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1  SUPPLEMENTAL INFORMATION

2 The transient model derivation is provided below. The model was derived to be applicable to

3 other diffusive sampling scenarios (including e.g. solid-phase microextraction, where r; would
4  be non-zero), but is equally suited to the current application. The governing equations are:

5 Concentration in the gas phase within the void space ¢4 (7, t);

dc d0%c, 10c (S1)
9Cq g g
o |—F ——| = <
ot r Iarz r or 0 O=r<mn

6  Concentration in the soil vapor surrounding the void space cg(7, t);

dcq 0%c, 1dc, (S2)
at effl6r2+r6r =0 RETST

7  with the following initial and boundary conditions:

Cg (rZI t) =Cs (7"2; t) (S?’)
cg(r,0) =0 (S4)
¢cs(r,0) = ¢, (S3)
d S6

S0 rn=0 50
dc B (S7)
W(’bt) =0

dc, dcg (S8)
Dalr or (7"2,t) eff or (7"2,t)

8  Applying the Laplace transform to Equation (S1) to transform the time derivative in order to

9  convert the partial differential equation (PDE) into an ordinary differential equation (ODE):
L[cg (r, t)] = Cy4(r,p) (59)

o, ) ) (S10)
l = —¢,(r,0) + pc, (r,p) = p,;(r,p)
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0%c; 10¢,
Dair W-}_r or ~Peg =0

10 where p is the Laplace transform variable and is complex-valued.

11 Applying the Laplace transform to Equation (S2):

L[Cs(r' t)] = Cs(1,p)

dc
L [a_ts] = —¢5(1,0) + pcs(r,p) = —Cs, + pcs(r,p)

d0%c;, 10c;
Deyr or2 +r or T PG = Gy

12 Applying the Laplace transform to initial and boundary Equations (S3), (S6), (S7) and (S8),

CTg (r2,p) = Cs(12,p)

13
dc “ac d0 (©
_9 — _9 -ty — -pt
Llar (rl,t)l jo 3 (r,t) e7Ptdt arj;) cg(ry,t) e7Phdt
ac
= —(7"1, ) =0
14
dc
L [_S (7"3, ] = —(7”3, p)
15

d¢y dCq
Dalr or (Tz’p) eff or (7"2,29)

(S11)

(S12)

(S13)

(S14)

(S15)

(S16)

(S17)

(S18)

16  The transformed governing equation (Equation S11) is a linear, second-order homogeneous ODE

17  that has a solution of the general form:

Cc = AIO(qgr) + BK,y(qg47)
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where q,% = |

is the modified Bessel function of K of order zero.
Differentiating ¢, with respect to r, we obtain

ac,
or

I = qull(qu) - quKl(Qgr)

,if p > 0, I is the modified Bessel function I of order zero and K,

(S20)

where I; is the modified Bessel function I of order one and K; is the modified Bessel function of

K of order one. Using Equation (S16),

QQAll(qgrl) - QQBKl(Qer) =0

Ao BKl(qgrl)
I1(Qg7”1)

K1(Qg7‘1)
Il(CIgT1)

The general form solution of Equation (S14) is

¢, =B

C
Cs = % + EIO(CIsr) + FKy(qs7)

P
where g2 = —

Differentiating ¢; with respect to r, we obtain

ac,
W = qSEll(qu) — qsFK1(qs1)

and using Equation (S17),

qull(CIsr3) —qsFK;(qs13) = 0

McAlary
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(S22)

(S23)

(S24)

(S25)
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R LACED (527)
1,(qs73)
30
_ Cs K1(qs73) (S28)
Ce=—+F|——1I r) + K, r)|.
s D ACED 0(qs7) 0(qsr)

31  In order to solve the constant F based on Equation (S18), differentiate ¢ with respect to r again

dCs K1(qs7s) (529)
S = Fg.—2"7 —Fq.K
p qs ACES 1(qs) — FqsK,(qs7)

32 and do the same to Equation (S23),

ac, K (gq4m) (S30)
—_— = ——I — Bq,K .
ar dg I(q,m) 1(qg7) qgK1(ag7)

33 Substituting Equation (S18) with the two equations above,

K1 ( s ) K
34 FD,4, (8 1, (1) = Ku(4572)] = BDairg g h(agm2) = Ko(agm)] - (S3D)
35 o
1
36 P3 A \
ey
K1(Qg7'1)
——=<11(q72) — Ki(q,72)]
F = BDaing Il(CIgrl) 1( g 2) 1( g 2)
Derrds (LTS 1, (q,r,) — Ky ()]
‘11(%7”3) 1Ms72 ! Slz
Y
37 0,
38
F= B‘P1§03
P2
_ Cs, P193 [K1(qs73) (S32)
¢cs=—+8B I,(qsr) + Ko(gsr) |
Sop 02 | Tlgers) % oMds

39  In order to determine the constant B in Equation (S23) and (S32), Equation (S15) is applied:
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B lKl(qgrl)

Cs, 0193 |K1(qs73)
9 2 + K, =24p
Il(qgrl) O(CIgTZ) O(CIgTZ)l D l

1.(qsrs) Io(gsrs) + Ko(%rz)l

%)

Csq [K1(qcry) P193 |[K (qs73)
= °{[,j(q 1o (gr2) + Ko(dgms)| = 222 X E2 o (g.72) + Ko(gsm2) [

J
| \ Y J

Py

Ps

Cso 1 _ Sso P2
" P1939Ps5 — . (833)

p ¢4—T P Q204=P1P3Ps5

B =

Finally, arranging the constant B into the governing equations, we obtain

Cs, 02 K1(qgm) l (S34)
C, = — I r)+ K T
97 p 204 — 919395 [ L (q,m1) o(4g7) + Ko(a,7)
for0<r<mn
_ Cs Cso ) P1P3 [K1(Qs7”3) (S35)
=—+Kk— Iy(qsr) + Ko(qsT)
T D 0204 — 010505 92 |Lgers) O oMs

forr, <r<mn

To find the total mass M (t) per unit area in the thin film when r = 7, as a function of time, we

have:
tac S36
M(t) = D, f a—f ot (536)
0 r=ry
Therefore,
_ D, 0C, (S37)
(p) — alra_rg
p =7,
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_ D.fr0cC, S38
or M(p) =~ %% (S38)
p ar Tr=r;
Differentiating Equation (S34) with respect to 7,
00y _co o2 [Kl(qgra _ ]
D 0204010305 | 1(agm1) 4911(ag7) = agK1(dg7) (539)
And then rearranging the mass function, we obtain,
_ DgircCs @2 Ki(qgm1) (S40)
M(p) = > q Li(qg72) — Ki(qyr:
P2 904 — 010305 | 1 (q,r1) 1(4572) = Ka(4g72)

_ Daircso q (P O%
P? Q04 — 010305

Equation (S40) allows the calculation of the mass in the void space based on the mass flux across
the borehole wall from the void side.

Again, differentiating Equation (S35) with respect to 7,

acs s, ®2 0193 [Kl(qsrs)
o= L1 (gs7) — qsK1(qs7)
or D 9204 — 9190305 @, | 11(qsr3) 1571 3ds 151 s
_ Dsc @2 103 [Kl(qsrs) (S41)
M(p) = : 1, (qsr2) — K1(qs72)
P p? s ©204 — 910305 @, | 11(qs73) 1572 1572

_ Dscso q P20193
P? Q204 — 10305

Equation (S41) allows the calculation of the mass in the void space based on the mass flux across
the borehole wall from the soil side.
The inverse Laplace transforms of Equation (S34), (S35), (S40) and (S41) are computed

numerically using the algorithm developed by DeHoog et al.””.

Bessel functions
The modified Bessel functions I, and K, used for Equations (S34), (S35), (S40) and (S41) are

defined by:
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(S42)

X
(_)2m+a

f— L) — N 1
Io(x) =i, (ix) = TZOm! Im+a+1) 2

63

AOEINONES T .
Kel) = 53— = 31 HH () = 3 (CD ™ HH (—i)

(S43)

64  For this application, the axis of symmetry at r = r; was assigned a very small radius (10° cm).
65  The radius of the borehole or void space is assigned to be r,. Nominal 1-inch (2.54 c¢cm) and 4-
66  inch (10.2 cm) diameter holes were considered because these are common for hand tools used in
67  passive sampler deployment. The radial distance at which concentrations remain essentially
68  unaffected throughout the passive sampling duration (r3) was assigned to be 1 m. The sensitivity
69  of the value assumed for r; was evaluated using the steady-state model. Where needed for
70  calculating the volume of the void space, the vertical height of the void space was assumed to be

71 10 cm.
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