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Character tables of P6/mmm

The character tables at the I', M, and K points of
the space group P6/mmm are summarized in Tables S I-
STII.

Representation of atomic orbital

The atomic orbital is represented in the full-rotation
group by F‘]’-{b and composed of an orbital function and
spin function. The orbital function and spin function
are transformed by the rotation, while only the orbital
function is transformed by the inversion. The character

X‘]’.{b of the point-group symmetry is thus described as
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where j is the total angular quantum number, [ is the
orbital angular quantum number, {a} is the 2X-fold
rotation, and {@} is the 2X-fold rotoinversion. The
atomic orbital is then subduced to the space group of a
condensed-matter system and represented by TP, Torb’g
at the I, M, and K points of the space group P6/mmm
are summarized in Tables SIV-SVI.

Representation of atomic arrangement

The atomic arrangement is represented in the space
group by I'* and described by the Bloch function as
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where gi(r) is the cell-periodic function and r; is the
atomic position. The character x*™ of the space-group

symmetry {P|T + R} is thus described as [S3-S6]
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where P is the point-group symmetry, 7 is the fractional
lattice vector, R is the lattice vector, G is the reciprocal
lattice vector, and k- P~ [r—(7+R)] = Pk-[r—(T7+R)]
and Pk = k+ G are employed. The atomic arrangement
can be described in the symmorphic group of 7 =0 as

XT{P|R} = ¢ R ZeiG'”é(P_lri —r;). (SH)

[eawiv'g of graphene at the I', M, and K points of the
space group P6/mmm are summarized in Tables S VII-
SIX.

Representation of atomic wavefunction

The atomic wavefunction is represented by the direct
product of the atomic orbital and atomic arrangement
as '™ @ I'T. The representations of graphene at the
I, M, and K points of the space group P6/mmm are
summarized in Tables S X—S XII.



S2

[S1] M. Lax, Symmetry Principles in Solid State and
Molecular Physics (Dover Publications, Inc., Mineola,
2001).

[S2] M. Tinkham, Group Theory and Quantum Mechanics
(Dover Publications, Inc., Mineola, 2003).

[S3] W. M. Lomer, The valence bands in two-dimensional
graphite, Proc. R. Soc. London, Ser. A 227, 330 (1955).

[S4] M. S. Dresselhaus, G. Dresselhaus, and A. Jorio, Group
Theory (Springer-Verlag, Berlin, 2008).

[S5] K. Okamura, Focus on the overlap density of
wavefunctions in GW approximations, Phys. Chem.
Chem. Phys. 22, 5366 (2020).

[S6] K. Okamura, Bloch state constrained by spatial and
time-reversal symmetries, J. Phys. A: Math. Theor. 56,
335003 (2023).



S3

TABLE SI. Character table at the I' point [kr = %”(O, 0, 0)] of the space group P6/mmm, which transforms isomorphically to
the point group 6/mmm (Dgp).

(13 23" {2,3° (2,3 {3}°  {6}° {1}* {m}" {m.}' {m,} {3} {6} {'13™ {3}" {%6}° {1} {U3}9 {96}" Type®
1 1 1 1

I 1 1 1 1 1 1 1 1 1 1 1 1 1 1 (a)
r; 1 1 1 1 1 1 -1 -1 -1 -1 -1 -1 1 1 1 B - -1 (a)
ry 1 1 -1 -1 1 1 1 1 -1 -1 1 1 1 1 1 1 1 1 (a)
r, 1 1 -1 -1 1 1 -1 -1 1 1 -1 -1 1 1 1 -1 -1 -1 (a)
r;y 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 1 -1 1 1 -1 (a)
r; 1 -1 1 -1 1 -1 -1 1 -1 1 -1 1 1 1 -1 -1 -1 1 (a)
ry 1 -1 -1 1 1 -1 1 -1 -1 1 1 -1 1 1 -1 1 1 -1 (a)
r, 1 -1 -1 1 1 -1 -1 1 1 -1 -1 1 1 1 -1 S 1 (a)
Iy 2 2 0 0 -1 -1 2 2 0 0 -1 -1 2 -1 -1 2 -1 -1 (a)
ro 2 2 0 0 -1 -1 -2 -2 0 0 1 1 2 -1 -1 -2 1 1 (a)
ry 2 -2 0 0 -1 1 2 -2 0 0 -1 1 2 -1 1 2 -1 1 (a)
g 2 -2 0 0 -1 1 -2 2 0 0 1 -1 2 -1 1 -2 1 -1 (a)
T; 2 0 0 0 -2 0 2 0 0 0 -2 0 -2 2 0 -2 2 0 (b)
Tg 2 0 0 0 1 -3 2 0 0 0 1 -3 -2 -1 V3 -2 -1 V3 (b)
To 2 0 0 0 1 V3 2 0 0 0 1 V3 -2 -1 -3 S BV (b)
Tio 2 0 0 0 -2 0 -2 0 0 0 2 0 -2 2 0 2 -2 0 (b)
Ti1 2 0 0 0 1 —V3 —2 0 0 0 -1 V3 -2 -1 V3 2 1 —V3 (b)
Tia 2 0 0 0 1 V3 —2 0 0 0 -1 —/3 -2 -1 -3 2 1 V3 (b)
a {1|Rp = ni1a; + ngaz + nzas}, where a; = a(g, —%,0), as = a(0,1,0), and ag = ¢(0,0,1) and ni, n2, and n3 are integer.

b {20010}, {42001 0}

© {2100/0}, {201010}, {211010}, {*2100(0}, {20100}, {¢2110/0}.

4 {2,110}, {2120/0}, {2210/0}, {#217010}, {*2120[0}, {?2210/0}.

© {30110}, {350110}-

F {6010}, {600, 0}

& {1]0}.

B {moo1/0}, {4mo01|0}.

' {m100/0}, {mo10[0}, {m110/0}, {Im100[0}, {*mo10/0}, {?m110/0}.
I {m110/0}, {m120(0}, {m210/0}, {*m11/0}, {*m120]0}, {m2100}-
< {330110}, {35010}

! {60010}, {600, 10}
= {41]0}.

™ {438,103, {9350, 10}-

© {460,103, {160, 10}-

P {41]0}.

a4 {4350,10}, {4350, [0}

" {96501/0}, {4650110}-

s Type (a), (b), and (c) correspond to the Frobenius—Schur test of +1, —1, and 0, respectively.
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TABLE SII. Character table at the M point [ka = %”(%, 0,0)] of the space group P6/mmm, which transforms isomorphically
to the point group mmm (Dap,).

{1} 23" 2.3 {2,}° {1} {m}'  {m.}® {m,}" 1) {‘1Y  Type"
M 1-Ta' 1 1 1 1 1 1 1 1 1 (a)
M, 1-Ty 1 1 1 -1 -1 -1 -1 1 -1 (a)
My 1-Tur 1 -1 -1 1 1 -1 -1 1 1 (a)
My 1Ty 1 -1 -1 -1 -1 1 1 1 -1 (a)
M 1-Tm -1 1 -1 1 -1 1 -1 1 1 (a)
My 1-Ty -1 1 -1 -1 1 -1 1 1 -1 (a)
M 1-Tur -1 -1 1 1 -1 -1 1 1 1 (a)
M, 1-Ty -1 -1 1 -1 1 1 -1 1 —1 (a)
Ms 2Ty 0 0 0 2 0 0 0 -2 -2 (b)
Mo 2T 0 0 0 -2 0 0 0 -2 2 (b)
a {1|R, = ni1a;1 + ngaz + nzas}, where a; = a(TS, —%,0), as = a(0,1,0), and ag = ¢(0,0,1) and ni, n2, and n3 are integer.
" {2001]0}, {*2001|0}.
¢ {2010/0}, {*2010/0}-
4 {2210/0}, {42210(0}.
¢ {1]0}.
£ {mo01/0}, {*moo1(0}.
& {mo10/0}, {mo10(0}.
" {m210/0}, {Yma210/0}.
' {d1]0}.
i {41]0}.
K Type (a), (b), and (c) correspond to the Frobenius-Schur test of +1, —1, and 0, respectively.
Ly, = e—ikarRa

TABLE SIII Character table at the K point [kx = 2% (3, 1, 0)] of the space group P6/mmm, which transforms isomorphically
to the point group 6m2 (D).

{1} {2.}" {3}° {m}< {m. }° {6}’ {91}® {?3}" {46}’ Type’
. 1 1

K, 1-Tk" 1 1 1 1 1 1 (a)
Ko 1-Tx 1 1 -1 -1 -1 1 1 -1 (a)
K3 1-Tx -1 1 —1 1 -1 1 1 —1 (a)
K, 1-Tx -1 1 1 -1 1 1 1 1 (a)
Ks 2-Tx 0 -1 2 0 -1 2 -1 —1 (a)
Ke 2-Tx 0 ~1 -2 0 1 2 ~1 1 (a)
K 2-Tx 0 -2 0 0 0 -2 2 0 (b)
Ks 2. Tk 0 1 0 0 —V3 -2 -1 V3 (b)
Ko 2. Tk 0 1 0 0 V3 -2 -1 -3 (b)

a2 {1|Rn = ni1aj + ngaz + nzag}, where a; = a(@, —%,0), as = a(0,1,0), and ag = ¢(0,0,1) and ni, n2, and n3 are integer.

b {2100]0}, {2010/0}, {21100}, {42100/0}, {2010]0}, {42110/0}.

© {330110}, {300, 10}-

4 {m01/0}, {4mo01/0}.

¢ {my10/0}, {m120|0}, {m210/0}, {*m1710/0}, {Ym120/0}, {m210/0}.

" {60110}, {65010}

& {41]0}.

h {jzﬁmm, {300(0}-

1 {96501 10}, {“600, 10}

J Type (a), (b), and (c) correspond to the Frobenius—Schur test of +1, —1, and 0, respectively.
k Ty = e—tkk Rnp
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TABLE SIV. Representation of the atomic orbital at the I" point of the space group P6/mmm.

(1} {2} {20 {23 {3} {6} {1} {m} {ms} {ms} {3} {6} _ Decomposition
1

e 1 1 1 1 1 1 1 1 1 1 1 ry
| | -1 -1 0 2 -3 1 1 1 -2 Iy elg
rgd 5 1 1 1 -1 1 5 1 1 1 -1 1 rferfers
NG 0 0 0 1 V3 2 0 0 0 1 V3 To
rod, 2 0 0 0 1 V3 —2 0 0 0 -1 -3 T2
rog, 4 0 0 0 -1 V3 —4 0 0 0 1 -3 Ti0 @12
Ty, 4 0 0 0 -1 V3 4 0 0 0 -1 V3 T; @ T
Y%, 6 0 0 0 0 0 6 0 0 0 0 0 T:®Ts® Ty
TABLE S V. Representation of the atomic orbital at the M point of the space group P6/mmm.
{1} {2} {2,} {2,/} {1} {m} {m.} {m.} Decomposition

MO 1 1 1 1 1 1 1 1 My
MyrP 3 -1 -1 -1 -3 1 1 1 My ® My © M,
Mg 5 1 1 1 5 1 1 1 2M; @ My @ My o My

2 2 0 0 0 2 0 0 0 Ms
MY, 2 0 0 0 -2 0 0 0 Ms
My, 4 0 0 0 —4 0 0 0 2Ms¢
MGy, 4 0 0 0 4 0 0 0 2M 5
M3, 6 0 0 0 6 0 0 0 3Ms

TABLE S VI. Representation of the atomic orbital at the K point of the space group P6/mmm.
{1} {2,} {3} {m} {my} {6} Decomposition

Ko 1 1 1 1 1 1 K
Ky 3 -1 0 1 1 -2 K3 @ Ks
Ko 5 1 -1 1 1 1 K& Ks ® Kg

s 2 0 1 0 0 V3 Ko
K, 2 0 1 0 0 -3 Ks
K9, 4 0 -1 0 0 -3 K@ Ks
K3 4 0 -1 0 0 V3 Kr® Ko
K31'5b/2 6 0 0 0 0 0 K7 ® Ks® Ko

TABLE S VII. Representation of the atomic arrangement of Cs (%, %, 0) and (%, %, 0) at the I point of the space group P6/mmm.

{1} {2} {2.} {2} {3} {6} {1} {m} {m.} {m} {3} {6} Decomposition
G 0 0 0 0 0 0 0 0 0 0 0 0
& 2 0 0 2 2 0 0 2 2 0 0 2 rfer;

TABLE S VIII. Representation of the atomic arrangement of C, (%, %,0) and (%, %,0) at the M point of the space group
P6/mmm.

{1} {2} {20} {20/} {1} {m} {m.} {m.} Decomposition
G 0 (—1,0,0) (—1,0,0) 0 (—1,0,0) 0 0 (-1,0,0)
Mer 2 0 0 2 0 2 2 0 M@ My

TABLE SIX. Representation of the atomic arrangement of Cy (%, %, 0) and (3, %, 0) at the K point of the space group P6/mmm.

{1} {2} {3} {m} {m.,} {6} Decomposition
G 0 ©,-1,0) (—1,0,0) 0 0 ©,-1,0)
K 2 0 —1 2 0 -1 Ks
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TABLE S X. Representation of the atomic wavefunction of Cs (%, %, 0) and (%, %, 0) at the I" point of the space group P6/mmm.

{1} {2} {2,} {2} {3} {6} {1} {m} {m.,} {m.} {3} {6} Decomposition

Cas 2 0 0 2 2 0 0 2 2 0 0 2 Iy oT,

Cap 6 0 0 -2 0 0 0 2 2 0 0 —4 I, el'f o Ty

Cad 10 0 O 2 -2 0 0 2 2 0 0 2 I'fol, Ty ely o' oly
C2s12 4 0 0 0 2 0 0 O 0 0 0 2V/3 To®Tn

Copiys 4 0 0 0 2 0 0 0 0 0 0 -2v3 Ts @2

CQ P3/2 8 0 0 0 -2 0 0 0 0 0 0 —2\/§ f7 @fg @flo @flg

Cydz, 8 0 O 0 -2 0 0 0 0 0 0 23 T7@®To®Tio® 1

Cads;p 12 0 0 0 0 0 0 O 0 0 0 0 T7@Ts@To@® @M@l

TABLE SXI. Representation of the atomic wavefunction of Ca (2,1,0) and (%, 2,0) at the M point of the space group
P6/mmm.

{1 {2} {2} {2+} {1} {m} {m.,} {m,} Decomposition
Cas 2 0 0 2 0 2 2 0 M@ M;
Cap 6 0 0 -2 0 2 2 0 M@ M: o My & Mf @ My © My
Cad 10 0 0 2 0 2 2 0 2Mt @ My @ My @ My © My @ My @ My & 2M;
Ca S1/2 4 0 0 0 0 0 0 0 Mg) &) MG
Coprjz 4 0 0 0 0 0 0 0 Ms @ Mg
Ca P3/2 8 0 0 0 0 0 0 0 QHE, (5] 2M5
Caodss 8 0 0 0 0 0 0 0 oM s @ 2M
Cadsjp 12 0 0 0 0 0 0 0 3Ms @ 3Ms

TABLE SXII. Representation of the atomic wavefunction of Cz (2,3,0) and (3, 2,0) at the K point of the space group
P6/mmm.

{1} {20} {3} {m} {m.} {6} Decomposition
Cys 2 0 -1 2 0 -1 Ks
Cap 6 0 0 2 0 2 Ki®Ki® Ks ® Kg
Cod 10 0 1 2 0 —1 Ki®dKo®DKsd KyPD2K5 D Kg
Cs S1/2 4 0 -1 0 0 —V3 F7 @Fg
Cap)o 4 0 -1 0 0 V3 Kr & Ko
Caps/a 8 0 1 0 0 V3 K7 @ Ks @ 2Ky
Cads)2 8 0 1 0 0 —Vv3 K7 ®2Ks @ Ko
Cads o 12 0 0 0 0 0 2K7 ®2Ks ® 2Ky




