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Kramers-Kronig relations

The Kramers-Kronig relations [S1] are applied to post-process the result from the first
principle simulation. By the principle of causality, the relative permittivity
e(w) = J.: &()e""dr is seen to be an analytic function of the complex variable ® on the upper
half plane. From the defining equation of &(@), we see that &"(w) = &(—w) . Separating into
real and imaginary parts, we have &,(®)=&,(-w) and &,(w)=-¢&,(-®). By Cauchy's

theorem, we find the causality condition, i.e. the Kramers-Kronig relations, as follows

5R(a))—goo——PVJ. da 2(02 (1)
51(a))=—%PVﬁoda%, )

Where &, =1 in our work. With the imaginary part of the relative permittivity from the first

principle simulation and the f~sum rule fulfilled, we can use the discrete form of the

Kramers-Kronig relations in Eq. (1) to derive the real part of the relative permittivity, and then
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derive the imaginary part of the relative permittivity in Eq. (2), serving as a cross check of the

quality of the Kramers-Kronig transformation.

The dielectric tensor of monolayer graphene for different polarized
waves
The optical properties of monolayer graphene, shown in the manuscript, are basically in

agreement with the results in Ref. [17].

The optical properties of graphene in Ref. [17] are obtained using VASP (Vienna Ab initio
simulation package) code, implementing the PAW formalism [S2]. They have used the PBE
exchanged-correlation functional [S3]. To ensure negligible interaction between periodic images, a
large value (20 A) of the cell parameter was used. The convergence of the dielectric function was
obtained by using 80x80x5 Monkhorst-Pack mesh [S4]. For the plane wave expansion of the
wave function a 400 eV cut-off was used. The LDA and GGA functionals do not capture the
effects of the van der Waals interaction between the graphene planes. Because they focus on the
dielectric function within the graphene planes, LDA and GGA are expected to be accurate. Their
dielectric function of monolayer graphene is shown in Fig. S1(a) and (b) for comparison with our
results (Fig. S1 (¢) and (d)).

We have calculated the permittivity tensor of monolayer graphene and /-boron nitride by
the density functional theory in the generalized gradient approximation (GGA) using the optical
package of SIESTA. A Kgrid-Monkhorst-Pack mesh of 250x250x1 and a 300 Ry energy cutoff

are used to ensure converged GGA results. In order to fulfill the f~sum rule, it is necessary to set
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the energy range 0-40 eV or even wider. An optical mesh of 800x800x4 is used, which
determines the mesh size used for the integration across the Brillouin zone related to the
calculation accuracy.

We can see from Fig. S1 that they match very well in the frequency band of interest, 4.3-6.5
eV. Noticeable deviation happens only near some anomalous resonances which are not important
in our manuscript. The source of error is the difference of accuracy including optical mesh,
pseudopotentials, orbital basis sets, and optical energy range in different methods.

Optical properties of multilayer graphene

We have calculated the dielectric tensors of graphene from one layer to six layers and
graphite for different polarized waves which are showed in Fig. S2. From which we can see that
there are indeed some differences in the dielectric constants with the thickness increase of
multi-layer graphene, but these differences mostly locate out of the ultraviolet spectrum and below
1200 THz (we use 1200 THz and 1400 THz for our design). This is because the coupling between
layers mainly affect low-energy range which is much less than 1200 THz. Therefore, for the
ultraviolet frequency range, the coupling effects are not significant. In addition, it needs to be
emphasized that the impact of the interaction between layers is relatively small to &, with
electric field perpendicular to optic axis, as is shown in Fig. S3(a-d). While, for &, with electric

field parallel to the optic axis, relatively large difference values are found between different layers.

The derivation of hyperbolic dispersion curve

By using the kDB system in Ref. [S1], we have given the details of derivation as follows:

For an anisotropic material with
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Firstly, we need the transmission matrix to transform the quantities from Cartesian coordinate

system to the kDB system. The transmission matrix defined in Ref. [S1] is
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)

(4)

sinfcos¢g sinfsing cosf
and its inverse is
sing cos@cosg sinfcosgp
=1
T =|-cos¢ cosfsing sindsing |,
0 —sin@ cosd

cos@singcosg cosfsingcosg

&, &, & &

x y x y

cosfsingcosg  cossingcosd

cos’ @cos” ¢ . cos’ @sin® ¢ N sin® @

sinfsingcosg sindsingcosd

& &

x y

& &, & &

x y x y

sin@singcosg sinfsingcosgp

sin @ cos@cos’ ¢ N sin@cosPsin’ ¢ sinHcosh

£, £, £,

& & & &

L x ¥y x ¥

sin@cos@cos’ ¢ N sin@cos@sin’ ¢ sinfcosd

sin”@cos’ ¢ sin’fsin’ ¢ cos’ O
+ +
£ & e &

z X ¥y z

(5)

[ s1n2¢+cos2¢ cosfsingcosg cosfsingcosg sindsingcosg  sinfsin pcos g
Hy H, Hy H, H, H,
_| cos@singcosg cosfsingcosg cos’ Hcosz¢+coszésin2¢+ sin” @ sin€c059c052¢+ sin@cos&sin2¢_sin BOcosb
i, “, H, u, : H, “, 2
sin@singcosg sinfsingcosg  sin ¢9cos¢9cosz¢+ sin@cos@sin’ ¢ sinfcosd sin2¢9cosz¢+ sin’ Hsinzyﬁ+ cos’ @
L A H, M A, H. H H, H.

(6)

Since we only consider the TM wave in the paper, we can simplify the calculation process.




Electronic Supplementary Material (ESI) for Journal of Materials Chemistry
This journal is © The Royal Society of Chemistry 2012

RS 0 0
6o | (7)
= cos“ @ sin“ @ sinfcosd sinfcosl
K, =0 + -
g)( gZ gx gZ
sinfcosé 3 sinfcosé sin” @ . cos’ @
g.’( g.’ g.\’ g:
1 0 0
Hy s . . (®)
= cos“ @ sin“ @ sinfcosf sinfcosd
v,= 0 + -
M H. H, H.
sinfcos®  sinfcosd sin’ @ . cos’ 6
L M M. H, H. |

From the Maxwell equations within the frame of the kDB system, we can get a matrix form

between D and B at different directions as below

Koo Ko | D, _ 0 u ) B, Vii. Via | _
Ky Ky | |D, -u 0] |B, Vo Vo B, u 0 D,
From Eq. (5) and Eq. (6), we can get
i —u? 5 ! — 0
&, cos @ N sin“ @ D
U U { ‘} —0> (10)
cos’@ sin’@ D,
0 + —uu,
L & &, _

For TM wave D, =0 and u = @/k , the dispersion relations in anisotropic materials are given

by
2 2
k—z+k—"=a)2,uy. (11)
£, E.

X

If £ and &, has different signs, then the dispersive curve is hyperbolic.

Calculation process of flat hyperlens transmission

Consider a TM plane wave with k_l =xk, +zk,_ incident from Region 0 as described in

Fig. 2(a) in the manuscript. The total electric and magnetic fields are expressed as follows:

In Region 0:
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The coefficients R, A, B, and T can be found by matching the boundary conditions for the

tangential electric and magnetic fields with T expressed as
4ei(k1z—k2; )d
(10)

_H(z=d)_
H,(z=0) (1+p01).(1+p12)+(1_p01)_(1_p12)ei2k12d ’

where

The time-averaged power density for TM wave can be expressed as

<Sn>=%Re{Enxﬁ:}, (11)
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where n = 0, 1, 2 represent Region 0, 1, and 2, respectively. Ref. [S1] shows that the direction of
time-average Poynting’s vector is normal to the tangent of the k-surface. The theoretical derivation
of hyperlens was shown in Ref. [S6,S7]. When ¢ <0 and &, is positive, hyperbolic curve in
Fig. 2(b) in the manuscript can be nearly parallel to the k_ axis. The time-average Poynting’s
vector for all the waves with different k£ component will be approximately perpendicular to x
axis, indicating a highly directive propagation. Electromagnetic waves in anisotropic medium with
different signs of dielectric constant have high directivity of <S1> so that two close point sources

can be distinguished in the far field.

Silver based flat superlens/hyperlens compared with layered

graphene

Previous superlens/hyperlens implementations usually adopted metal (Silver in Ref. [S8]) or
metal/dielectric layers (Silver and Al,O; in Ref. [S9]) to image sub-diffraction-limited objects at
optical frequencies. Here we give the comparison of silver based flat superlens/hyperlens with
graphene hyperlens at 1200 THz to confirm that at this frequency, silver based superlens/hyperlens
dose not possess subwavelength imaging capabilities. Figure S3 shows the simulation results of
flat hyperlens based on layered graphene, silver superlens and hyperlens based on silver with
Aluminum Oxide (Al,O3). The thickness of flat hyperlens is 70 nm and two sources located along
x-axis with distance of 70 nm. Figure S3(a) showed the H, field distribution with layered graphene
based flat hyperlens with & =-3.817+4.2651 and ¢, =2.229+0i, (b) and (c) are H, field
distribution with silver only and silver ( ¢ =—-0.213+3.639i at 1200 THz [S10]) with

Aluminum Oxide (g¢=324+0i at 1200 THz [S11]) respectively. Figure S3(d) is the
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comparison of the intensity in the image plane for layered graphene, silver only and silver/Al,Os,
respectively. It is clear to see that at a high frequency such as 1200 THz, silver based

superlens/hyperlens cannot work well.

Silver based cylindrical superlens/hyperlens compared with graphene
based hyperlens

Figure S4 presents the comparison of the simulation results of cylinder hyperlens based on
layered graphene and silver/Al,Oz at 1200 THz. From Fig. S4(a) we can see that although ¢&_ has
an imaginary part (&, =-3.817+4.0861) comparable to silver (g=—-0.213+3.639i), the
diffraction limit also can be overcome because the loss introduced by the imaginary part of & is
very limited in the wave propagation in the radial direction. However, the silver/Al,O; based
hyperlens showed in Fig. S4(b) has no hyperlens effect at all and energy attenuated very fast. It is

the superiority of layered graphene.
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Fig. S1: Real (left) and imaginary (right) part of the dielectric function of monolayer graphene.

The x-component (&,, or &, ) presented in black lines are the dielectric tensor for electric field

perpendicular to the optic axis, the dielectric tensor for electric field parallel to the optic axis (&,

or &,) are presented in red lines. The results calculated by M Klintenberg el al. in Ref. [17]

(Copyright 2012 J. Phys.: Condens. Matter) are shown in (a,b) while (c) and (d) are our results.

Results in Fig. S1 show that our calculation agrees with previous publications.
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Fig. S2: Dielectric tensors of graphene from one layer to six layers and graphite for different

polarized waves. The real part of permittivity for waves with electric field perpendicular and

parallel to the optic axis are showed in (a,b,e,f) respectively. (c,d,g,h) are the corresponding

imaginary parts of dielectric tensors.
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Fig. S3: Simulation results of planar hyperlens based on graphene at frequency of 1200 THz
compared to silver based superlens and stack structure of silver and Aluminum Oxide(Al,O3). (a)
H, field distribution with layered graphene based flat hyperlens with ¢, =-3.817+4.2651 and
g, =2.229+01, the thickness of this flat hyperlens is 70 nm, two sources located along x-axis
with the distance about 70 nm; (b) H, field distribution with silver in the inner rectangular with
£=-0.213+3.639i at 1200 THz; (c) H, field distribution with stack of silver (10 nm) and
Al,O; (10 nm); (d) the comparison of the average energy flow in the image plane for layered

graphene, silver only and silver/Al,Oj3, respectively.
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Fig. S4: Simulation results of cylindrical hyperlens based on layered graphene and stack of
layered silver/Aluminum Oxide for comparison at 1200 THz. The thickness of cylinder hyperlens

is 400 nm and two sources are separated about 100 nm which is less than half of wavelength.
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