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1 Computational Methods
The frequency-dependent second-order nonlinear polarization P induced by
an optical field can be expressed as:

Pa(2ω) = χ
(2)
abc(2ω;ω, ω)Eb(ω)Ec(ω), (1)

where χ
(2)
abc is the SHG susceptibility tensor (the superscript (2) denotes

second-order nonlinearity), and a, b, c are Cartesian indices. Eb(ω) is the
component of the incident electric field at frequency ω along direction b.
We employ the length-gauge formalism for the calculation of SHG response,
in which the total susceptibility χ

(2)
abc can be decomposed into three major

contributions: the interband term χinter
abc , the intraband term χintra

abc , and the
modulation term χmod

abc . Their relationship is given by

χ
(2)
abc(2ω;ω, ω) = χinter

abc (2ω;ω, ω) + χintra
abc (2ω;ω, ω) + χmod

abc (2ω;ω, ω). (2)
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Their explicit forms are as follows:

χinter
abc (2ω;ω, ω) =

e3

h̄2

∑
nml

∫
BZ

dk
4π3

ranm{rbmlr
c
ln}

ωln − ωml

(
2fnm

ωmn − 2ω
+

fml

ωml − ω
+

fln
ωln − ω

)
,

(3)

χintra
abc (2ω;ω, ω) =

e3

h̄2

∫
BZ

dk
4π3

[∑
nml

ωmnr
a
nm{rbmlr

c
ln}

(
fnl

ω2
ln(ωln − ω)

− flm
ω2
ml(ωml − ω)

)

− 8i
∑
nm

fnmr
a
nm{∆b

mnr
c
mn}

ω2
mn(ωmn − 2ω)

+ 2
∑
nml

fnmr
a
nm{rbmlr

c
ln}(ωml − ωln)

ω2
mn(ωmn − 2ω)

]
,

(4)

χmod
abc (2ω;ω, ω) =

e3

2h̄2

∫
BZ

dk
4π3

[∑
nml

fnm
ω2
mn(ωmn − ω)

(
ωnlr

a
lm{rbmnr

c
nl} − ωlmr

a
nl{rbmlr

c
mn}

)
− i

∑
nm

fnmr
a
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c
mn}

ω2
mn(ωmn − ω)

]
. (5)

Here, ωnm = ωn −ωm denotes the energy difference between bands n and
m, while fnm = fn−fm represents the difference of their Fermi–Dirac occupa-
tion factors. rnm = vnm/(iωnm) is the position-operator matrix element, and
{rbmlr

c
ln} = 1

2
(rbmlr

c
ln + rcmlr

b
ln) is the symmetrized product. ∆b

mn = vbmm − vbnn
corresponds to the difference in the diagonal velocity matrix elements along
the b direction. In the practical calculation, a small phenomenological broad-
ening factor δ is introduced as ω → ω + iδ with δ = 0.1 eV, in order to
avoid divergences when the photon energy coincides with band transition
resonances.
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2 Band Structure With Concentration of De-
fects

Figure 1: Band structures of the VS defect type at different defect concentra-
tions. (a) Band structure at 1/16 concentration. (b) Band structure at 1/25
concentration. (c) Band structure at 1/36 concentration. (d) Band structure
at 1/49 concentration.

Figure 2: Band structures of the VS2 defect type at different defect concen-
trations. (a) Band structure at 1/16 concentration. (b) Band structure at
1/25 concentration. (c) Band structure at 1/36 concentration. (d) Band
structure at 1/49 concentration.
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Figure 3: Band structures of the VMo defect type at different defect con-
centrations. (a) Band structure at 1/16 concentration. (b) Band structure
at 1/25 concentration. (c) Band structure at 1/36 concentration. (d) Band
structure at 1/49 concentration.

Figure 4: Band structures of the V2S2 defect type at different defect con-
centrations. (a) Band structure at 1/16 concentration. (b) Band structure
at 1/25 concentration. (c) Band structure at 1/36 concentration. (d) Band
structure at 1/49 concentration.
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3 SHG variation with defect concentration

Figure 5: SHG response of the V2S2 defect type at different defect concen-
trations.

Figure 6: SHG response of the VS defect type at different defect concentra-
tions.

4 All SHG components with different defect
types in 4X4 supercell
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Figure 7: All SHG components with pristine MoS2 in 4X4 supercell
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Figure 8: All SHG components with MoS with defects in 4X4 supercell
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Figure 9: All SHG components with VS with defects in 4X4 supercell
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Figure 10: All SHG components with V2S2 with defects in 4X4 supercell
9



Figure 11: All SHG components with VMo with defects in 4X4 supercell
10


