
Supplementary Information 

Theoretical Study of Contact-Mode Triboelectric 

Nanogenerators as an Effective Power Source 

Simiao Niu,‡a Sihong Wang,‡a Long Lin,a Ying Liu,a Yu Sheng Zhou,a Youfan Hu,a and 

Zhong Lin Wang*ab 

 

1. Derivation of Equation 17-19 for uniform velocity motion 

For uniform velocity motion, we have: 

ሻݐሺݔ                                              ൌ  (S1)              	ݐݒ

Substitute Equation S1 into Equation 14, we can obtain: 
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Equation S2 is very complicated. To simplify it, we can define the following constant: 
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And Equation S2 can be simplified as: 
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Now we are going to prove that: 
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Proof: 
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Therefore,  
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This is exactly the same equation as Equation 17. Similarly, Equation 18 and 19 can be 
obtained. 
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2. Basic property of Dawson’s integral 

For a Dawson’s integral, it has the following basic property: 

Its Maclaurin series can be given by: 
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Its asymptotic series can be given by: 
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Its derivative can be given by: 
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3. Analytical Equation derivation when t exceeds xmax/v 

When t exceeds xmax/v, x equals to xmax. Therefore, Equation 12 can be simplified as 
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From Equation S10, given the boundary condition that Q (t= xmax/v ) = Q0 , Q is 

calculated as: 
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In Equation S11, Q0 can be calculated by assigning t equals to xmax/v into Equation 14. 

And when t exceeds xmax/v, the current I can be given by: 
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The current decays exponentially with time. The decay time constant τ is given by: 
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When R is small, the current decays at a fast speed. While when R is sufficiently large, τ 

is sufficiently large and the current will decay at a fairly low speed. 
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4. Derivation of Equation 23 and Equation 24 

When R is small, utilizing the first order of Equation S8, Equation 17 can be simplified as: 
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When R is large, utilizing the first order of Equation S7, Equation 17 can be simplified as: 
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And this time when R is sufficiently large, A and B are close to 0. Therefore,  
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5. Derivation of the optimum resistance relationship with TENG parameters 

Proof of  ݐ଴ ൌ
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The parameter w was defined as: 	ݓ ൌ ଴ݐ
௩

௫೘ೌೣ
,  

Noting that  
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The above equation can be simplified as 
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Therefore, we know that w is only a function (f) of F and y 

ݓ ൌ ݂ሺF, yሻ									ሺܵ25ሻ 

Therefore, ݐ଴ ൌ
௫೘ೌೣ

௩
ݓ ൌ

௫೘ೌೣ

௩
݂ሺܨ,  ሺܵ26ሻ								ሻݕ

So the peak value of current will happen at 
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Substitute this back to the general equation for current (Equation 27) 

Noting that 

Electronic Supplementary Material (ESI) for Energy & Environmental Science
This journal is © The Royal Society of Chemistry 2013



1 ൅
1
݀଴
෍

௡ݒ௡ߙ

௠௔௫௡ିଵݔ ௠௔௫ݐ
௡

ஶ

௡ୀଵ

ൌ 1 ൅ ,ܨ௡ሺܯ௡ߙ෍ݕ ሻݕ
ஶ

௡ୀଵ

							ሺS28.1ሻ 

െ
1

଴ߝܴܵ
൭݀଴ݐ௠௔௫ ൅෍

௡ݒ௡ߙ

ሺ݊ ൅ 1ሻݔ௠௔௫௡ିଵ ௠௔௫ݐ
௡ାଵ

ஶ

௡ୀଵ

൱

ൌ െܨଶܯݕሺܨ, ሻሺ1ݕ ൅ ෍ݕ
,ܨ௡ሺܯ௡ߙ ሻݕ

݊ ൅ 1
ሻ

ஶ

௡ୀଵ

				ሺS28.2ሻ 

න exp ൥
1

଴ߝܴܵ
൭݀଴ݖ ൅෍

௡ݒ௡ߙ

ሺ݊ ൅ 1ሻݔ௠௔௫
௡ିଵ ݖ

௡ାଵ

ஶ

௡ୀଵ

൱൩ ݖ݀
௧೘ೌೣ

଴

ൌ
௠௔௫ݔ
ݒ

න exp ൥ܨଶݕ ൭ݖ ൅ ෍ݕ
௡ାଵݖ௡ߙ

݊ ൅ 1

ஶ

௡ୀଵ

൱൩ ݖ݀
୑ሺ୊,୷ሻ

଴
									ሺS28.3ሻ 

Therefore, 

௠௔௫ܫ ൌ
଴݀ߪ
଴ߝܴ

൝െ1 ൅ ൭1 ൅ ,ܨ௡ሺܯ௡ߙ෍ݕ ሻݕ
ஶ

௡ୀଵ

൱

ൈ exp ൥െܨଶܯݕሺܨ, ሻሺ1ݕ ൅ ෍ݕ
,ܨ௡ሺܯ௡ߙ ሻݕ

݊ ൅ 1
ሻ

ஶ

௡ୀଵ

൩

൅ ݕଶܨ ൭1 ൅ ,ܨ௡ሺܯ௡ߙ෍ݕ ሻݕ
ஶ

௡ୀଵ

൱

ൈ exp ൥െܨଶܯݕሺܨ, ሻሺ1ݕ ൅ ෍ݕ
,ܨ௡ሺܯ௡ߙ ሻݕ

݊ ൅ 1
ሻ

ஶ

௡ୀଵ

൩

ൈ න exp ൥ܨଶݕ ൭ݖ ൅ ෍ݕ
௡ାଵݖ௡ߙ

݊ ൅ 1

ஶ

௡ୀଵ

൱൩ ݖ݀
୑ሺ୊,୷ሻ

଴
ൡ								ሺܵ29ሻ 

Therefore, the peak value of current Imax can be written as 
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The function G(F,y) is given by: 
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During this time period, maximum transient power output can be calculated as: 
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,ܨଶሺܩଶܨ  ሺܵ32ሻ							ሻݕ

The optimized load resistance satisfied the following equation,  

∂ ௠ܲ௔௫

∂ܴ
ൌ 0									ሺܵ33ሻ 

Considering that only F contains R, Equation S28 can be simplified as 

∂ ௠ܲ௔௫

ܨ∂
ܨ∂
∂ܴ

ൌ 0									ሺܵ34ሻ 

൤2ܩܨଶሺܨ, ሻݕ ൅ ,ܨሺܩ2 ሻݕ
ܩ∂
ܨ∂
൨
ܨ∂
∂ܴ

ൌ 0								ሺܵ35ሻ 

Noting that at Ropt, G is not 0 and   

ܨ∂
∂ܴ

ൌ െ
ܨ
2ܴ

									ሺܵ36ሻ 

Equation S35 can be simplified as the following equation 

,௢௣௧ܨ൫ܩ	 ൯ݕ ൅ ௢௣௧ሺܨ
ܩ∂
∂F
ሻிୀி೚೛೟ ൌ 0							ሺܵ37ሻ 

Equation S37 is exactly the same as Equation 36.  
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6. Derivation of Equation 39 

At a specific case when the moving mode is in uniform velocity motion, we have the 
following equation.  

௡ߙ ൌ 0	ሺ݊ ് 1ሻ		ߙଵ ൌ ,ܨሺܯ				1 ሻݕ ൌ 1							ሺܵ38ሻ	 

Put this value back into Equation S31, we can have:  

,ܨሺܩ ሻݕ ൌ െ1 ൅ ሺ1 ൅ ሻݕ ݌ݔ݁ ൤െ
1
2
ሺ2ݕଶܨ ൅ ሻ൨ݕ

൅ ሺ1ݕଶܨ ൅ ሻݕ ݌ݔ݁ ൤െ
1
2
ሺ2ݕଶܨ ൅ ሻ൨නݕ ݌ݔ݁ ቈܨଶݕ ቆݖ ൅

ଶݖݕ

2
ቇ቉ ݖ݀

ଵ

଴
			ሺܵ39ሻ 

From Equation S5, we can obtain: 

නݕܨ ݌ݔ݁ ቈܨଶݕ ቆݖ ൅
ଶݖݕ

2
ቇ቉ ݖ݀

ଵ

଴

ൌ െ√2݊݋ݏݓܽܦ ൬
ܨ

√2
൰

൅ √2 ݌ݔ݁ ൤
1
2
ሺ2ݕଶܨ ൅ ݊݋ݏݓܽܦሻ൨ݕ ൤

ܨ

√2
ሺ1 ൅  ሺܵ40ሻ	ሻ൨ݕ

Therefore, 

,ܨሺܩ ሻݕ ൌ െ1 ൅ ሺ1 ൅ ሻݕ ݌ݔ݁ ൤െ
1
2
ሺ2ݕଶܨ ൅ ሻ൨ݕ ൤1 െ ݊݋ݏݓܽܦܨ2√ ൬

ܨ

√2
൰൨

൅ ሺ1ܨ2√ ൅ ݊݋ݏݓܽܦሻݕ ൤
ܨ

√2
ሺ1 ൅  											ሺܵ41ሻ														ሻ൨ݕ

 

Substitute Equation S41 into Equation S37. 

Noting that: 

Electronic Supplementary Material (ESI) for Energy & Environmental Science
This journal is © The Royal Society of Chemistry 2013



ܩ∂
ܨ∂

ൌ െݕܨሺ2 ൅ ሻሺ1ݕ ൅ ሻݕ ݌ݔ݁ ൤െ
1
2
ሺ2ݕଶܨ ൅ ሻ൨ݕ ൤1 െ ݊݋ݏݓܽܦܨ2√ ൬

ܨ

√2
൰൨

െ √2ሺ1 ൅ ሻݕ ݌ݔ݁ ൤െ
1
2
ሺ2ݕଶܨ ൅ ሻ൨ݕ ൤݊݋ݏݓܽܦ ൬

ܨ

√2
൰ ൅

ܨ

√2

െ ݊݋ݏݓܽܦଶܨ ൬
ܨ

√2
൰൨

൅ √2ሺ1 ൅ ሻݕ ൜݊݋ݏݓܽܦ ൤
ܨ

√2
ሺ1 ൅ ሻ൨ݕ ൅

ܨ

√2
ሺ1 ൅ ሻݕ

െ ଶሺ1ܨ ൅ ݊݋ݏݓܽܦሻଶݕ ൤
ܨ

√2
ሺ1 ൅  ሺܵ42ሻ					ሻ൨ൠݕ

We can get 

ሾܨଶሺ1 ൅ ሻଶݕ െ 1ሿ ൈ ൜1 െ ሺ1 ൅ ሻݕ ݌ݔ݁ ൤െ
1
2
ሺ2ݕଶܨ ൅ ሻ൨ൠݕ ൅ ሾܨଶሺ1 ൅ ሻଶݕ െ 2ሿ

ൈ ቊ√2ሺ1 ൅ ܨሻݕ ݌ݔ݁ ൤െ
1
2
ሺ2ݕଶܨ ൅ ሻ൨ݕ ൈ ݊݋ݏݓܽܦ ቆ

√2
2
ቇܨ െ ሺ1ܨ2√ ൅ ሻݕ

ൈ ݊݋ݏݓܽܦ ቈ
√2
2
ሺ1ܨ ൅ ሻ቉ቋݕ ൌ 0					ሺܵ43ሻ 

It can be simplified as  

ሾܨଶሺ1 ൅ ሻଶݕ െ 1ሿ ൈ ሺെܩሻ

ൌ √2ሺ1 ൅ ܨሻݕ ݌ݔ݁ ൤െ
1
2
ሺ2ݕଶܨ ൅ ሻ൨ݕ ൈ ݊݋ݏݓܽܦ ቆ

√2
2
ቇܨ െ ሺ1ܨ2√ ൅ ሻݕ

ൈ ݊݋ݏݓܽܦ ቈ
√2
2
ሺ1ܨ ൅  	ሺܵ44ሻ																ሻ቉ݕ

When y is larger than 10, which means the gap is sufficiently larger than the thickness of 
dielectrics. The right half of Equation S43 is close to 0. Therefore, it can be solved 
approximately to the following solution. 

௢௣௧ܨ ൌ ሻݕሺܪ ൎ
1

1 ൅ ݕ
											ሺܵ45ሻ										 

The comparison of the exact solution of Equation S44 (numerically calculated by Matlab) 
and the approximate solution of Equation S45 is given by the following figure. 
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Fig. S1 Comparison of the exact solution from Equation S44 and the approximate 
solution from Equation S45. 
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7. Optimum resistance relationship with the thickness of the dielectric and the gap 

 

Fig. S2 Influence of thicknesses of the dielectrics and the gap on the optimum resistance. 
(a-b) Relationship of (a) Ropt (b) Fopt with xmax with maintaining the same dielectric 
thickness. (c-d) Relationship of (c) Ropt (d) Fopt with d2 with maintaining the same gap 
thickness. 

 

Electronic Supplementary Material (ESI) for Energy & Environmental Science
This journal is © The Royal Society of Chemistry 2013


