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FIG. S1. Band structure of CagRuQO4 in the B-centered magnetic phase without SOC along the path Ri-I'-R2. Blue and red
represent the spin-up and spin-down channels, respectively. The Fermi level is set to zero energy. The band gap is 0.85 eV.

S1. COMPUTATIONAL DETAILS

All calculations were conducted without accounting for relativistic effects, using the Vienna Ab Initio Simulation
Package (VASP)**. We have symmetrized our results and projected the charge on the atomic orbitals with version
6 of VASP. To include the correlations within the Ru-4d states, a Coulomb repulsion term was considered in the
simulations. For the exchange correlation potential, we employed the generalized gradient approximation (GGA).
CasRuOy4 can have two orthorhombic phases named as long (L-Pbca) and short (S-Pbca) phases; all the density
functional calculations reported in this paper were performed for the S-Pbca phase, characterized by space group
number 61. A plane-wave energy cutoff of 480 eV was applied, ensuring total energy convergence to less than
1 x 107® eV. The computations were performed using an 11 x 11 x 4 k-point grid, based on the experimental lattice
constants a = 5.3945 A, b =5.5999 A, and ¢ = 11.7653 A%, A Coulomb repulsion U = 3 eV was applied to the Ru-4d
orbitals, along with a Hund’s coupling Jg = 0.15U. Within this framework, the magnetic moment per Ru atom was
calculated to be 1.4 up, consistent with the typical magnetic configuration of CasRuQy.

The computational framework is the same one used in the literature for the CaaRuO4%* @ with an increased set of
k-points. The electric field was simulated via the shift along the x-, y- or z-axis of the Ru atoms; such an approach was
defined as the so-called “lattice-mediated” method, in which a polar displacement of the ions simulates the application
of an electric field®. The displacements were set to 1% of the relative lattice constants along all directions.

S2. NON-RELATIVISTIC SPIN-SPLITTING OF THE B-CENTERED Ca;RuO.4

We report the band structure of the B-centered magnetic phase for the centrosymmetric case and in the presence
of a stripe. In the centrosymmetric case, the high-symmetry points of the BZ are the same as in the A-centered case,
reported in the main text. Unlike the A-centered configuration, in the B-centered mode, the d,, orbitals show non-
relativistic spin-splitting, and the band structure is reported in Fig. However, there is a different spin-momentum
locking with respect to the A-centered phase as discussed in the main text.

In Fig. [S2] we report how the band structure in the B-centered configuration changes when we consider a modulated
electric field similar to the stripe with Ru shifted along the (a) x, (b) y, (c) z-axis. We can observe that, associated
with the rise of the altermagnetism in the bands of d,, orbitals, there is a non-relativistic spin-splitting in the bands
of the vz orbitals that is much larger with respect to the A-centered magnetism. As in the A-centered case, the band
gap gets reduced when Ru atoms are under ferroelectric distortion, due to an increase of the splitting in the bands of
the dg, orbitals.

S3. TIGHT BINDING MODEL WITH t,;, ORBITALS FOR THE A-CENTERED

To unveil the origin of the altermagnetism, we develop a tight-binding model without spin-orbit coupling composed
of a 6x6 Hamiltonian for the spin-up and 6x6 Hamiltonian for the spin-down for the A-centered magnetic phase of
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FIG. S2. Zoom of the band structure of CagRuO4 along the high-symmetry positions Ri1-I-Rg in the antiferromagnetic B-
centered configuration and in the presence of the stripe for different layers with Ru shifted along: (a) the x-axis, (b) the y-axis
and (c) the z-axis. The band gaps for these cases are 0.82 eV, 0.83 eV, and 0.87 eV, respectively.
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FIG. S3. Schematic representation of the position of Rui, Ruz, Rus and Rus atoms. (a) Top view with a 2x2 repetition of
the unit cell in the ab plane, with the in-plane hoppings represented, (b) primitive cell with the hoppings between the planes
considered in the model. In the Figure, the hoppings in the f-subsector are shown; we have considered the same terms for the
J-subsector. Ru atoms are blue (spin 1 oriented) and red (spin | oriented), while the oxygen and calcium atoms are not shown.

CagRuOy. The magnetism is given by the on-site term +A, for the minority spin-channels and -A, for the majority
spin-channels. We performed the wannierization for the subsectors 1 and |. In the unit cell we have Ru;=(0,0,0),
Ruy=(0.5,0,0.5), Ruz=(0,0.5,0.5) and Ruy=(0.5,0.5,0). The tight-binding model is derived from the Wannier90 code?,
which includes two nearest-neighbor in-plane and two nearest-neighbor out-of-plane hoppings among Ru atoms. In
the A-centered configuration, Ru; and Rug are spin 1 oriented, while Rus and Ruy spin |. Therefore, for Ru; and
Rus, the majority channel is the spin 1 channel. The cell and the hoppings considered are shown in Fig. As we
can see from the Figure, we have considered two in-plane hoppings, namely ¢'%° and #'°, and two hoppings among
the planes, namely t°22 and ¢''1. Note that the hopping t°22 is the one named ¢222 when we have a single Ru atom
in the unit cel'?. We start by writing the matrix elements only for the spin majority. The majority spins on Ru; and
Rus are spin up, while the majority spins on Rus and Ruy are spin down; they will have the same A, which will be
omitted in the next equations. The basis for the spin-up channel is (Ruy dgy, Ruy dyz, Rug dyz, Rus dgy, Rus dys,
Rug dy ;). Therefore, the Hamiltonian for the matrix for the spin up is:

- H H
ki) = (112 11 )



with the explicit form of the Hamiltonian terms being:

0 100 X 010 . 0 100 X 010 . 0 100 § 010 §
Elzy,lzy+2tlzy,1zy cos kxa+2t11y)lzy cos kyb.. alzy,lzz+2tlzy,lzz cos kwa+2tlzy,1zz cos kyb.. alzy’lyz+2t1:yylyz cos kxa+2tlzy,1y2 cos kyb..
0 100 010 0 100 010
Hll = Cozwzt2liy 10, COSkaat2liy” 1, coskyb.. €1z, 1yzt 2152 142 COS kma+2t1zz,1yz cos kyb..
0 100 . 010 .
Eyz,ysT2t1yz 142 COS koa+2ty, ;. 1, . coskyb..
and
0 100 010 0 100 010 0 100 010
53xy,3xy+2t3xy,3xy cos kza+2t31y,31y cos kyb.. E3.7:y,3.7:z+2t3:cy,3:cz cos kza+2t3xy,3xz cos kyb.. 5311113y2+2t3my,3yz cos kIa+2t3xyy3yz cos kyb..
_ 0 100 010 0 100 010
Hss = €az,wzt2l3gy 30, COSkaat2ls,) 5, coskyb.. €3, 3,.+2l5,, 3., coskgat2ls,, 5, . coskyb..

0 100 010
€yz,yzT2t5y5 3y, COSkeat2ty, - 5, . coskyb..

We simplify the Hamiltonian using the following relations, which are derived by symmetry: where e?xy71xyzegxy73xy:60

Y,ryY
0 _ -0 _ -0 : 0 _ -0 _-0 : : .
and €1, 1,,=€3y: 3y =Cazzz> While €7, 1, .=€53,. 3,,=¢€,,,, and for the diagonal hopping parameters, we have:
100 _ 4100 _ 100 . ;010 _ 4010 _ 4010 . 4100 _ 1100 _ 4100 . 4010 _ 4010 _ 4010 :
tlzy,lzy - “3zy,3zy — t:vy,xy? tlzy,lxy - tSZy,Sxy - tmy,my? tl:cz,lrz - t3yz,3yz - tmz,mzﬂ tlrz,lzz - tByz,Syz - tatz,:tz’ while
: 0 _ 0 _ -0 . -0 _ _ .0 . -0 _ -0 _ 0
for the non-diagonal terms we have Elwy, 122 =32y, 3y>—Coy,z2) Eloy,lyz=E3wy30:=Cry,yz) Clmz ly>—C3w2,3y>—Cazyz-
100 _ _t100 _ thO . +100 _ _t100 _ thO . +100 _ thO _ thO tOlO _ _tOIO _
lzy,lzz — 3zy,3yz — Ylzy,lxz> “lzy,lyz — 3zy,3xz — Vlzy,lyz) “lzz,lyz — “3zz,3yz — “lzz,lyz* “lzy,lrz T 3zy,3yz —
tOlO . 4010 _ _tOIO _ tOlO . 4010 _ tOlO _ tOlO
lzy,lxzr “lzy,lyz — 3zy,3zz — “lzy,lyzs “lxz,lyz — “3zz,3yz — “lzz,lyz:
By using these equalities and using a=b=c=1, we get a simpler form for Hy:
Egy,wy-&-%ig(?wy cos km+2t2i‘?wy cos ky .. E(J.)'y,a:z-‘r?ti(;(,]zz cos kx+2t(;ly(,]zz cos ky.. Egy,yz+2tig?yz cos kz+2t21ﬂy2 cos ky..
Hll = sgz)mz+2t;2?mz cos km+2t21z(f$z cos ky .. Egz,yz+2t}£g(,)yz cos km+2t2,1z[,)yz cosky..
0 100 . 010 .
Eyz,yzT2tyz s COSka+2t, 0 cosky..

while the Hs3 matrix in the A-centered magnetic order can be obtained by exchanging x an y amd reads:

£0 +2t100 cos k. +2t210 cos ky.. 7(60 +2t100 o5k, +2t910  cos ky).. 7(60 +2¢100  cos k. +2t210  cos ky)..

Ty, TY Ty, TY Ty, TY TY, Yz TY,yz zY, Yz Ty, T2 Ty, T2 Ty, T2
0 100 010 0 100 010 .
Hs3 = €yz,yzt2ty. . cOSka+2t, 0 cosky.. CanyzT2tyz . COSka+2t,° 7 . cosky..

0 +2t100 cosk1a+2t010 cos ky ..

Tz, 2 zz, w2 zTz, 2
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The explicit expressions of spin-up inter-orbital terms are

100 010 110 110 110 110
Higyiz- zy we T 2ty . cosky + 2t 5,0 cosky + 2(tAzy7m + thyym) cos kg cos ky — 2(t

Azy,xz thy,zz) sin k; sin ky
111 111 111 111
+2(tAwy7wz + thy,a:z + tC:vy Tz +1

waz) cos ky cos ky cos k.,
_2(t1141m1y,mz - tllely,xz 101:61y w2 T t})lrly,zz) sin k sin ky cos kz
218 e+ 84 0L+t ) sin k cost, sin
+2(_t}411:1y,zz - tlBlzly,xz + thlzly,xz + tbla}y,xz) COS km sin ky sin kz
Hivyry: = €9y . + 2690 cosky + 26000 cosky +2(t50, . + 150, ) cos ky cos ky — 2(t4) 1O

Avyyz — thy,yz) sin kg sin ky
111 111 111 111
+2(tA93y,yz + thy,yz + tCmy Yz +1

Diy.yz) €08 kz cos ky cos k,
oLy 411

Azy,yz Bxy,yz Cly Yz + tlDlagy,yz) sin k$ sin ky COoS kz
F2(—thy vz F tBay gz = 0y gz T tDayyz) SN ky cosky sin k.

F2(—t 4y e — tBaywz T tny.yz T tDay.y=) CO8 ka sinky sink
Hipzny: =69, + 2600 cosk, +2t91°, cosk, + 2(t}41£2,y2 + t}glfz’yz) cos ky, cos kyy — 2(t4L0 Lo

Azxz,yz thz,yz) sin ky sin ky
111 111 111 111
+Q(tA;zz,yz + tBacz,yz + tCacz yz +t

7 sz’yz) cos ky cos ky cos k,
_2(t}41a:12,yz - t}Blzlz,yz - tlclzlz,yz + tlDla%z yz) sin ky sin ky cosk
+2(7 ,141x1z,yz + tlBlaclz,yz - tlclxlz,yz + tDa:z yz) sin k;, cos ky sink
2L~ L L L) cosk, sink, sin b,
— (€9, .. + 26150, cos ky + 2600, cos k) — 2(75,1413?%3,2 + tglgy’yz) cos ky cos ky — 2(75,1413?%3,2 — thy y2) sin kg sin ky
—2(t1141;y,yz + tlBlzlyyyz + tlcla}y,yz + t}};y’yz) cos k, cos ky cos k.,

=24y e — tBay e = LOmy T LDay.y2) SN Ky sinky cos k.
=2l e FtBay e — t8ay s T tDay.yz) SNk cosky sin k.

+2(_ ,141171y,yz - tlBlzly,yz + tlll

Cay,yz + tDlrly,yz) cos k sin ky sink
(€9, 2z + 26390, cosky + 26900, cosky) — 2(t47

110 . . _ 9(+110 _ 4110 2 .
Azxy,xz + thy,a:z) COos kiﬂ Cos ky 2(IJ’-Aavy,a:z thy,;pz) S kw s kjy
111 111 111 111

_2(tAry,zz + thy,zz + tCzy,zz + tDmy,zz) cos kl’ cos ky cos kz
_Q(tlll _ tlll 111

Azy,xz Cay,xz + tlDl;;y,a:z) sin kl sin ky €os kz
_2(_t}4111y,mz + tlBla}y,mz 1C‘1z1y Tz + tblxly,zz) sin kﬂ? COs ky sin kz
SR~ e+ 0L+ tHL ) costy sin, sin
190, cos ky + 21910, cos ky + 2(t}Y

Areys T tHo yz) cos kg cos ky + 2(¢10  — 10

Axz,yz thz,yz) S1I kl’ s ky
111 111 111 111
+2(tsz,yz + thz,yz + tsz Yz +1

7 Diz.yz) €08 Ky cos ky cos ki
po(flll gl 111

11 : :
Axz,yz Cxz,yz + tsz,yz) S kI sin ky cosk
111 111 111 111 : :
—|—2(—tA$z7yz +tBrsyz — tCaayz T tDmﬂz) sin k, cos ky sink,
111 111 111 111 : :
_2(_tAzz,yz Bzz Yz + tsz,yz + thz,yz) cos kl‘ s1n ky S kz

H3my,3mz

H3zy,3yz

Bzxy,xz t

_ -0 100
Hsz,Syz - €zz,yz +2¢

Bxz,yz t

where t4, tg, tc and tp are linear combinations of the hopping parameters obtained from the wannierization. The
non-diagonal terms of the spin-down describing the hybridizations among different atoms are the following



Hizy 3oy = 4t?§531y coskyb/2cosk.c/2
O1 3 034 0l1 01
Hizyse: = 2(t Alzy 3zz T tBlmy 322) COSkyb/2cos koc/2 —2(t 52 5., — tBlmy 32.) Sinkyb/2sink.c/2
Hizy sy = 2(t Qj vz T tley 3y2) COSkyb/2cosk,c/2 — 2(t(1)§§xy7yz ley 3,-) Sinkyb/2sink.c/2
Hizz 30y = 2(t éjmz 2y t1§§m ay) COSkyb/2cosk.c/2 — 2(t(1)§jm’wy tlngM zy) SinEyb/2sink.c/2
Hizs 3. = 2(t %1%2 302 +tBlM 302) CO8kyb/2cosk.c/2 — 2(t21%1‘%273m tBl:rz 302) S kyb/2sink.c/2
Hizrny. = 4t(1)§% ,coskyb/2cosk,c/2
Hipoey = 26088, 0y + 035,00y COSkb/2c0s kac/2 = 28035 — (033, ) sink,b/2sink,c/2
Hiyz 802 = 4t(1)?i%7 cos k, b/QCOSk c/2

11
033

oLl oLl . .
Hiy. 3y, = 2(tA1yz 3y +tBlyZ 3yz) coskyb/2cosk,c/2 —2(t 21;z3yz — tBZI;z,Syz)Slnkyb/2 sink.c/2

After simplifying the notation and using some equivalences among the hopping parameters, we obtain:

033 Yy k.
ley,3wy = 4try,ry COS;COS?
O1 1 k k ol1 . k . k
Higyse: = 2(t40; .. t thy ) COS ?y cos ?Z - 2(tAwy vz~ Ugy pz) SID ?y sin EZ
0il 0il k k 011 ok, .k
Hizysy. = 2(t . ttpe ,.)CO8 ?y cos ?Z — 2(tAwy e — LB y2) sin ?y sin ?Z
033 ky k- . ky
Hizzsay = —2(t,22 .+ tBZI; y2) COS ? cos o — 2(tA$y e tBZI; ,=) sin ?y sin ?z
0il 0il k‘ k. 011l ok, .k
Higose: = 2(t 450, + 15,7 ,.) cos ? cos o — 2(tAM vr — Ughs pz) SID ?y sin ?Z
11 k
Hiyz3y: = 4t2§,‘;‘,z cos Ey cos ?Z
01 0il k‘ k. 011 ok, .k
Hiyz 30y = _2(75,421;2,,” + s ) COS ? cos 5 = 2(tAzy vz~ LBy 22) S ?y sin ?Z
k,
Hlyz,3xz = 4tyz Tz CO5§CO§§
03 ky  E- 03t ky ok
Hlyz,?)yz = 2( Alz Tz + tBlZ lz) cos ? cos ? + 2(tA;17z Tz tBQIi,JJz) SHL ?y s ?Z

For the spin-down part, Hyo=H7; and Hyy=Hg33; however, there is a sign change in the hopping of Hoy with respect

TABLE S1. Hopping integrals t™/7' "5 along the direction [Imn] between the Ru atoms intralayer extracted from the tight-binding
Hamiltonian with Wannier function as basis, where a and g are different orbitals. The connecting vector T is expressed in
terms of the integer set [lmn] and the lattice constants a, b and cas T =1ax + m b y + n ¢ z. The unit is meV. In our

notation, taﬁ = 2,54

on site hoppings

teim, | 000 | 100 [ 010 110
toy,ey| 3926 | — 174 —181
tre0-| 3673 | 12 | 19
tyo-| 3724 | 3 | 0
tuye-| —50 | —2 | 42 | A=—17; B=13
toyy-| 94 9 [ —11|[A=—19; B=—21
toey.| —7 | —14| 31 | A=—3; B=7




to Hi3. The spin-down part of the model is reported below:

7:1,/ Ty+2tigomj cos ky+2t910 cos ky+.. ( Iy IZ+2tigOIZ cos ky+2t910 cos ky)+..

wy.y wyn 7( Ty yz+2ti%0yz cos kg +2t220yz cos ky)+..
Hyy = €xz, Lz+2t}£0“ cos kg +2tg120“ cos ky+.. zz yz+2tigoy2 cos kg +2t2120yz cos ky+..
yz yz+2tyozoyz cos kg +2tylzoyz cos ky+..
and
1y my+2tt(;0xy cos kg +2t21y[)£y cos ky+.. xyyyz+2ti(;°yz cos kg —1—2t21;)yZ cos ky+.. Sy LZ+2ti20“ cos kg +2t2§0“ cos ky+..
H44 = 622Y?1Z+2t?1/g?yz cos k. +2tylzoyz cosky+.. €, yz+2t_lrgoyz cosky +2tglzouz cos ky+..
Eaa, m+2t£0m cos kg +2t3i0“ cos ky+..
The explicit form for Hys and Hyy reads:
Hogy oz = — (Y Epyzz T Ztigom cos kg + Zt%()m cosk,) — 2(&1&’“ + t}glfywz) cos kg cos ky + 2(t1141£y7mz — tlBl:z?y7frz) sin k, sin k,
+2(t}41931y,wz + }?};y Tz + thlwly,zz + tlDla}y,wz) COS kw COS kjy COS kZ
+2(t,141z1y,mz - tlBlzly,rz - tlclzly,rz + tlchgy,zz) sin kl’ sin k?/ CO8 kz
+2(_t}41:v1y,zz + tlBlwly,a:z - tlclwly,a:z + tlDlwl'L/,wz) sin k, cos ky sink,
+2(_t‘14111y,:vz - tlBlzly,mz + tlcla}y,mz + t%;y,zz) COS kib sin ky sin kz
Howyoyz = —(€%,,. + 26350, cosky +2t0)°, _ cosk,) — 2(t}41£y7yz + t}glgy’yz) cos ky cos ky, + 2(t}41£y7yz — t}glgy’yz) sin k. sin k,,
=24y e F tBay e + L0my gz + UDay.y) COS Ky cOs iy cOs k2
F2(t e vz = tBayye = tOrywz + tDay.y.) SN kg sinky cos k.
F2(—thy e FtBay e = tEay .z T tDayyz) SN ka cosky sin k.
F2(—t Uy e = By + t0ay .z T tDay.y=) COS Ky sin ky sin k.
Hopzoy. = e, e T 2ti,g0yz cos kg + 2t2120yz cos ky + 2(tL10. vt tHo yz) cos kg cos ky — 2(t1141£Z,yZ — tggz,yz) sin kg sin ky
+2(t1141$1z,yz + 1Blmlz JYZ + thlzlz,yz + t}:)la%z,yz) cos kﬂf COoSs ky Cos kz
_2(t}41x12 yz tllelz,yz - thlzlz,yz + tblxlz,yz) sin k sin ky cos k

11 111 111 111 ; -
“2(tursye T Brzys — tCasye T1 )sin kg cos ky sink,

Dzxz,yz
111 111 111 111 : :
_2(_tAzz,yz Bzz Yz + tsz,yz + thz,yz) cos kz sin ky sin k.

TABLE S2. Hopping integrals t™'7' "5 along the direction [lmn] between the Ru atoms interlayer extracted from the tight-binding
Hamiltonian with Wannier function as basis, where o and § are different orbitals. The connecting vector T is expressed in

terms of the integer set [lmn| and the lattice constants a, b and cas T =lax + m b y + n ¢ z. The unit is meV. In our
notation, tgf% = 52’5.

toyoy 055
tlmy,Bzy 3
tizy,322 t134=13 ti3p=—2
t1zy,3y= t134=4 t135=8
tlzz,3zz:t1yz,3yz tlBA:*27 t13B:71
tlzz,Byz —12
tlyz,sz —11




Higyazz = €9y, + 2690 cosky + 2600, cosky + 2(t40, . + t5e, ) cOskycosky + 2(th0 . —tg . )sink, sink,
F2(t oy yz T tBay gz T 0y e T EDay.yz) COS kg cOS ky cos ki
+2(t1141£y yr — tlBlmlyyyz 101901@/ vz T t}:}jy’yz) sin k; sin ky, cos k.
—2(— ,141L1y vz T t}glﬁy ve t}}éy’yz + tlDl,jy,yz) sin k, cos ky sin k.
+2(—t hlzly’yz 1B111y v T tlcla}yyz + tlDl;y’yz) cos kg sin ky sin k,
Hypyay: = Ty vs Tt Qt}ﬂgoxz cosk, + 2t%0m cosky + 2(t1141£y7m + tlBlg?y s) €COS Ky cOS iy + 2(t}41£yvzz — tggy,m) sin k,, sin k,,
+2(t}41m1y’m + t}glzly’m + tgzlym + tDmy ) €OS kg cos ky cos k.
+2(t1141x1y,xz - t}Blarly,xz - th‘larly,xz + tlDl;gy,xz) sin k;; sin ky cos k.
~2(~day,az t tBayaz — tCayaz T tDay.es) S0 ks cOSky sink,
+2(7t1141;51y,xz - tlllely,acz + th’lacly Tz + tlDlzgy,xz) cos kfﬂ sin ky sin kz
Hyprny, = Egz)yz + 2t31020yz cosky + 2t2120w cosky, + 2(t1141£z’yz + 50 yz) cos ky cos ky, + 2(t1141£Z,yz — t};fz,yz) sin k,; sin k,,
+2(t1141xlz7y2 + t}glxlzﬂz + tlcl:gz,yz + tlDlg}mﬁ) cos k cos ky cos k.,
+2(Eigz e — tBazys — toazys T tDasy.) Sinka sinky cosk,
_2( }41"512 Yz + tlBl"clz Yz 101%12 Yz + tlDlaiz,yz) sin kx Cos ky sin kz
2t ys — tBazys T tazys T thasy.) COSky sinky sink,

while the non-diagonal terms of the spin-down, describing the hybridization between different atoms, are:

033 y k.
Hopyany = 4tagtycos — cos )
oil oll k k 011 01l k k
— 22 22 Y d 232 22 Y Z
Hovy e = 72(tAxy7m + i ,) cos o oS5~ 2(ty Az — thy,mz) sin = sin —-
oitl 0il k k 0l1 oll k k
— 22 22 Y d 033 22 Y Z
Hogyay- = 72(tAry,yz + e ye ) cos - oS o = 2(t Arvgys — thy,yZ) sin - sin —-
0il k k ol1 0Ll k k
— 22 2 2 Yy d 033 232 Y Z
Hopzzy = 2(t40 0+ thy y2) €OS 5 COS o~ 20ty e — UBy ) SID > sin 5
0il 0l1 k k 0l1 01l k k
— 22 22 Y d 033 22 Y z
HQIZAZZ - 2(tAzz, + thz :tz) cos 9 cos ? + 2( Tz,02 thz rz) sin ? sin ?
044 ky k.
H2zz,4yz - 4tz§ Z’Z COS ? COSs 3
0il 011 k k., ol1 0Ll k k
— 22 22 Y 033 272 Y 2
Hoyzaoy = 2(t A5y 2o + g s) COS?COS? —2(t4os oo — tpugas) sm?sm?
044 ky k.
Hoys 4z = 4ty2 2. cos — cos —
2 2
12 033 By os B2 o033 033 ky . ks
H2yz,4yz = 2( Amz Tz + thz zz) cos 9 cos ? - 2( Azz,xz thz rz) sin ? sin ?

S4. MINIMAL MODEL FOR THE ALTERMAGNETISM

In the previous Section, we developed the complete formalism for the long-range neighbours hopping for the
CagRuOy4. In this Section, the minimal model for the altermagnetism is reported. We will create a minimal model
where we will keep only the first neighbour hopping, along with the hopping necessary for the altermagnetism. We
should note that the altermagnetic terms in red have the same sign inside the spin-up channel, which is the opposite
of the spin-down channel.



For the spin-up Hamiltonian, the diagonal intralayer hybridization terms read:

Higyizy = €9 oo + 26190 cosk, + 2210 cosk,

TY,TY TY,TY rY,rY
Hizeiz: = 522@2 + Zt;(;?m cos kg + 2tg£?m cos ky
Hiyz1y. = Egz’yz + 2tég?yz cos k. + 2t8i’0yz cos ky
Hsypy 30y = 52%% + Qtig?w cosky + Qt%%y cos ky,
Hspo80. = 6227212 + Ztég?yz cos k. + QtSi?yz cos ky
H3y. 3y, = sgw + 2t£f’m cosk, + 2tg£?m cos ky

while the spin-up non-diagonal intralayer and interlayer hybridization terms

Hizy, 12 = —2(tdgy ox — thay.e.) S0 ko sinky

F2(t ey 2z F tBay en T 0y nz T tDay 22) €08 kg cOs ky cos k.

+2(_t114111y,mz + tlBlmly,xz - tlclzly,xz + tga%y,mz) sin kz COS ky sin kz
Hizy1y- = —2(th . — Ty ) Sin kg sink,

T2ty e+t By gz + tay gz + EDay.y) €OS kg cOs by cos k.

F2( =ty e F By e — tOayyz T tDay.yz) SN kg cOS y sin k.
Hla:z,lyz = +2(t1A1mlz,yz + tlBlmlz,yz + tlclxlz,yz + tblxlz,yz) cos kl’ cos ky cos kz

—|—2(—t1141$1Z7y2 + t};;z’yz — tlclg}z7yz + tlDlxlz7yz) sin ky cos ky sink,
Hszy 322 = —2(t40 )2 — tBey.yz) SNy sink,

—2(thy e T tBayye T 0y T LDay.yz) COS kg cOS iy coS k.

=2ty e F By e — t8ay e T tDay.yz) SN Ey cosky sin k.
H3yy 3y = =20t oo — tBey ) SNk sinky

_2<t}41;y,zz + tlBlzly,a:z + tgzly,xz + tlDl;y,zz) COS kw CO8S ky CO8 kz

72(7151141;511/,3:2 + tllely,xz - thlacly,xz + tlDlziy,a:z) sin kf cos ky sin kz
Hsozay: = +2(t4gs e + thasys + tazys + thas ye) COS kg cos ky cos k.

+2(7t11413clz,yz + t}?ﬁlxlz,yz - thlaclz,yz + tlDlaiz,yz) sin kﬂﬁ Cos ky sin kz

For the spin-down Hamiltonian, the diagonal intralayer hybridization terms read:

Howyomy = €0 +2t109 cosk, +2t010  cosk,

Hopz 00, = 6227“ + Zt;(;?wz cos ky + 2tg£?m cos ky
Hoyz0y: = Egzyyz + 2t;2?yz cosk, + 2t8i’0yz cos ky
Huzyazy = €9y ny + 2000, COS kg + 2600, cosky
Hizzo ez =6y, +26,0, cosk, + 26510 cosk,

Hyyray. = el +2t190  cosk, + 2t°10 cos ky

T2,T2 T2,T2 TZ,T2
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while the spin-down non-diagonal intralayer and interlayer hybridization terms

Houpy 202 = 2t 22 — tBey22) SN kg sink,

+2(t,1419¢1y,acz + tlBlacly,xz + tlcl:cly,acz + tlDlagy,acz) cos kz cos ky cos kz

2+ L, e, ) sink, cosk, sin
Hogy 2y- = +2(t40, )2 — tBey.yz) sy sink,

=24y e T T Bayyz T tOmy e T tDay.y) €OS kg cos ky cos k.

F2(—tl) e T By g =ty .z T EDay.yz) SN kg cOS Ey sin k.
Hoveaye = +2(BL o+ L+ ML ML) cosky cos h, cos b,

_2(_t1Alm1z,yz + tlBlmlz,yz - tlclziz,yz + tlﬁlzlz,yz) sin kx COS ky sin kz
Hyzy a2z = F2(th, v — theyy.) SN Ky sinky

F2(thy e + tBay gz + tay gz + tDay.y) COS kg cOs by cos k.

—2(—ty e F By e — toayyz T tDay.y=) SN Kz cOS y sin k.
Hazy ay- = +2(tisy o2 — thay.e.) S ko sinky

F2(t oy vz F UBay ez T tny .oz T tDay.nz) COS kg cOS iy cOS K

_2(_t114111y,xz + tlBlzly,mz - thlzly,a:z + tg:vly,xz) sin kw COS ky sin kz
Hireage = 20 yo + 3L o + 151 o+ 51 ) o8k, cosk, cos

_2(_t}41xlz,yz + t}i’lxlz,yz - thlzlz,yz + tB;z,yz) sin k; cos ky sink

For the spin-up Hamiltonian, the interlayer hybridization terms read:

ley,Bzy =20
0ll 0l1 k k
— 22 22 Y i
Higyse: = 2(t 45 o +tpy 0n) COS < s
043 044 k k
— 22 22 Y z
Higysy. = 20t . T 15y ,.) COS - s
oll ol1 k
— 232 272 MY vz
Hlacz,3acy - _Q(tAacy,yz + tBﬂfy,yz) COS 9 COS B
oll o1l k k
— 22 22 : Y o z
Hlxz,?)a:z - 72(tAacz,xz - thz,xz) S ? sin 5
Hl:vz,?)yz =0
H = 72(1?0%% +t0%% ) cos —2 cos —
lyz,3zy — Axy,xz Bzxy,xz 2 2
Hlyz73azz =20
_ 033 033 Ry z
Hlyz,Byz - +2(tAzz,xz - tB:rz xz) Sin 3 Sin ?
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For the spin-down Hamiltonian, the interlayer hybridization terms read:

HZzyAzy =0

Hozy 42z = _Q(t?ﬁécixz + tOB%a:g%/,xz) cos % cos %
Hopyay. = —%tiﬁiyz + t%iiyz) cos % cos %
Hopz ey = 2(&%:32!2 + t%iiyz) cos % cos k—;
Hopzgzz = +2(tiﬁjx2 - t%%xsz) sin % sin %
H2:L’z,4yz =0

Hayz 4ay = 2@?4%3“ + toBai,zz) cos % cos %Z
H2yz,4a:z =0

Hopeage = 20088, — 031 ) sin ™ i B2

We can see how the non-diagonal interlyer hybridizations H;, ,. host terms tﬁlyz sin k; cos ky sin k,, which change

sign moving from spin-up to spin-down. These are altermagnetic terms which give rise to the bulk non-relativistic
d,. altermagnetism. Therefore the term ¢!  is related to 3D in our model. In this system, the non-diagonal
intralyer hybridizations H,, . contain contributions of the form ¢};°, . sin k, sin k,, which change sign when moving
from spin-up to spin-down states. These are altermagnetic terms; however, this d,, altermagnetism remains hidden
in the bulk'!' and becomes apparent only at the surface!? or in the stripe phase (see main text). Therefore the
term t1,°,_ is related to 2D in our model. In addition, other terms also change sign between spin-up and spin-down
states; these involve only cosine or only sine functions and appear in both interlayer and intralayer hybridization
processes. Without these terms, the altermagnetism disappears even for the bulk, meaning that without these terms,
both altermagnetic spin-splitting becomes hidden.

The tight-binding model captures all the symmetries of the system, but even though it contains only the minimal
terms, it remains extremely complex; hence, in the main text, we focus on simplified versions of the model for

Cag RuO4.
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S5. ANALYTICAL MODEL FOR RELATIVISTIC SPIN-MOMENTUM LOCKING

We calculated the band structure using the simplified 4x4 model Hamiltonian or an effective single-orbital Hamil-
tonian in terms of Pauli matrices for spin and site as described in the main text:

HO = e(k)oiP " ogite (S1)
Héi\/l :Aza,jpino,zite
+ 4t 4y, sin ky sin ko P "o Site (S2)

where tg,, originates from the octahedral rotations, which are different on the opposite magnetic sites’®. For the
other two components, the hopping producing the spin-momentum locking is activated by the spin-orbit coupling A
via the antisymmetric exchange. We named A, and A, for the relative equations to be

HAM = A, sin(k,) sin(k, )osPnosite (S3)

z

and

Hgll}w = Ay sin(ky) sin(kz)azmeSite (S4)

z

For this model, it is also possible to find the analytic solution describing relativistic spin—momentum locking in
CagRuQy. The four eigenvalues of the total Hamiltonian represented by the sum of the previous three equations are:

EY234 = ¢(k) £ 4t g, sin(k, ) sin(k,)
/A2 sin (k) sin® (k) + A2 sin® (k) sin? (k) + A2 (5)

We can define:

Q = /A2 sin®(k,) sin® (k.) + A2 sin® (k) sin(k.) + A2 > A, |

P = AZsin?(k,)sin?(k,) — Az sin(k, ) sin?(k,) = sin?(k,)(AZ sin?(k,,) — Az sin(k,))

where the quantity P is invariant under the mirror operation with respect to the nodal planes; therefore, the
spin—-momentum locking is unaffected by the sign of P, and the eigenvalues can be written as:

E' = e(k) + 4tq,, sin(k,) sin(k,) — Q
E? = (k) + 4t am sin(ky) sin(k) + Q
E3 = e(k) — 4tqy, sin(k,) sin(k,) — Q

E* = &(k) — 4t o, sin(k,) sin(k,) + Q
The fourth analytic non-normalized eigenvectors are:

5= (Q — A.)(Ag sin(k,) sin(k.) — iAy sin(k,) sin(k.))
L ( P 10 0)

5 — Q@+ A,) (Am sin(kg) sin(k.) — 1Ay sin(k,) Sin(kz))
2 ( P 10 0)

i = (O 0 (Q+ Ay)(Agsin(ky) sin(}l;:z) — iy sin(ky) sin(k.)) 1)
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G — (Q — A.)(Agsin(ky) sin(k.) — 1Ay sin(k,) sin(k.))
4 (O 0 B 1)

The expectation value of S, for the four eigenvalues is:

A, sin(k,) sin(k,)

<8y >piox 5 (@—Ay) (S6)
< 5, > puoc DI () (s7)
< 8 5o D)) () 4 5 (58)
< 8, > poc Ssil)sinth) (4 ) (59)

P

First of all, we note that if A,=0, then the expectation value of < S, > is zero for all bands.
The expectation value of S, for the four eigenvalues is:

Ay sin(ky) sin(k,)

<8, Spo s (@-A.) (S10)
< 8, >poc 2 Sin(k;,) sintk:) (o 4 AL) (S11)
<8, > o DI (6 4 4 ) (s12)
< 8§, >pioc Dysintky)sinks) )\ ) (S13)

P

First of all, we note that if A,=0, then the expectation value of < S, > is zero for all bands. We also add a 3D
dispersion 82(]413;, ky, k) between the two magnetic sites with the very elmple form of:

rH —Eg(lﬂ k ]ﬂ) Smﬂo.szte (814)

x

ea(kg, ky, k) =ty cos(ky) +ty cos(ky) + ¢, cos(k,) (S15)

and this last term is needed to prevent a site degeneration along the nodal line.

Using the analytical model described by equations (S1HS4]), we calculate the band structure after fixing the model’s
parameters. For simplicity, the dispersion e(k) was set to zero; the values of other parameters are reported in the
captions of the associated figures. The results are reported in Fig. where we can see the effect of the three different
momentum locking from the positive and negative values of the S;, S, and S, components along the k-space directions.
These results reproduce the spin—momentum locking presented in Fig. 4 of the main text, demonstrating that the 4x4
analytical model successfully captures this relativistic effect. The coordinates in the k-space are half of the R points
reported in the Fig. 15 of the main text as Rg/2=(—n/2, —7/2,7/2); R1/2=(n/2, —7/2,7/2); Ra/2=(7/2,7/2,7/2)
and Ry/2=(—7/2,7/2,7/2). Using the analytical model described by Eqgs. (S1)—(S5), we compute the band structure
after fixing the model parameters. The corresponding results are shown in Fig. [S4 where the effect of the three
different spin-momentum lockings can be observed. These arise from the positive and negative values of the spin
components Sg, Sy, and S, along different directions. The coordinates in k-space correspond to the halfway of the R
points reported in Fig. 15 of the main text, namely:

RBs/2=(-5-58), R2=(G-53) R2=(551, R2=(5%3)
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Sx
- 1
> 2.5
SILKE — J— e — 0
S s L— T~ ~—— S~ ]
5 .

T T T T T -1
Rs/2 r Ro/2  Ry/2 r Riy/2  Ry/2
Sy

N

Rs3/2 r Ry/2 Ry /2 r Ry/2 Ry/2

25 0.0
y — o<_—_ >
= 25 -/
m
T T T T T 71
Rs/2 r Ro/2  Ry/2 r Ri/2  Ry/2

FIG. S4. Spin-resolved band structure for the S,, Sy, and S, components. The numerical values used for the model are
tam = 0.25, A, = Ay=A,=0.75,t, =t, =t. =0 and oy = ay = 0.

Ry/2 r Ro/2  Ri/2 r Ri/2  Ry/2
z ¥ A v d
c T~ .

E *2.5-_/w\-><

Rs/2 r Re/2  Ry/2 r Ri/2  Rs/2

FIG. S5. Spin-resolved band structure for the S, Sy and S. components. The numerical values used for the model are
tam =0.25, A, = Apy=Ay=1,t, =t, =t. =0.2 and o = oy = 0.5.
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1.0

0.5

0.0

-X r X

FIG. S6. Spin-momentum locking in the effective model. In the top panel is the spin-resolved band structure along the
—Y — I' = Y path, and in the bottom panel is an analogous result for the —X — I' — X path. The weights correspond to
the expectation value of the spin operator in the direction perpendicular to the path, as indicated by the colorbar title on the
right. The numerical values used for the model are tqm = 0.45, A, = A,=Ay=0.15,t, =t, =1, = 0.2 and oz = ay = 0.1.

We observe that midway between the points R;/2 and R/2, the spin splitting vanishes for S, and S, due to the
presence of the nodal plane. The same behavior occurs midway between Rs3/2 and R4/2. Other nodal planes are
present in other directions, but they are not shown.

The next step is to add the Rashba-type spin-orbit coupling in the form of:

Hr = (ay sin(k,)oP™ — a, sin(kx)azpi")o'g“e (S16)

The spin-resolved band structure is reported in Fig. We observe that midway between the points R;/2 and Ra/2,
the spin splitting does not vanish for S;, there is a finite polarization. The same behavior occurs midway between
R3/2 and Ry4/2, however, the spin polarization has opposite sign, such that the vanishing magnetization is preserved.
The same happens for S, but along another direction.

Finally, in the Fig. [S6 we report the Rashba effect along the nodal plane, plotting only the components that break
the spin-momentum locking. The top panel Fig. is the analog of 11(a) in the main text, where the S, component
is non-zero along the k-path from -Y to I' and then to Y. The bottom panel of Fig. is the analogue of Fig. 10(b)
of the main text, where the S, component is non-zero along the k-path from -X to I' and then to X.

S6. MATRIX FORM OF THE TWO SPIN-MOMENTUM LOCKINGS HAMILTONIAN

We report the explicit matrix form of the simplified Hamiltonian for one orbital with two independent spin-
momentum locking:

A, + 430 sink, sink, + 4t20 sink, sin k 0
™ — z am T z am T Y
H ( 0 A, — 430 sink, sink, — 420 sink, sin k, (817)
and
A, + 430 sink, sink, + 4t20 sink, sin k 0
W= z am T z am T Y
H ( 0 A, — 430 sink, sink, — 420 sink, sin k, (518)
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FIG. S7. Spin-resolved Fermi surface for the three spin components (a) Sz, (b) Sy, and (c) S. of the A-centered CazRuO4
with ferroelectric distortions along the z-axis with Néel vector along the b-axis. The Fermi surface depicts a p,-wave pattern
for S; and a p,-wave pattern for Sy, while the S, component still preserves its ds, spin-momentum locking. The calculated
Fermi surface accuracy was set to 0.011 A2, In the 2D Fermi surfaces, the zero of the spin component is represented by the
gray color. The Fermi surface was calculated at —0.3 eV relative to the Fermi level using an 11 x 11 x 4 k-point grid.

S7. NODAL PLANES AND RASHBA EFFECT ON THE FERMI SURFACE

We consider the magnetic ground state of the A-centered structure, with the Néel vector oriented along the b axis
and ferroelectric displacements along the z axis. The Rashba term has the form of:

Hr = (a sink, P — a, sin kxazpi")agite (S19)
with S;, which has a spin texture proportional to sin k, and S,, which has a spin texture proportional to sin k. Upon
including the effect of the altermagnetism, as discussed in the main text, the relativistic spin—-momentum locking
involves the py, p,, and d,, orbitals for the spin components S;, Sy, and S, respectively. Fixing the energy at
—0.3 eV relative to the valence-band maximum, we analyze the spin-resolved Fermi surface at k,=0 in[S7] The solid
lines indicate symmetry-protected nodal planes across which the spin changes sign. We identify a single nodal plane
for the S, and Sy components, consistent with their p-wave character, and two nodal planes for the .S, component,
reflecting its d-wave character. More in detail, the nodal plane for the S, component is &k, = 0, which makes the spin—
momentum locking p,-wave, while the nodal plane for the .S, component is £, = 0, which makes the spin-momentum
locking p,-wave. The S, component has nodal planes at k, = 0 and k, = 0, which makes the spin-momentum locking
dyy-wave. These results are in agreement with the analysis presented in Table III of the main text.
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