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Supplementary Information for “Effective interfacial tension of a film solidified
during the collision of a molten wax droplet with a water surface”

So Kitsunezaki,** Rina Nakashioya,’* Chihiro Uemura,¥ and Akio Nakahara?

Paraffin wax is composed of multiple alkanes, and its melting temperature is controlled by changing the molecular weights
of its constituent materials. Although its material properties have been investigated in many previous studies, they differ
among products. Here, we report the results of our measurements carried out to determine the main properties of the
paraffin wax CAS RN:8002-74-2 (Product code 04053, Yoneyama Yakuhin Kogyo, Japan) used in our experiments. These
properties are relevant to testing the theory proposed in our paper, and the values found in these measurements were used
in our numerical simulations. It should be noted, however, that the precision of our measurements was not particularly

high, and more precise measurements are desired.
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Fig. 1 Specific heat of paraffin wax as a function of the temperature,
obtained from a DSC measurement. The amounts of heat absorbed by a
16.4 mg sample were measured during processes in which the temperature
was increased and decreased, and these values were used to determine
the specific heat. This result includes the effect of the latent heat due
to phase transitions.

1 Measurements of specific heats and latent
heats

In addition to the solid-liquid phase transition at the melting tem-
perature, paraffin wax exhibits a solid-solid phase transition at a
lower temperature. These phase transitions do not occur sharply
with respect to temperature, because paraffin wax is composed of
multiple alkanes with different molecular weights 2. The melt-
ing temperature of the wax used in our experiments has the range
56 — 58°C, according to the manufacturer-supplied information,
and we use the median value 7, = 57°C in our paper. Because
we had no information on the latent heat of the solid-liquid tran-
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Fig. 2 Internal energy density obtained by integrating the data in the
heating process described by Fig. [1l The red curve is the fitting curve.

sition, L,,, the temperature, T, the latent heat of the solid-solid
phase transition, L, and the specific heat, we performed mea-
surements using a differential scanning calorimeter (DSC).

We measured the amounts of heat absorbed by three samples
of wax with masses 21.5, 9.7, and 16.4 mg, and a standard sample
of sapphire(K-Y56US-115, Hitachi High-Tech, Japan) with mass
29.3 mg using a DSC (DSC7000X, Hitachi High-Tech, Japan) at
the Nara Prefectural Institute of Industrial Development, Japan.
In a nitrogen atmosphere maintained by a constant flow with rate
50 ml/min, each sample sealed in an aluminium pan was warmed
from 0°C to 80°C and then after being held at 80°C for 10 min,
cooled to 0°C. The heating and cooling rates were both 5°C/min.
The measurement results were corrected using the specific heat
of sapphire® as a reference.

Figure[T]displays the specific heat of the 16.4 mg sample plotted
as a function of the temperature as a typical result. Although
the two peaks corresponding to the phase transitions are wide,
and their positions differ for heating and cooling, these widths
and differences tend to decrease as the heating and cooling rates
decrease. The dependence of the internal energy density on the
temperature, U(T), is obtained by integrating the specific heat,
as indicated in Fig. |2 First, we fitted U(T) to the linear function
U = CsT + Uy in the range 15°C < T < 25°C, and to the linear
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Fig. 3 Apparatus for measuring thermal diffusion coefficients.

function U = C,.T + Uy, in the range 65°C < T < 75°C, using the
least squares method. The two ranges correspond to the solid
and liquid states, respectively. Next, we applied nonlinear curve
fitting to the function

U =Un(T) +Up(T), @h)
_J CsT+Us (T <Tn)

Un(T) = { CsTy+Us+C(T—Ty,) (Tu<T) @

UP(T) ELSQQJ(TfT‘S)‘FLm@am (T*Tm)a (3)

with the fitting parameters L;, o, oy, Ty and 7,,, where we
assumed L, = (Cp — Cs)Tyy + Uy — Us — Ly and Oq(x) = $(1+
tanh(ax)). We used the Levenberg-Marquardt method imple-
mented in the Julia NsqFit library®.

For each fitting parameter, we averaged the 6 values obtained
from the heating and cooling processes with the 3 wax samples.
The fitting results are Cg = 1.8 +0.1 J/gK, C, = 1.9+0.1 J/gK,
Ty =3842°C, T, = 544+3°C, Ly =39.5+2J /gand L, = 113421 /g.
The specific heats found for the solid and liquid states, Cs and Cy,
are slightly smaller than those of alkanes C18-C50 (1.7- 2.0 J/gK
and 2.3—-2.47J/¢K, respectively)®, which are the main ingredients
of paraffin wax. The solid-solid phase transition temperature, Ty,
that we found is consistent with the data for commercial-grade
paraffin wax described in the literature 2,

2 Measurements of thermal diffusion coeffi-
cients

For measurements of thermal diffusion coefficients, we con-
structed an apparatus following that described in a previous
work®, as depicted in Fig. Approximately 1 L of deion-
ized water was put in a Dewar bottle with inner dimensions of
158 mm x 50 mm¢ (D-1001W, THERMOS), and a stirring bar was
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Fig. 4 Time evolution of temperatures measured at the center of a wax
sample, T,, and at the lateral surface of the cylindrical container, T;,.

rotated at 300 rpm on the bottom with a magnetic stirrer (Isotemp
SP88857290, Thermo Fisher Scientific). The water temperature
in the bottle was controlled by circulating water from a constant
temperature water bath (Vivo RT4, Julabo) through a coiled cop-
per tube. We used a copper pipe with a length of 120 mm, an
inner radius of R = 10.3 mm, and a wall thickness of 0.8 mm as
the container for the wax by attaching rubber plugs to both ends.
The container was initially filled with wax while it was situated
in a bath of hot water. Temperatures were measured using a data
logger (TM-947SD, Mothertool, Japan) with K-type thermocou-
ples (TPK-01). We measured the temperature at the center of a
sample, T,(t), using a thermocouple fixed with a thin nylon wire
stretched along the central axis of the pipe, and the tempera-
ture at the lateral boundary, 7},(¢), using another thermocouple
attached at the middle position of the outer surface of the pipe.

We first controlled the temperature of the water bath and
waited until 7,(¢) and Tj(z) reached the same value, Tp, within
+0.2°C. We next changed the temperature by 5°C and measured
T,(¢) and T, () every 1 s until the time 7.pq [s] that the two temper-
atures reached the same value again. We repeated this procedure
for each sample by increasing and then decreasing 7 in 5°C in-
crements. Figure [4|displays typical results for the measurements
of T,(¢) and T} (¢).

In order to determine the thermal diffusion coefficient of the
wax, D, from the measurement results 7,(¢) and 7,(t), ignoring
the boundary effects at both ends of the container, and assum-
ing that the temperature field, 7(r,¢), was symmetric about the
central axis, we numerically solved the diffusion equation in 2-d
polar coordinates,

2
a%: (%4—%%) (0<r<R). C))
In addition to the condition at the center, d7(0,7)/dr =0, we used
the initial and boundary conditions 7'(r,0) = 7,(0) and T(R,t) =
Ty (1), respectively, on the basis of the measurement results. For a
given diffusion coefficient D, the numerical solution Tp(r,¢) was
obtained using the Crank-Nicholson scheme, where we used the
GNU Scientific LibraryIEI to solve linear equations. Using the value
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Fig. 5 Squared distances between the temperature measured at the
center of a sample, T,(z), and the numerical solutions for the diffusion
coefficient D. The legend indicates the temperature ranges.

of D at which the squared distance to 7,(¢),

Tend
d*(D) =} (To(0.1) ~ Tu(1))%, ®)
=1
is minimized, we estimated the thermal diffusion coefficient of
wax, D).

Figure [5| plots the squared distances d?(D) obtained in various
temperature ranges for a sample. Near the solid-solid or solid-
liquid phase transition temperature, the minimum values of d*(D)
were large due to the influence of the latent heat, and for this
reason, the fitting was inaccurate. To avoid this problem, we
selected the two ranges [27.5°C,32.5°C] and [42.5°C,47.5°C] far
from both phase transition temperatures and repeated the mea-
surements of 7,(¢) and 7}, (¢) carrying out the heating and cooling
processes for 3 samples. We obtained 0.96 4 0.08 x 10~7 m?/s
for the range [37.5°C,42.5°C] and 0.79 40.06 x 10~7 m?/s for the
range [42.5°C,47.5°C] as the averages of the 6 values of D. We
regard the latter value as the thermal diffusion coefficient of wax
at 45°C, D), in our paper.

In addition, in order to verify the measurement method, we
measured the thermal diffusion coefficient of 1 %wt agar gel com-
posed of agar (Ina Food Industry, Japan) and deionized water,
and obtained 1.43 — 1.46 x 10~7 m?/s for the range [10°C,30°C].
This value is quite reasonable, because the diffusion coefficient of
such low-concentration agar gel at room temperatures is known
to be the same as that of water 1.41 — 1.46 x 10~7 m? /s within
2 — 398710 However, we believe that the measurement errors
are somewhat larger for paraffin wax, due to the influence of its
larger volume change.

3 Density measurements

Figure |§| displays the results of the density measurements of the
wax. The measurements for liquid and solid states were per-
formed using different methods.

For liquid states, we used a 50 ml volumetric flask (1-8566-
01, AS ONE, Japan) and an electric balance (HR-250AZ, A&D,
Japan). We melted wax in an incubator (SIB-35, Sansyo, Japan)
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Fig. 6 Density of paraffin wax.

in advance and put it in the flask after the temperature stabilized,
and then measured its weight. The results were 0.784 g/cm> at
65.0°C and 0.788 g/cm’ at 59.7°C. The volume expansion of the
volumetric flask was sufficiently small. The measurement errors
are estimated to be within 1% based on the test measurement of
water density.

For solid states, we calculated the density of a sample from
the difference between its weights in air and water, measured
using the electric balance (HR-250AZ). The Dewar bottle and the
temperature control system described by Fig. [3| were used again
as a water tank. Because wax floats in water, we put a sample in
an upside-down container after weighing and sunk it into water
in such a manner that no air entered.

We obtained the buoyancy force from the weights of the empty
container and the sample in water, and then calculated the den-
sity of the sample, taking into account the dependence of the wa-
ter density on temperature.

By increasing the water temperature in 5°C increments from
25°C to 60°C and then decreasing to 25°C, we measured the den-
sities of 3 samples during the heating and cooling processes. As
the average of the 6 values, we obtained the densities of the wax
at 5°C intervals from 25°C to 55°C as 0.905 £ 0.003, 0.898 £=0.005,
0.887 + 0.003, 0.872 +0.004, 0.860 & 0.005, 0.841 +0.010 and
0.782+0.015 g/cm?, respectively. We used the density at 45°C as
pp in our numerical simulations. The measurement errors were
large near the melting temperature because there, the wax was
so soft that it was difficult to remove small air bubbles attached
to the sample surface.

4 Measurements of surface and interfacial

tensions

Using the pendant drop method, we measured the surface tension
of the wax by forming a wax droplet in air, and we measured the
interfacial tension between the wax and water by forming a water
droplet in melted wax. The experimental apparatus was placed in
an incubator (SIB-35, Sansyo, Japan), and the temperature was
measured using thermocouples, as in the procedure described in
Sec.

We generated a liquid droplet by applying air pressure to the
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Fig. 7 Photographs of a water droplet in wax (left)
and a wax droplet in air (right). The width of each
photograph corresponds to 8 mm.
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Fig. 8 Examples of measured droplet shapes, rey,(z), and their
optimal numerical solutions, r(z;k,zo), for a water droplet in wax
and a wax droplet in air. The height from the bottom of a droplet
and the radius in cylindrical coordinates are denoted by z—zg and
r, respectively.

liquid in a syringe and took a photograph of the droplet using
a digital camera (EOS-7D and EF50mm F1.4 USM lens, Canon,
and its extension rings, Kenko, Japan). We traced the contour
of the droplet in a photograph, as in Fig. [7] using ImageJ™ and
obtained the function r.,(z), which expresses the shape of the
droplet in cylindrical coordinates, where the z axis was taken in
the vertical direction from the bottom of the droplet. We next
numerically solved the equation

1d* 1, ar\* 5,  Apg
————=K(z—20), s=1/1 —, x=—, (6
s3dz?2 rs (e=20), s * (dz) Y ©)

which was derived from the Young-Laplace law12, where g and
Ap represent the acceleration due to gravity and the density dif-
ference between the liquid droplet and the surrounding fluid, re-
spectively. We obtained the values of (x,z,) at which the square
distance between the numerical solution r(z; k,z0) and rey,(z) was
minimized using the simplex algorithm in the Gnu Scientific Li-
braryEl. The surface or interfacial tension, y, was calculated from
the value of k. Figure [8| displays examples of the experimental
results and their optimal numerical solutions.
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From the average of three measurements each, we obtained
Ypw =45.140.6 mN/m for the interfacial tension between the wax
and water, and ¥, = 26.5+0.2 mN/mm for the surface tension of
the wax at 65°C. Using the same method, the surface tension
of water at 30°C was measured as %, = 70.6 = 1.5 N/m, and the
difference between this and the value listed in a reference? is
less than 1%. Although the surface tension of paraffin wax in
solid states has been studied, we could not find information on
values near the melting temperature. For this reason, we used the
value measured in liquid states, ¥, + ¥,y =71.6£0.6 mN/m, as ¥
in our paper.
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