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The steady state analytical solution to the efficiency of a thermoelectric
power generator (TPG)

For the steady state case a constant heat flux g, is applied to the left boundary. The heat

conduction equation in 1D is,

2 V4
10 47 1)

where k is thermal conductivity and q” =I’R/AL=1?/cA” is the volumetric internal
joule heating due to a current I flowing through the TPG with resistance R (cross
sectional area A, thickness L, and electrical conductivity o). The Peltier effect results in a

cooling on the hot side and heating on the cold side, captured by g,, and g, in Figure 2.
Accordingly, the boundary condition on the hot side at x=0 is,

dT
-kd_ =909 - Iy [T(O)'Tw] (2)
X x=0

where g, is the imposed heat flux and £, is the heat transfer coefficient on the hot side.

The Peltier heat flux is g,, =T(0)SI/A, where S is the Seebeck coefficient. The boundary

condition on the cold side at x=L is
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dr
'k% = hz I:T(L)-Toe:l'qu )

x=L

where h, is the heat transfer coefficient on the cold side and g, is the Peltier heat flux

q,,=T(L)SI/A on the cold side. The resultant temperature distribution is,

=17 G—l)—%(n ~T)+T, @)

Where 7, and 7. are the hot side and cold side temperatures. The power delivered to

the load with resistance R, is,

2
W=I’R = S(T,-T.) R, (5)
R+R,

The total rate of heat flow from the source Q, is

2
qu:Qo:SH;-"kTA(Th'2)-%+h1A(Th_Tw) )

where the final term is zero if the hot side is insulated (i.e., h; is very low). The
efficiency is maximized when the ratio of the resistance of the load to that of the

generator is given by’

R, /R=~1+ZT (7)

where Z=0S’/kand T=(T,+T.)/2. With this substitution, the efficiency of the

thermoelectric device can be derived in terms of ZT as,

w o (T,-T)(V1+2T -1)
Nss =~ = = (8)
© QT (ViezT+1T)
Eqn. (8) yields 1,=4.8% with the TPG properties defined in Table 1, T,=400, and
T =300K.
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Analytical solution to quasi-steady periodic heating of a TPG

The transient heat conduction equation in one dimension is,

2 ”w
d T(x,t)+q ()

oT(x,t) 9
ox’ k )

_1
o ot

where volumetric heat generation term is q”(t)=1 (t)2 / 0 A’. A periodic heat flux with

Peltier cooling qpl(t):T(O,t)SI(t)/ A and convective heat loss are assumed at the left

boundary,

k— =g, 9, -q,(t)-1[TO,)-T.] (10)

and Peltier heating qu(t)= T(L,t)SI(t)/A and convective heat loss are assumed at the

right boundary.

T
dx

1, [T(L,D-T.]-4,.(1 a)

x=L
To reach an approximate analytical solution the temperature will be represented as the

superposition of a steady state term 7/ (x), and periodic terms ¢(x,f) where we focus on

the periodic term at 1. In what follows steady state terms are distinguished from the

total variable by the subscript ss.
T(x,t)=T, (x)+o(x,t) (12)
Hence the temperature at x=0 (hot side) is,
T(0,t)=T,, +¢(0,t) (13)
and at x=L (cold side) is,
T(Lt)=T_+¢(L,t) (14)

In the quasi-steady low frequency regime, it is reasonable to use I as an estimate of the

amplitude of I(t),
It)=1_+1_e¢" (15)

which leads to the following expression for I(t)*
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It =12 +22e + 2™ (16)

where the final term is at a frequency 2@, and will be ignored for our solution at 1.

Given the expressions in eqns. (12)-(16), q,,, 4,,, and q” can be explicitly defined, and

the periodic component of eqn. (9) at a frequency 1wis specified by,

92p(x, t) N 2I’R ot _ 1 de(x,t)

(17)
ox’ kLA o ot
The boundary condition at x=0 from eqn. (10) becomes,
d@ (q1'STh I ) ot SI
-k— = ==L - (—=+h)p(0,t 18
ax| 1= e (0, 1) (18)
and the boundary condition at x=L from eqn. (11) becomes,
do ST I . SI
k= =-esselt Zs o p o(L,t 19
dx o A e ( A 2)(p( ) ( )
The periodic solution to this problem is
(1), ar2x 2I*Roti | o,
(p(x,t):[Cle \/; +C2€ 20 +145;€—Lw]€ ! (20)

Where C, and C, are constants defined by substituting eqn. (20) into boundary

conditions. We can see that the periodic temperature response is at a frequency 1o and

exponentially decays with a length scale L =ya/zf .

Quasi-steady TPG efficiency

To determine the TPG efficiency the instantaneous temperature difference between the

hot and cold side (A¢ ) must be specified from eqn. (20) as,
Ap= (p((), t)— (p(LI t)= [C1 (1 _ e(1+i) 20" } N C2 (1 B e-(1+i)\/gL ]]ezwi‘ (21)

For small  (i.e, L, > L), the Taylor expansion of the forme" = 1+v+v2/21+Vv*/31... can

be used to replace the exponential terms in eqn. (21) as,
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(L) 2
w>0=e ‘/;L51+(1+i)1f2£L (22)
o

Hence, A@ simplifies to,
Ap=(C,-C,)(1+1i) O jpior (23)
2
Substitution of eqn. (22) into the boundary condition at x=0 results in,
2I°Rati( SI.  h ST, I
C C 1+ sS4 C C _ sS _ss+_1 — = " hss”ss k 24
( X )‘\/ 20 (kA kj( 2) AkLw(kA k] (ql A ]/ )
and at x=L results in,
) SI. h
C,-C)A+i)|—|1-| —=--2|L
(GG “)\/m[ [Ak k] }
oLi (Sl h)| 20Rei(SL, _h)_ST.L
o Ak k AkLo \ Ak Kk Ak
To isolate (C,-C,) so that it can be substituted for in eqn. (23) we begin by multiplying

eqn. (24) by {a)_[,z - (% - %ﬂ ,

o[22
200| o Ak k kA k (04 Ak k

(25)

(26)
_20Rai(SI, I a)Li_ SI, h)|_|wLi (SI, h, (ST, I, q
AkLo (KA k Ak k o \Ak k)| kA &
d (25) b Sty I
and eqn. Y1t e
_ -/ﬂ ISR oli (S, _m (S M
(€, -C)A+i) 205[1 (Ak k)L}(kA+k)+(C]+C2)[a (Ak kﬂ(kAJrkj o)

_2LRai(SI, _hy)(SL h)_STLL(SL. h
AkLw \ Ak k kA k) Ak (kA &k

then add eqn. (26) and (27) together to get,
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9 SThsslq sz‘_ S Iy \|_ST.L(SI, k), 2I°R[(SL, I
k Ak k Ak \ kKA &k Ak kA k
G-G= / Li SI h). l(SL h
+1) WLt ol 724_ 1| s Mg {2 L 10
Ak k kA k
Such that the expression for A¢ from eqn. (23) is,
i SThssIss (U_Li_ %_E STcssIsc SI +£ + 2152512 &‘Fﬁ
kK~ kA )| o Ak k Ak kA~ k)" Ak kA" k)]
%_%4_&4_ 1 SI _E L %_’_h
o Ak k Ak k kKA k
We now assume that @ = 0, such that eqn. (29) simplifies to,
g, ST \(hy_SL\ STI(SI, h) 2IRe[(SL._h\L
k Ak k Ak Ak (kKA &k AKL [\ kKA ko [ ot

A NEEAR
Ak k Ak k) kA Tk

Ap =

Ap =

(28)

(29)

(30)

Where the amplitude is independent of w. Given the fact that conversion efficiency

1
nzé J Iledtoc(AT)z, it is clear that it will asymptote to a constant value at low

frequency, as our results in Figures 4 and 5 demonstrate.

In an ideal TPG no heat is lost by convection from the hot side, such that 4 =0 and

effective convection on the cold side such that /1, — o . This simplifies eqn. (30) and the

amplitude of A@is,

‘A | qlL ST, hss saL/A
k+SLL/A

It is our assumption that g, = g,, and from eqn. (6),

SIT. k.. I’R
—g =Tty BAT S
ql qO A L ss 2A

where AT =T, —T, . Substitution of eqn. (32) into eqn. (31) yields,

(31)

(32)
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kAT, —I’RL/2A
‘A ‘ — Ss SS /

33
k+SI_L/A (33)
which can be written in terms of Z and 8 =1+ ZT based on,
SIL SATL S’0AT.L ZKAT. 34)
A (1A+BRA LA+B) (1+p)
and
I’RL  S’AT’L _ S°0AT’L _ ZKAT? )
2A 201+ BPRA 201+ B)L 201+ B)
which are substituted into eqn. (33) to yield,
29| AT (1+B)—ZAT? [2(1+ B) 36)
- (1+ )+ ZAT,
If Z=0, and hence =1, this results in ‘A(p‘ =AT .
The conversion efficiency is then written as,
=27/ )
AT? +2AT |Aglsin o +|Ag|’ sin? a)t)dt
IZRL SZAT2RL SZRL ‘([ ( ss ss| (p| ‘ ¢|
n= = 2= 2 =2njw (37)
Q Q(R+R)) AR+R))

_[ (9, + g, sinowt)dt

0
where the integrals have been taken over one period (27/® ). The sinw? terms integrate

to zero over these limits, and eqn. (37) is simplified to,

°R,AT? 1+ B)-ZAT_ /2(1+B) ]
pe SRAT |, [(1+B)-ZAT, /2( 2[3)] 38)
AR+R,;)q, 2(1+ B+ ZAT))
Finally, we can express the periodic efficiency in terms of 7, as,
[(1+B)-ZAT, /2(1+ )T
— 1 SS
=" { " 2(1+ B+ ZAT,)’ (39)
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Numerical solution to periodic heating of a TPG

For a more accurate solution, presented in Figures 3-6, we have also solved the problem

numerically. Our numerical approach uses a central difference approximation to

2
9ITx,t) g(f’t) and explicit time marching, as shown in Figure S1. The procedure yields
x
2
T, _Tpuy-2T,,+ T, (40)
ox’ Ax®
and,
aTm,j+1 _ Tm,j+1 - Tm,j (41)
ot At

where m is the spatial index and j is the temporal index. The heat conduction equation

becomes,
Lot 2Lt Ty 4 ZLM (42)
Ax? k o At

Comparison of analytical and numerical solutions to periodic heating of
aTPG

A comparison of the numerical and analytical solutions (eqn. (4)) under constant heat
flux, with the TPG properties in Table 1, are shown in Figure S2. Numerical and

analytical solutions match. In the case of periodic heating, we first compare the
numerical result against the exact analytical solution (eqn. (20)) wheng,, =¢,=4"=0.
Figure S3a shows the amplitude of temperature vs. x-position for the analytical
approach and the numerical under these conditions. The difference between the hot and
cold side is accurately predicted by eqn. (36) to be AT, in this low frequency limit. In

this plot, angular velocity is very low, @ =0.01Hz. Agreement between these solutions

validates the numerical model.

The amplitude of temperature vs. x-position when Joule and Peltier terms are

8
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considered is shown in Figure S3b. The analytical estimate from eqn. (20) is compared
with the numerical solution. Reasonable agreement indicates that our simple analytical

model can provide reasonable accuracy at low frequency.

FIG S1. Numerical Model
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FIG S2. Comparison of temperature distribution from analytical solution and
numerical solution
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FIG S3. Temperature amplitude from numerical and analytical approaches with (a)

no thermoelectric effects, and (b) with thermoelectric effects.
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FIG S4. Ratio of the periodic efficiency to the Carnot efficiency (1/Ncumo) VS. ZT

where 1,,,.; is based on the actual AT for the given duty cycle. All approximations

are based on the quasi-steady limit for rectangular (square) wave heating.
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