ = π − arccos(−ρ).

As usual, for successive displacements we should insert ρ given by Equation
(48) into this expression which results in

⟨Θ̃⟩ = π − arccos

(
1

2 + 2D∆τ/σ2

)
,

while for displacements separated in time, we have ρ = 0 [Equation (50)]
and the expression simplifies to

⟨Θ̃⟩ = π

2
.

Again, both of these expressions reduce to the expressions for stationary
particles (Equations (43) and (42)) if we let D = 0, as expected.

If we consider the time-dependence of the expression for successive dis-
placements, then we have

⟨Θ̃⟩(τ = 0) = π − arccos(12) = π − π

3
=

2π

3

and

lim
τ→∞

⟨Θ̃⟩ = π − arccos(0) = π − π

2
=

π

2

so ⟨Θ̃⟩(τ) starts at 2π/3 and tends to π/2 for large τ .
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